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THE INVERSE SCATTERING PROBLEM FOR THE
SYSTEM OF FIVE FIRST ORDER HYPERBOLIC
EQUATIONS ON SEMI-AXIS

Abstract

The factorization properties of the scattering operator are established and
solution of the inverse scattering problem for the hyperbolic system of five first
order equations on semi-axis with two given incident waves in the absence of the
first or second interacting waves is given.

Direct and inverse scattering problems for a system of two equations on semi-axis
and also for a system of n > 2 equations on the whole axis have been studied in the
papers [1, 2, 3]. In the papers [4, 5] the case of the n — 1 given incident waves and
the case of the one given incident wave for a system of n > 3 equations have been
considered. Direct and inverse scattering problems for a system of four equations
with two incident waves on semi-axis have been solved in [6]. Direct scattering
problem for a system of five hyperbolic equations on semi-axis in case of two given
incident waves have been considered and some properties of scattering operator for
this system have been established in the papers [7] and [8], respectively.

1. Problem statement. On a semi-axis * > 0 we consider the following
hyperbolic system of the first order equations:

Ou; (z,t)  Ou; (x,t
Lot oz

e
= Zcij (2,1) uj (x,1)

J=1

(1=1,...,5 —oo <t < +00), (1)

where coefficients Cj; (x,t) are complex-valued functions measurable by x and t and
satisfying estimations:

Cij (x,8)] < c[(T4|z)) L+ t)] 7%, >0, >0 (2)

and condition Cy; (z,t) =0, i =1,...,5; u; (z,t), i =1,...,5 are unknown functions,
&; are constants, where £; > &5 > 0> &3 > &, > &5,

For system (1) we consider three problems.

In the first problem we have to find solution of system (1) which satisfies the
boundary conditions:
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by the given incident waves a1 (t),a2 (t) € Lo (R) which determine as x — +oo
asymptotics of the solutions u; (z,t),us (x,t) of the form:

ur (2,t) = a1 (t+ &) +o(1),
ug (x,t) = ag (t+ &x) +0(1).

In the second problem it is necessary to find solutions of system (1) by such given
incident waves a (t), a2 (t) € L (R), that satisfy the boundary conditions:

Uus (0, t) = U3 (0, t) y
us (0, t) = U (0, t) N (4)
Uy (0, t) =0.

In the third problem the solution of system (1) by the given incident waves a1, ag
has to satisfy the boundary conditions

Uy (O, t) = Ui (0, t) y
us (O, t) = U9 (0, t) y (5)
us (0, t) =0.

Joint consideration of these three problems is called the scattering problem for
system (1).

In the paper [7] existence and uniqueness of the scattering problem solution for
system (1) have been proved; scattering operator for this system S = (51, S2,53) has
been determined, where operators

St St
Sk = 551 552
S% Sk

transfer incident waves aj (t) , az (t) into scattered waves b5 (¢),b% (t) , b5 (t) € Loo (R),
k=1,2,3.

2. Scattering operator properties. Integral representations of solutions of
the system of equations (1), which are represented by their asymptotics and by value
of these solutions at zero have been studied in the paper [8].

At solving the inverse problem we need some properties of scattering operator,
which we get from the following integral representation ([8]):

400 +oo 4
w; (x,t) = h? (t+&x) + / Af'l (z,t, ) h?ds + /ZA?]- (x,t,s) h?- (s)ds+
t+&z ~o0l =2
t+&sx

+ / A?5 (x,t,s) hg (s)ds; i=1,5, (6)
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where h® (t) = {a1 (t), a2 (t),bs (t), by (t),bs (t)}; transformation kernels
A6

ij
determined by the coefficients of a system of equations (1).

(x,t,8), i, = 1,5 at fixed o are Hilbert-Shmidt kernels, and are uniquely

From representation (6) we have:

ur = (I + A1) a1 + Afyaz + Afgbs + Af4by + Af5 , bs,
up = A a1 + (I + ASy) az + Afbs + AG,bs + A3, bs,
ug = A _ar + Afpas + (I + Afs) by + A8;ba + Al bs, (7)
Uy = Agl_al + A22a2 + Ag3b3 + (I + Ag4) by + Ag5+b5,
us = A3y _ar + Afyaz + AS3bs + AZybs + (I + AS5 ) bs,

where

+o0o

A%ﬂf@)—l/fﬁdwiwﬂf(ﬁd&

T

%+m=/%mWW@m

—00

+00
A?kf(m):/A?k(x,t,s)f(s)ds, 1=1,5 k=24

It is easy to see, that for all three scattering problems for the boundary conditions
(3), (4), (5) the equality

uf (0,1) +ub (0,¢) = uf (0,¢) +uf (0,8) +ub (0,1), k=1,2,3
or
k k k 0.

u’f+u’§—u3—u4—u5:

holds.
Let’s take it into account in the system (7):

(I+Af_+AS_ — A — A% — A )ar+
+ (I + Ay + AS, — A5, — A%, — A%) as =
= (I + Ay + Afs + Ay — Afy — A%3) b5+

+ (1 + Ay + ARy + A3y — A5, — AY,) b+
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+ (L + ASsy + Afsy + Ay, — Afs — A ) 05, k=123,

Multiplying the both sides of the last equality from the left by

1
(I+Ads, + A5, + A5, — ASs, — A%5,)

and introducing some designation (see [8]), we'll get:

T+ A) " T+A) a1+ T+ A) "I+ B)ag = T+ M)k + (I + N)bk + bk,
where

Ay = AGsy + Ay + Ay — ASy, — AT
A_=AS + A5 —A§ —AY - A4S,
B = Afy + A3, — A, — A, — AD,
M=(I+A)" (I+ A3+ Ay + A3y — AS; — AT3) — 1,

N = (I+A+)_1 (I+Ag4+Ag4+Ag4—Ag4—A?4) -1

Since b§, bﬁf, b’g are of the form:

bE = St ay + SNyao, b5 = S5 a1 + S5as, bF = S5 a1 + S5yas, k=1,2,3,

therefore, for arbitrary ai,as € Lo (R) the following factorization holds:

(I+M)SF +(I+N)Sk +8k =T+A,) T T+A), (8)

(I+M)Sty+ (I+N) Sk + S =(I+Ay) " (I+B), k=1,2,3 9)

By Gohberg-Crain theory from these factorization properties one can find the

expressions

AS A - A - AG AL =D
Ay + ASy — ASy — Ay — ASy = Do,
Ay + Ay + Ay — AJ3 — AQy = D3 (D)
ASy + AG, + AGy — AY — AS, = Dy,

ASs + Al + Al — A%, — Af5, = Dy,
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Let’s prove, that operators M and N are expressed by the scattering operator
elements in the following way

<I+M7 I+N) = (S§1 - S§17 SZ%Q - S‘32>2) §1_17 (10)

where

o (S —shosh s
1 pr—
S5 -Sh Sh sk

By determination of the scattering operator the functions b} (t), b2 (t) have the
form:
by = Szia1 + Sgpas, b3 = S3,a1 + S5yas.

So, bt — b2 = (S}, — 53) a1 + (S, — S3,) a2. We can rewrite this equality in a

vector form:
ai
o= (sh - s -8 () g
On the other hand, in the paper [8] the following property has been proved:
by — b3 = (I + M) (b5 — b3) + (I + N) (b — by) , ()

which we can also rewrite in the following form:

b2 _bl
bi—bi=(I+M, I+N)| 3 3
b4 _b4

Sz, -8, S%, —Si a )
Operator S7 = Sél Slll S§2 5112 transfers ') in
21 TP21 P22 TP az

2 31
bg bif , therefore we have:
by —by
bL—b2=(I+M, I+N)S ( “ >
a2

Comparing the last equality with (x) and taking arbitrariness of aq, a9, into ac-
count, we get:

(I+M, I+N)S) = (S5, — 531, S} — S5) -

Since the operator S; is reversible (see [8]), then from the last correlation it follows:

(I+M,I+N)= (5§1_S§1a 5§2_S§2) ~f1-

Thus, property (10) is proved.
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6
ij>
sentation (6) satisfy the following systems of equations:

Lemma. Operators A

T+ AD . — AS) = (A8; — AD;) STy + (A8, — AD,) S5+
+ (I + ASs — A%s,) S,
A - — A = (Af — AGy) STy + (1 + Af, — ASy) Soi+
+ (Afsy — AS5,) S5,
—A§, = (I + A33) Siy + A3,55, + A3s, Sa1,

ASy — A, = (A8 — Af3) Sy + (ASy — AYy) Spo+
+ (I + ASs — Af5,) Ssa,
I+ ASy — Afy = (A3 — AS3) Sip + (1 + Afy — ASy) Sopt
+ (Ag5+ - ASSJr) S§27
—ASy = (I + A33) Siy + A3, 55 + A%s, S3o,

Ay — A% = (A — A33) ST + (AL, — A3y) S5+
+(I+ A8 — A35)) S5,
I+ A — A§ = (I + Ay — AG;) S7 + (AS, — ATy) S5+
+ (A5, — A%5,) S,
— A, = AQST + (I + AYy) S35, + Als, S5y,

I+ ASy — ASy = (A3 — AS,) Sty + (A%, — AS)) S5+
+ (I + A85 — A35,) Sho,
ASy — AGy = (I + Ay — AD3) STy + (AGy — ADy) 5o+
+ (A5, — A%54) S,
—Afy = A3 ST, + (I + AY) S35 + Als, S3s,

I+ A} — AG = (A% — A%,) S + (1 + AG, — AS,) S5, +
+ (A4615+ - A?5+) Sgl’
AG — AS) = (I + A3 — ASy) S + (AG, — AS,) S35+
+ (A5, — A354) S,
— A% = ARSP) + ARSH + (I + A5, ) S5y,

Ay — Ay = (A% — AS,) ST + (1 + AG, — AS)) S5+
+ (Afsy — A%5L) S,
I+ A§y — Ay = (I + A% — A33) SF, + (A5 — AS,) S5y+
+ (Ag5y — A351) S,
— A%y = A28, + A$,S5, + (I + Ads,) S5,

A5, A% i=1,5, j =2,4; which take part in repre-

(11)

(12)

(14)

(15)

(16)

Proof. Let’s consider system (7). If we substitute the boundary conditions (3)

(us (0,t) = uq (0,%)) in this system, we’ll get:

(I + A} - Ag1—) ai + (A?Q - AgQ) az = (Ag3 - A?:a) b% + (A§4 - A?4) by+

+ (I + Adsy — A%5)) by,



Transactions of NAS of Azerbaijan 47

[The inverse scattering problem of five firist...]

Allowing here the form of functions b}, b}, bt at arbitrary a1, as € Loo (R) we'll
have:

T+ A8 — A% = (Agz - A?3) Sh+ (A§4 - A%) So1 + (I + Ads, — A(f5+) S31,

Afy — Ay = (A3 — AD;) Stp + (A8, — AYy) S3o + (I + AS5, — Afs) Sio.
Thus, the first equalities of systems (11) and (12) are proved.
Further, by condition (3) ug (0,t) = u4 (0,t), and us (0,t) = 0. Therefore

(Aglf - Aglf) a1+ (I+ Ay — A?LQ) az = (Agzs - Ag:s) b+
+ (I + AY, - Ag4) by + (A25+ - Ag5+) b%ﬁ

—A§_ay — ASyas = (I + Agzz) by + AS4b) + Ag5+b}>-

Hence
(Aglf - Aglf) = (Agg - AgS) St + (I+ AYy - Ag4) So1 + (A?15+ - Ag5+) Ss1

—A§_ = (I + Ags) St + A$,S5 + Ags+5§1;

I+ AS, — A%, = (Aig - Ag3) Sty + (I + A, - Ag4) Sy + (Az6;5+ - Ag5+) S3a

—AS, = (I + Ag:s) Sty + A$,S5 + Ag5+S§2~

So, the correctness of systems (11) and (12) has been established. Analogously,
one can prove systems (13), (14) and (15), (16), taking the boundary conditions (4)
and (5) into account in system (7), respectively.

3. The inverse scattering problem. At this item, in the absence of the first
or second interacting waves, we solve the inverse scattering problem for system (1) on
semi-axis, i.e. coefficients of system (1) are uniquely defined by the known scattering
operator on semi-axis. First of all, let’s consider the case when Ci5 = ... = Ci5 = 0.
In this case uy (x,t) = a; (t + £, x); thereafter, the boundary conditions will have the
form:
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u2 (0,t) = u2 (0,1)
I1. u3 (0,t) = uf (0,t) = a1 (t)
u? (0,t) = 0.
uj (0,t) = u3
I ¢ (0,¢) = u (
u$ (0,t) = 0.
Allowing for the boundary conditions, one can write system (7) in the form:

(0,£) = ax (¢)
0,¢)

uy —u3 = AS; (by — b3) + A3, (b — b7) + ASs, (b3 —b3),
—ui = (I + A33) (b3 — b3) + Ay (b1 — b7) + A5, (b5 —03),
uy = Als (b3 — 03) + (I + AY,) (by —b7) + Als, (b5 —02),
up —uj = ASs (b3 — b3) + A8y (bs — 0F) + (I + ASs, ) (bg —03) -

From the second equality, allowing for (xx), we get:

—ar = [I + AS3 — ASs, (I + M)] (b3 — b3) + [A§; — A5y (T + N)] (b1 — b3).-
It is known, that the operator

S, = St —Sh St —Sip N T N bi b3
5221 _5211 532 _5212 az b421 _bzll

2
,j=1

ai _ %1 ’7%2 b% _bé
as Y31 Vo b —bj

Hence, we see that a; = 71, (b3 —b3) + Y1, (b3 — bY).
Therefore

has the inverse ! = H'?,LIJH (see [8]), i.e.

I+ Ay — Ay (I + M) =1, (17)
ASy = A5 (I+ N) =31, (18)
Let’s consider the third equality of system (11):
— A% = (I + AS;) Siy + AS4S5; + ASs 531

Let’s put here expressions for I + AS; and A$, according to (17) and (18):

_Agl— = 911511 + Ag5+ (I+M)St, + 71259 + Ags+ (I+N)Sy + A§5+S§1

or
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Af = —Ag5+ [(I + M) St + (I +N) Sy + S?H — 311511 — Y12599;.-
Allowing for factorization (8), we get:
Af = —A§5+ (I+A)™ (I +A2) = 31151 — A125%.

We multiply the both sides by (I + A_)"" from the right:

Agl— (I + Af)_l + Ag5+ (I+ A+)_1 =—91,8h (I + Af)_l — 1255 (I + Af)_l .

Hence we can find:

Ag1— (I + A—)_l = {(—’7%15%1 - ’?125211) (I+ A—)_l} ;

Ag5+ I+ A+)_1 = [(_:7%15111 - ’7125211) I+ Af)_l} . :

i.e.

AGy = |(~FhSh = AaSh) (T +40)7Y] (T+4); (19)

Ay = [(3hsh = hSh) 1+ A7) (1+4) (20)

Now, putting (20) into (17) and (18), we find AS; and A$,, respectively.

Ay = b+ [(-hsh —Fhsh) U+ 407 U+An@+M) L (@)

A3y =l + [(-hSh —Fl8h) (1 + 407 T+ A0 T+ ) (22)

For finding A$,, let’s take into account (20), (21) and (22) in the third equality
of system (12):

AS, — (I + Ag3) Sty — A3, S5, — Ag5+S§2

Ay = —A1,51, + {(’7%15111 + :)’125211) (I + A—)_1]+ (I+Ay)(I+M)Si,—
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—¥125% + [(’7%15111 +’~Y125211) (I + A—)_lkr (I+Ay)(I+N)Sy+
+ [(’7%15111 +’712S%1) (I + A—)ALL (I+ A1) S35 = —711512 — 12532+

+ | (Fhsh + 1aSh) (T + A7 (1 A9 [T+ M) S+ (T + N) Sh + S

Because of the property (9) the last expression takes the form:

Agz = {(ﬂlsh + %25211) (I + Af)_l} N (I + B) — 711512 — 71253 (23)

Thus, all elements Agj, j=1,...,5 are found.
For finding Agj, j = 1,...,5 let’s consider the following system, which can be
obtained from system (7) allowing for the boundary conditions (4), (5):

uj —uf = Ay (b3 — b3) + AS, (b7 — bF) + A5, (b3 - 03),
uf —u3 = (I + ASs) (b — b3) + A5, (0F — b3) + A5, (05 —03)
= A5 (30 + (1 A3 (05— ) + A (31,
uj = A2 (05 — b3) + A3, (0F — b3) + (I + AS5,) (b3 — 03).

Since u$ (0,t) = aj (t), then from the third equality of the system, allowing for
(xx), we get:
a1 = [ASs — Als, (I + M)] (05— 03) + [I + AS, — A%, (I + N)] (b3 —b3)

In [8] it has been proved the reversibility of the operator §3, which has the form:

~ aq bi —bi
Ss3 : .
’ (@)H(bg b3
53— T At b —b — [ & ).
’7%1 ’?%2 b% _b?’, az )’

ie. ar =7 (b — 0F) + 1o (0 — b3).
Therefore,

Its reverse:

Ags - Ag5+ (I + M) = 5’?27 (24)
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T+ A} — A, (I+N) =7

Then, from the third equality of system (13) we have:

—AY =A%, [(I+ M) S+ I+ N)S3 + 53?1} + 73251 + 71155 -

Allowing for factorization (8), we get:

—AY_ = Ag5+ (I + A+)_1 (I+A2)+ 35,50 + 74155

or

(25)

Af_(I+A) "+ Ag5+ I+A) " =-ALS (T +A) " —3485 (I+A)!

From here we find

A= [(—’??25%1 ~7115%) (I + A—)_l} I+A)

A915+ = [(—’?125%1 - ’711531) (I + A—)_lkr (I+Ay)

Putting (27) in (24) and (25), we find A$; and AY,, respectively:

Ay = [(—7?25%1 - “7?1531) (I + A,)_ILF (I+As) I+ M)+,

AYy = [(_’7125’%1 - ’7:{’1531) (I + A—)ALF I+A)(I+N)+743, — 1.

Finally, AS, is found for the third equality of system (14):

Ay = —A§ST, — (I+ A§4) S5 — AZ5+S:)2,2

After transformations we get:

Ay = —73,5% — 73155 + {(’7?25121 + ’7?1531) (I + A—)71]+ (I+B).

(30)

From system (7), allowing for the boundary conditions (3), (5), we get the fol-

lowing system:

U%—UQ Ay (b3 — b3) + A5, (b) — b3) + ASs, (b5 — bg),
—u2 (I+ AS3) (b3 —b3) + AS, (b — b3) + A5, (b2

uy — U1 Ags (b3 = 03) + (I + AYy) (b1 — %) + A%s, (b é )
bl

- Ag3 (b3 bg) + Ag4 (béll b3) (I + A55+) (

b3)
b3) -
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As in the previous cases, using reversibility of the operator So:

<) 55’1 —5211 532 —5212 @ bi _bzll .
2= g8 gt 58 st ) \a ) T\ 0 )
11 11 12 12 2 3 3

factorization (8) and property (%), from the last system, and also from system (15)
and (16) we find coefficients Agj, j=1,5:

Af = [(5’%25%1 +1183,) (I + A—)_l} {I+A),
S, = [(GhSH +3hsh) T+ 47 (1+40) -1,
ABy = [(’?%2@1 +311551) (1 + A7)71}+ (I+As) (I + M)~ 7, (31)
Ag, = [(:}’%25?1 +91153) (I + A—)_ILF (I+Ay)(I+N) =7,
ASy = 318 + 31155 — [(’7%2519’1 +9115%) (I + A—)ilLL (I +B),

\

where 72,73, are the elements of the operator 52, reverse to the operator S,. In the
considered case the system (D) takes the from:

Ag1— - Agl— - A?n— - Agl— = Dy,
Agz - Agz - Agz - Agz = Dy,
ASs + Afy + A3 — ASy = D3,
ASy+ AQy + A3y — Ay = Dy,

A5y + Ay + A3y — A35, = Ds.

Here allowing for the values of the known operators, we find AS, _, AS,, AS;, AS,,
6
Ags -
Let’s now consider case when Co; = Ca3 = Coy = Cy5 = 0. Then, ug(z,t) =
ay (t + &9x). In this case the boundary conditions have the form:

LS ul(0,t)=ul(0,t)=azx(t),

t) =
I1. uj (0,
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6
177

Analogously to the first case we find coefficients A%, i,j = 1,5 from system (7)
and systems (11)-(16), using reversibility of operators Sy, S», Ss, property (%) and
factorization properties (8), (9).

From systems (11), (12):

A4 = (b8t +RSh) T+ 4)7 ] d+an),
Ay = [(GhSh +7h5h) 1+ A7 1+ 44,
Afy = [(%15111 +922531) (1 + A*>_1}+ (I+As) (I + M) =7z, (32)
Ay = (38t +3hSh) 1+ A7 (14 A T+ N) =34 — 1,

ASy =T+ 75,51, + 73255 — {(’7%15111 + 522551) (I + A—)_lLL (I+B);
from systems (15), (16):

Af - = [(ﬁzS% +721551) (1 + Af)_l} (I+A),
Ay = (8% +358%) T+ A7 (T+44),
Ay = | (5% +33155) U+ A7 T+ A)T+M) =A% ~1 (33)
Ay = | (355% +73155) T+ A7 U+ A0+ N) =5

. - - N —1
Ay = 73255 + 75155, — {(’752519’1 +95,55) (I+A-) Lr (I+ B);

from systems (13), (14):

A8 = (S +70Sh) U+ A)7] d+an),
A, = [(355h +7053) 1+ 47| (+40) -1,
Afy = | (ST +38155) L+ A7 (14 44) (M) =%, (34)
A%y = | (3587 +3383) T+ A) 7| T+ 40 I+ N) -7,

+
ASy =T +73,5% + 73158, — [(’7325%1 +951951) (I + A—)ALL (I+B).

We find remaining coefficients, i.e. A?l_,A?Q,A?g,A?4,A?5+, from the system
(D).

Thus, in the considered cases we proved that by scattering operator on semi-axis
it is uniquely reestablished the passage operator II, which ties together asymptot-
ics {aj (t),a2 (t),bs(t),bs(t),bs (t)} with the boundary values of solutions at zero
{u1 (0,t),uz (0,t),u3 (0,t),uq (0,t),us5 (0,%)}.

In the paper [3] it was established, that by the known passage operator II one
can uniquely determine coefficients of system (1). So, we prove the theorem:

Theorem. If coefficients of system (1) satisfy conditions (2) and condition Cyo =
. =C15 =0 (Co1 = ... = Cy5 = 0), then all remaining coefficients of this system are
uniquely determined by the scattering operator S.
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