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THE INVERSE SCATTERING PROBLEM FOR THE

SYSTEM OF FIVE FIRST ORDER HYPERBOLIC

EQUATIONS ON SEMI-AXIS

Abstract

The factorization properties of the scattering operator are established and
solution of the inverse scattering problem for the hyperbolic system of five first
order equations on semi-axis with two given incident waves in the absence of the
first or second interacting waves is given.

Direct and inverse scattering problems for a system of two equations on semi-axis
and also for a system of n ≥ 2 equations on the whole axis have been studied in the
papers [1, 2, 3]. In the papers [4, 5] the case of the n − 1 given incident waves and
the case of the one given incident wave for a system of n ≥ 3 equations have been
considered. Direct and inverse scattering problems for a system of four equations
with two incident waves on semi-axis have been solved in [6]. Direct scattering
problem for a system of five hyperbolic equations on semi-axis in case of two given
incident waves have been considered and some properties of scattering operator for
this system have been established in the papers [7] and [8], respectively.

1. Problem statement. On a semi-axis x ≥ 0 we consider the following
hyperbolic system of the first order equations:

ξi

∂ui (x, t)
∂t

− ∂ui (x, t)
∂x

=
5∑

j=1

Cij (x, t) uj (x, t)

(i = 1, ..., 5; −∞ < t < +∞) , (1)

where coefficients Cij (x, t) are complex-valued functions measurable by x and t and
satisfying estimations:

|Cij (x, t)| ≤ c [(1 + |x|) (1 + |t|)]−1−ε , c > 0, ε > 0 (2)

and condition Cii (x, t) = 0, i = 1, ..., 5; ui (x, t) , i = 1, ..., 5 are unknown functions,
ξi are constants, where ξ1 > ξ2 > 0 > ξ3 > ξ4 > ξ5.

For system (1) we consider three problems.
In the first problem we have to find solution of system (1) which satisfies the

boundary conditions: 
u5 (0, t) = u1 (0, t) ,

u4 (0, t) = u2 (0, t) ,

u3 (0, t) = 0
(3)
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by the given incident waves a1 (t) , a2 (t) ∈ L∞ (R) which determine as x → +∞
asymptotics of the solutions u1 (x, t) , u2 (x, t) of the form:{

u1 (x, t) = a1 (t + ξ1x) + o (1) ,

u2 (x, t) = a2 (t + ξ2x) + o (1) .

In the second problem it is necessary to find solutions of system (1) by such given
incident waves a1 (t) , a2 (t) ∈ L∞ (R), that satisfy the boundary conditions:

u5 (0, t) = u2 (0, t) ,

u3 (0, t) = u1 (0, t) ,

u4 (0, t) = 0.

(4)

In the third problem the solution of system (1) by the given incident waves a1, a2

has to satisfy the boundary conditions
u4 (0, t) = u1 (0, t) ,

u3 (0, t) = u2 (0, t) ,

u5 (0, t) = 0.

(5)

Joint consideration of these three problems is called the scattering problem for
system (1).

In the paper [7] existence and uniqueness of the scattering problem solution for
system (1) have been proved; scattering operator for this system S = (S1, S2, S3) has
been determined, where operators

Sk =

 Sk
11 Sk

12

Sk
21 Sk

22

Sk
31 Sk

32


transfer incident waves a1 (t) , a2 (t) into scattered waves bk

3 (t) , bk
4 (t) , bk

5 (t) ∈ L∞ (R) ,

k = 1, 2, 3.
2. Scattering operator properties. Integral representations of solutions of

the system of equations (1), which are represented by their asymptotics and by value
of these solutions at zero have been studied in the paper [8].

At solving the inverse problem we need some properties of scattering operator,
which we get from the following integral representation ([8]):

ui (x, t) = h6
i (t + ξix) +

+∞∫
t+ξ1x

A6
i1 (x, t, s) h6

1ds +

+∞∫
−∞

4∑
j=2

A6
ij (x, t, s) h6

j (s) ds+

+

t+ξ5x∫
−∞

A6
i5 (x, t, s) h6

5 (s) ds; i = 1, 5, (6)
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where h6 (t) = {a1 (t) , a2 (t) , b3 (t) , b4 (t) , b5 (t)}; transformation kernels
A6

ij (x, t, s) , i, j = 1, 5 at fixed x are Hilbert-Shmidt kernels, and are uniquely
determined by the coefficients of a system of equations (1).

From representation (6) we have:



u1 =
(
I + A6

11−
)
a1 + A6

12a2 + A6
13b3 + A6

14b4 + A6
15+b5,

u2 = A6
21−a1 +

(
I + A6

22

)
a2 + A6

23b3 + A6
24b4 + A6

25+b5,

u3 = A6
31−a1 + A6

32a2 +
(
I + A6

33

)
b3 + A6

34b4 + A6
35+b5,

u4 = A6
41−a1 + A6

42a2 + A6
43b3 +

(
I + A6

44

)
b4 + A6

45+b5,

u5 = A6
51−a1 + A6

52a2 + A6
53b3 + A6

54b4 +
(
I + A6

55+

)
b5,

(7)

where

A6
i1−f (x) =

+∞∫
x

A6
i1 (x, t, s) f (s) ds,

A6
i5+f (x) =

x∫
−∞

A6
i5 (x, t, s) f (s) ds,

A6
ikf (x) =

+∞∫
−∞

A6
ik (x, t, s) f (s) ds, i = 1, 5; k = 2, 4.

It is easy to see, that for all three scattering problems for the boundary conditions
(3), (4), (5) the equality

uk
1 (0, t) + uk

2 (0, t) = uk
3 (0, t) + uk

4 (0, t) + uk
5 (0, t) , k = 1, 2, 3

or

uk
1 + uk

2 − uk
3 − uk

4 − uk
5 = 0.

holds.
Let’s take it into account in the system (7):

(
I + A6

11− + A6
21− −A6

31− −A6
41− −A6

51−
)
a1+

+
(
I + A6

12 + A6
22 −A6

32 −A6
42 −A6

52

)
a2 =

=
(
I + A6

53 + A6
43 + A6

33 −A6
23 −A6

13

)
bk
3+

+
(
I + A6

54 + A6
44 + A6

34 −A6
24 −A6

14

)
bk
4+
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+
(
I + A6

55+ + A6
45+ + A6

35+ −A6
25+ −A6

15+

)
bk
5, k = 1, 2, 3.

Multiplying the both sides of the last equality from the left by

(
I + A6

55+ + A6
45+ + A6

35+ −A6
25+ −A6

15+

)−1

and introducing some designation (see [8]), we’ll get:

(I + A+)−1 (I + A−) a1 + (I + A+)−1 (I + B) a2 = (I + M) bk
3 + (I + N) bk

4 + bk
5,

where

A+ = A6
55+ + A6

45+ + A6
35+ −A6

25+ −A6
15+,

A− = A6
11− + A6

21− −A6
31− −A6

41− −A6
51−,

B = A6
12 + A6

22 −A6
32 −A6

42 −A6
52,

M = (I + A+)−1 (I + A6
53 + A6

43 + A6
33 −A6

23 −A6
13

)
− I,

N = (I + A+)−1 (I + A6
54 + A6

44 + A6
34 −A6

24 −A6
14

)
− I.

Since bk
3, b

k
4, b

k
5 are of the form:

bk
3 = Sk

11a1 + Sk
12a2, bk

4 = Sk
21a1 + Sk

22a2, bk
5 = Sk

31a1 + Sk
32a2, k = 1, 2, 3,

therefore, for arbitrary a1, a2 ∈ L∞ (R) the following factorization holds:

(I + M) Sk
11 + (I + N) Sk

21 + Sk
31 = (I + A+)−1 (I + A−) , (8)

(I + M) Sk
12 + (I + N) Sk

22 + Sk
32 = (I + A+)−1 (I + B) , k = 1, 2, 3 (9)

By Gohberg-Crain theory from these factorization properties one can find the
expressions 

A6
11− + A6

21− −A6
31− −A6

41− −A6
51− = D1

A6
12 + A6

22 −A6
32 −A6

42 −A6
52 = D2,

A6
53 + A6

43 + A6
33 −A6

23 −A6
13 = D3

A6
54 + A6

44 + A6
34 −A6

24 −A6
14 = D4,

A6
55+ + A6

45+ + A6
35+ −A6

25+ −A6
15+ = D5,

(D)
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Let’s prove, that operators M and N are expressed by the scattering operator
elements in the following way

(I + M, I + N) =
(
S1

31 − S2
31, S1

32 − S2
32

)
S̃−1

1 , (10)

where

S̃1 =

(
S2

11 −S1
11 S2

12 −S1
12

S2
21 −S1

21 S2
22 −S1

22

)
By determination of the scattering operator the functions b1

5 (t) , b2
5 (t) have the

form:

b1
5 = S1

31a1 + S1
32a2, b2

5 = S2
31a1 + S2

32a2.

So, b1
5 − b2

5 =
(
S1

31 − S2
31

)
a1 +

(
S1

32 − S2
32

)
a2. We can rewrite this equality in a

vector form:

b1
5 − b2

5 =
(
S1

31 − S2
31, S1

32 − S2
32

)( a1

a2

)
(∗)

On the other hand, in the paper [8] the following property has been proved:

b1
5 − b2

5 = (I + M)
(
b2
3 − b1

3

)
+ (I + N)

(
b2
4 − b1

4

)
, (∗∗)

which we can also rewrite in the following form:

b1
5 − b2

5 = (I + M, I + N)

(
b2
3 −b1

3

b2
4 −b1

4

)

Operator S1 =

(
S2

11 −S1
11 S2

12 −S1
12

S2
21 −S1

21 S2
22 −S1

22

)
transfers

(
a1

a2

)
in(

b2
3 −b1

3

b2
4 −b1

4

)
, therefore we have:

b1
5 − b2

5 = (I + M, I + N) S̃1

(
a1

a2

)
Comparing the last equality with (∗) and taking arbitrariness of a1, a2, into ac-

count, we get:

(I + M, I + N) S̃1 =
(
S1

31 − S2
31, S1

32 − S2
32

)
.

Since the operator S̃1 is reversible (see [8]), then from the last correlation it follows:

(I + M, I + N) =
(
S1

31 − S2
31, S1

32 − S2
32

)
S̃−1

1 .

Thus, property (10) is proved.
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Lemma. Operators A6
ij , A6

i1−, A6
i5+i = 1, 5, j = 2, 4; which take part in repre-

sentation (6) satisfy the following systems of equations:

I + A6
11− −A6

51− =
(
A6

53 −A6
13

)
S1

11 +
(
A6

54 −A6
14

)
S1

21+
+
(
I + A6

55+ −A6
15+

)
S1

31,

A6
21− −A6

41− =
(
A6

43 −A6
23

)
S1

11 +
(
I + A6

44 −A6
24

)
S1

21+
+
(
A6

45+ −A6
25+

)
S1

31,

−A6
31− =

(
I + A6

33

)
S1

11 + A6
34S

1
21 + A6

35+S1
31,

(11)



A6
12 −A6

52 =
(
A6

53 −A6
13

)
S1

12 +
(
A6

54 −A6
14

)
S1

22+
+
(
I + A6

55+ −A6
15+

)
S1

32,

I + A6
22 −A6

42 =
(
A6

43 −A6
23

)
S1

12 +
(
I + A6

44 −A6
24

)
S1

22+
+
(
A6

45+ −A6
25+

)
S1

32,

−A6
32 =

(
I + A6

33

)
S1

12 + A6
34S

1
22 + A6

35+S1
32,

(12)



A6
21− −A6

51− =
(
A6

53 −A6
23

)
S2

11 +
(
A6

54 −A6
24

)
S2

21+
+
(
I + A6

55+ −A6
25+

)
S2

31,

I + A6
11− −A6

31− =
(
I + A6

33 −A6
13

)
S2

11 +
(
A6

34 −A6
14

)
S2

21+
+
(
A6

35+ −A6
15+

)
S2

31,

−A6
41− = A6

43S
2
11 +

(
I + A6

44

)
S2

21 + A6
45+S2

31,

(13)



I + A6
22 −A6

52 =
(
A6

53 −A6
23

)
S2

12 +
(
A6

54 −A6
24

)
S2

22+
+
(
I + A6

55+ −A6
25+

)
S2

32,

A6
12 −A6

32 =
(
I + A6

33 −A6
13

)
S2

12 +
(
A6

34 −A6
14

)
S2

22+
+
(
A6

35+ −A6
15+

)
S2

32,

−A6
42 = A6

43S
2
12 +

(
I + A6

44

)
S2

22 + A6
45+S2

32,

(14)



I + A6
11− −A6

41− =
(
A6

43 −A6
13

)
S3

11 +
(
I + A6

44 −A6
14

)
S3

21+
+
(
A6

45+ −A6
15+

)
S3

31,

A6
21− −A6

31− =
(
I + A6

33 −A6
23

)
S3

11 +
(
A6

34 −A6
24

)
S3

21+
+
(
A6

35+ −A6
25+

)
S3

31,

−A6
51− = A6

53S
3
11 + A6

54S
3
21 +

(
I + A6

55+

)
S3

31,

(15)



A6
12 −A6

42 =
(
A6

43 −A6
13

)
S3

12 +
(
I + A6

44 −A6
14

)
S3

22+
+
(
A6

45+ −A6
15+

)
S3

32,

I + A6
22 −A6

32 =
(
I + A6

33 −A6
23

)
S3

12 +
(
A6

34 −A6
24

)
S3

22+
+
(
A6

35+ −A6
25+

)
S3

32,

−A6
52 = A6

53S
3
12 + A6

54S
3
22 +

(
I + A6

55+

)
S3

32,

(16)

Proof. Let’s consider system (7). If we substitute the boundary conditions (3)
(u5 (0, t) = u1 (0, t)) in this system, we’ll get:

(
I + A6

11− −A6
51−
)
a1 +

(
A6

12 −A6
52

)
a2 =

(
A6

53 −A6
13

)
b1
3 +

(
A6

54 −A6
14

)
b1
4+

+
(
I + A6

55+ −A6
15+

)
b1
5,
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Allowing here the form of functions b1
3, b

1
4, b

1
5, at arbitrary a1, a2 ∈ L∞ (R) we’ll

have:

I + A6
11− −A6

51− =
(
A6

53 −A6
13

)
S1

11 +
(
A6

54 −A6
14

)
S1

21 +
(
I + A6

55+ −A6
15+

)
S1

31,

A6
12 −A6

52 =
(
A6

53 −A6
13

)
S1

12 +
(
A6

54 −A6
14

)
S1

22 +
(
I + A6

55+ −A6
15+

)
S1

32.

Thus, the first equalities of systems (11) and (12) are proved.
Further, by condition (3) u2 (0, t) = u4 (0, t), and u3 (0, t) = 0. Therefore

(
A6

21− −A6
41−
)
a1 +

(
I + A6

22 −A6
42

)
a2 =

(
A6

43 −A6
23

)
b1
3+

+
(
I + A6

44 −A6
24

)
b1
4 +

(
A6

45+ −A6
25+

)
b1
5;

−A6
31−a1 −A6

32a2 =
(
I + A6

33

)
b1
3 + A6

34b
1
4 + A6

35+b1
5.

Hence

(
A6

21− −A6
41−
)

=
(
A6

43 −A6
23

)
S1

11 +
(
I + A6

44 −A6
24

)
S1

21 +
(
A6

45+ −A6
25+

)
S1

31

−A6
31− =

(
I + A6

33

)
S1

11 + A6
34S

1
21 + A6

35+S1
31;

I + A6
22 −A6

42 =
(
A6

43 −A6
23

)
S1

12 +
(
I + A6

44 −A6
24

)
S1

22 +
(
A6

45+ −A6
25+

)
S1

32

−A6
32 =

(
I + A6

33

)
S1

12 + A6
34S

1
22 + A6

35+S1
32.

So, the correctness of systems (11) and (12) has been established. Analogously,
one can prove systems (13), (14) and (15), (16), taking the boundary conditions (4)
and (5) into account in system (7), respectively.

3. The inverse scattering problem. At this item, in the absence of the first
or second interacting waves, we solve the inverse scattering problem for system (1) on
semi-axis, i.e. coefficients of system (1) are uniquely defined by the known scattering
operator on semi-axis. First of all, let’s consider the case when C12 = ... = C15 = 0.
In this case u1 (x, t) = a1 (t + ξ1x); thereafter, the boundary conditions will have the
form:

I.


u1

5 (0, t) = u1
1 (0, t) = a1 (t)

u1
4 (0, t) = u1

2 (0, t)
u1

3 (0, t) = 0.
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II.


u2

5 (0, t) = u2
2 (0, t)

u2
3 (0, t) = u2

1 (0, t) = a1 (t)
u2

4 (0, t) = 0.

III.


u3

4 (0, t) = u3
1 (0, t) = a1 (t)

u3
3 (0, t) = u3

2 (0, t)
u3

5 (0, t) = 0.

Allowing for the boundary conditions, one can write system (7) in the form:


u1

2 − u2
2 = A6

23

(
b1
3 − b2

3

)
+ A6

24

(
b1
4 − b2

4

)
+ A6

25+

(
b1
5 − b2

5

)
,

−u2
1 =

(
I + A6

33

) (
b1
3 − b2

3

)
+ A6

34

(
b1
4 − b2

4

)
+ A6

35+

(
b1
5 − b2

5

)
,

u1
2 = A6

43

(
b1
3 − b2

3

)
+
(
I + A6

44

) (
b1
4 − b2

4

)
+ A6

45+

(
b1
5 − b2

5

)
,

u1
1 − u2

2 = A6
53

(
b1
3 − b2

3

)
+ A6

54

(
b1
4 − b2

4

)
+
(
I + A6

55+

) (
b1
5 − b2

4

)
.

From the second equality, allowing for (∗∗), we get:

−a1 =
[
I + A6

33 −A6
35+ (I + M)

] (
b1
3 − b2

3

)
+
[
A6

34 −A6
35+ (I + N)

] (
b1
4 − b2

4

)
.

It is known, that the operator

S1 =

(
S2

11 −S1
11 S2

12 −S1
12

S2
21 −S1

21 S2
22 −S1

22

)
:

(
a1

a2

)
→

(
b2
3 −b1

3

b2
4 −b1

4

)

has the inverse γ̃1 =
∥∥γ̃1

ij

∥∥2

i,j=1
(see [8]), i.e.(

a1

a2

)
=

(
γ̃1

11 γ̃1
12

γ̃1
21 γ̃1

22

)(
b2
3 −b1

3

b2
4 −b1

4

)
Hence, we see that a1 = γ̃1

11

(
b2
3 − b1

3

)
+ γ̃1

12

(
b2
4 − b1

4

)
.

Therefore

I + A6
33 −A6

35+ (I + M) = γ̃1
11, (17)

A6
34 −A6

35+ (I + N) = γ̃1
12 (18)

Let’s consider the third equality of system (11):

−A6
31− =

(
I + A6

33

)
S1

11 + A6
34S

1
21 + A6

35+S1
31.

Let’s put here expressions for I + A6
33 and A6

34 according to (17) and (18):

−A6
31− = γ̃1

11S
1
11 + A6

35+ (I + M) S1
11 + γ̃1

12S
1
21 + A6

35+ (I + N) S1
21 + A6

35+S1
31

or
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A6
31− = −A6

35+

[
(I + M) S1

11 + (I + N) S1
21 + S1

31

]
− γ̃1

11S
1
11 − γ̃1

12S
1
21.

Allowing for factorization (8), we get:

A6
31− = −A6

35+ (I + A+)−1 (I + A−)− γ̃1
11S

1
11 − γ̃1

12S
1
21.

We multiply the both sides by (I + A−)−1 from the right:

A6
31− (I + A−)−1 + A6

35+ (I + A+)−1 = −γ̃1
11S

1
11 (I + A−)−1 − γ̃1

12S
1
21 (I + A−)−1 .

Hence we can find:

A6
31− (I + A−)−1 =

[(
−γ̃1

11S
1
11 − γ̃1

12S
1
21

)
(I + A−)−1

]
−

;

A6
35+ (I + A+)−1 =

[(
−γ̃1

11S
1
11 − γ̃1

12S
1
21

)
(I + A−)−1

]
+

;

i.e.

A6
31− =

[(
−γ̃1

11S
1
11 − γ̃1

12S
1
21

)
(I + A−)−1

]
−

(I + A−) ; (19)

A6
35+ =

[(
−γ̃1

11S
1
11 − γ̃1

12S
1
21

)
(I + A−)−1

]
+

(I + A+) (20)

Now, putting (20) into (17) and (18), we find A6
33 and A6

34, respectively.

A6
33 = γ̃1

11 +
[(
−γ̃1

11S
1
11 − γ̃1

12S
1
21

)
(I + A−)−1

]
+

(I + A+) (I + M)− I; (21)

A6
34 = γ̃1

12 +
[(
−γ̃1

11S
1
11 − γ̃1

12S
1
21

)
(I + A−)−1

]
+

(I + A+) (I + N) (22)

For finding A6
32, let’s take into account (20), (21) and (22) in the third equality

of system (12):

A6
32 −

(
I + A6

33

)
S1

12 −A6
34S

1
22 −A6

35+S1
32

A6
32 = −γ̃1

11S
1
12 +

[(
γ̃1

11S
1
11 + γ̃1

12S
1
21

)
(I + A−)−1

]
+

(I + A+) (I + M) S1
12−
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−γ̃1
12S

1
22 +

[(
γ̃1

11S
1
11 + γ̃1

12S
1
21

)
(I + A−)−1

]
+

(I + A+) (I + N) S1
22+

+
[(

γ̃1
11S

1
11 + γ̃1

12S
1
21

)
(I + A−)−1

]
+

(I + A+) S1
32 = −γ̃1

11S
1
12 − γ̃1

12S
1
22+

+
[(

γ̃1
11S

1
11 + γ̃1

12S
1
21

)
(I + A−)−1

]
+

(I + A+)
[
(I + M) S1

12 + (I + N) S1
22 + S1

32

]
Because of the property (9) the last expression takes the form:

A6
32 =

[(
γ̃1

11S
1
11 + γ̃1

12S
1
21

)
(I + A−)−1

]
+

(I + B)− γ̃1
11S

1
12 − γ̃1

12S
1
22 (23)

Thus, all elements A6
3j , j = 1, ..., 5 are found.

For finding A6
4j , j = 1, ..., 5 let’s consider the following system, which can be

obtained from system (7) allowing for the boundary conditions (4), (5):


u2

2 − u3
2 = A6

23

(
b2
3 − b3

3

)
+ A6

24

(
b2
4 − b3

4

)
+ A6

25+

(
b2
5 − b3

5

)
,

u2
1 − u3

2 =
(
I + A6

33

) (
b2
3 − b3

3

)
+ A6

34

(
b2
4 − b3

4

)
+ A6

35+

(
b2
5 − b3

5

)
,

−u3
1 = A6

43

(
b2
3 − b3

3

)
+
(
I + A6

44

) (
b2
4 − b3

4

)
+ A6

45+

(
b2
5 − b3

5

)
,

u2
2 = A6

53

(
b2
3 − b3

3

)
+ A6

54

(
b2
4 − b3

4

)
+
(
I + A6

55+

) (
b2
5 − b3

5

)
.

Since u3
1 (0, t) = a1 (t), then from the third equality of the system, allowing for

(∗∗), we get:

a1 =
[
A6

43 −A6
45+ (I + M)

] (
b3
3 − b2

3

)
+
[
I + A6

44 −A6
45+ (I + N)

] (
b3
4 − b2

4

)
In [8] it has been proved the reversibility of the operator S̃3, which has the form:

S̃3 :

(
a1

a2

)
→

(
b3
4 −b2

4

b3
3 −b2

3

)
.

Its reverse:

γ̃3 =

(
γ̃3

11 γ̃3
12

γ̃3
21 γ̃3

22

)(
b3
4 −b2

4

b3
3 −b2

3

)
=

(
a1

a2

)
;

i.e. a1 = γ̃3
11

(
b3
4 − b2

4

)
+ γ̃3

12

(
b3
3 − b2

3

)
.

Therefore,

A6
43 −A6

45+ (I + M) = γ̃3
12, (24)
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I + A6
44 −A6

45+ (I + N) = γ̃3
11 (25)

Then, from the third equality of system (13) we have:

−A6
41− = A6

45+

[
(I + M) S2

11 + (I + N) S2
21 + S2

31

]
+ γ̃3

12S
2
11 + γ̃3

11S
2
21.

Allowing for factorization (8), we get:

−A6
41− = A6

45+ (I + A+)−1 (I + A−) + γ̃3
12S

2
11 + γ̃3

11S
2
21

or

A6
41− (I + A−)−1 + A6

45+ (I + A+)−1 = −γ̃3
12S

2
11 (I + A−)−1 − γ̃3

11S
2
21 (I + A−)−1 .

From here we find

A6
41− =

[(
−γ̃3

12S
2
11 − γ̃3

11S
2
21

)
(I + A−)−1

]
−

(I + A−) (26)

A6
45+ =

[(
−γ̃3

12S
2
11 − γ̃3

11S
2
21

)
(I + A−)−1

]
+

(I + A+) (27)

Putting (27) in (24) and (25), we find A6
43 and A6

44, respectively:

A6
43 =

[(
−γ̃3

12S
2
11 − γ̃3

11S
2
21

)
(I + A−)−1

]
+

(I + A+) (I + M) + γ̃3
12, (28)

A6
44 =

[(
−γ̃3

12S
2
11 − γ̃3

11S
2
21

)
(I + A−)−1

]
+

(I + A+) (I + N) + γ̃3
11 − I. (29)

Finally, A6
42 is found for the third equality of system (14):

A6
42 = −A6

43S
2
12 −

(
I + A6

44

)
S2

22 −A6
45+S2

32

After transformations we get:

A6
42 = −γ̃3

12S
2
12 − γ̃3

11S
2
22 +

[(
γ̃3

12S
2
11 + γ̃3

11S
2
21

)
(I + A−)−1

]
+

(I + B) . (30)

From system (7), allowing for the boundary conditions (3), (5), we get the fol-
lowing system:


u1

2 − u3
2 = A6

23

(
b1
3 − b3

3

)
+ A6

24

(
b1
4 − b3

4

)
+ A6

25+

(
b1
5 − b3

5

)
,

−u3
2 =

(
I + A6

33

) (
b1
3 − b3

3

)
+ A6

34

(
b1
4 − b3

4

)
+ A6

35+

(
b1
5 − b3

5

)
,

u1
2 − u3

1 = A6
43

(
b1
3 − b3

3

)
+
(
I + A6

44

) (
b1
4 − b3

4

)
+ A6

45+

(
b1
5 − b3

5

)
,

u1
1 = A6

53

(
b1
3 − b3

3

)
+ A6

54

(
b1
4 − b3

4

)
+
(
I + A6

55+

) (
b1
5 − b3

5

)
.
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As in the previous cases, using reversibility of the operator S̃2:

S̃2 =

(
S3

21 −S1
21 S3

22 −S1
22

S3
11 −S1

11 S3
12 −S1

12

)
:

(
a1

a2

)
→

(
b3
4 −b1

4

b3
3 −b1

3

)
;

factorization (8) and property (∗∗), from the last system, and also from system (15)
and (16) we find coefficients A6

5j , j = 1, 5:



A6
51− =

[(
γ̃2

12S
3
11 + γ̃2

11S
3
21

)
(I + A−)−1

]
−

(I + A−) ,

A6
55+ =

[(
γ̃2

12S
3
11 + γ̃2

11S
3
21

)
(I + A−)−1

]
+

(I + A+)− I,

A6
53 =

[(
γ̃2

12S
3
11 + γ̃2

11S
3
21

)
(I + A−)−1

]
+

(I + A+) (I + M)− γ̃2
12,

A6
54 =

[(
γ̃2

12S
3
11 + γ̃2

11S
3
21

)
(I + A−)−1

]
+

(I + A+) (I + N)− γ̃2
11,

A6
52 = γ̃2

12S
3
12 + γ̃2

11S
3
22 −

[(
γ̃2

12S
3
11 + γ̃2

11S
3
21

)
(I + A−)−1

]
+

(I + B) ,

(31)

where γ̃2
11, γ̃

2
12 are the elements of the operator γ̃2, reverse to the operator S̃2. In the

considered case the system (D) takes the from:

A6
21− −A6

31− −A6
41− −A6

51− = D1,

A6
22 −A6

32 −A6
42 −A6

52 = D2,

A6
53 + A6

43 + A6
33 −A6

23 = D3,

A6
54 + A6

44 + A6
34 −A6

24 = D4,

A6
55+ + A6

45+ + A6
34+ −A6

25+ = D5.

Here allowing for the values of the known operators, we find A6
21−, A6

22, A6
23, A6

24,

A6
25+.

Let’s now consider case when C21 = C23 = C24 = C25 = 0. Then, u2(x, t) =
a2 (t + ξ2x). In this case the boundary conditions have the form:

I.


u1

5 (0, t) = u1
1 (0, t) ,

u1
4 (0, t) = u1

2 (0, t) = a2 (t) ,

u1
3 (0, t) = 0

II.


u2

5 (0, t) = u2
2 (0, t) = a2 (t) ,

u2
3 (0, t) = u2

1 (0, t) ,

u2
4 (0, t) = 0

III.


u3

4 (0, t) = u3
1 (0, t) ,

u3
3 (0, t) = u3

2 (0, t) = a2 (t)
u3

5 (0, t) = 0
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Analogously to the first case we find coefficients A6
ij , i, j = 1, 5 from system (7)

and systems (11)-(16), using reversibility of operators S̃1, S̃2, S̃3, property (∗∗) and
factorization properties (8), (9).

From systems (11), (12):



A6
41− =

[(
γ̃1

21S
1
11 + γ̃1

22S
1
21

)
(I + A−)−1

]
−

(I + A−) ,

A6
45+ =

[(
γ̃1

21S
1
11 + γ̃1

22S
1
21

)
(I + A−)−1

]
+

(I + A+) ,

A6
43 =

[(
γ̃1

21S
1
11 + γ̃1

22S
1
21

)
(I + A−)−1

]
+

(I + A+) (I + M)− γ̃1
21,

A6
44 =

[(
γ̃1

21S
1
11 + γ̃1

22S
1
21

)
(I + A−)−1

]
+

(I + A+) (I + N)− γ̃1
22 − I,

A6
42 = I + γ̃1

21S
1
12 + γ̃1

22S
1
22 −

[(
γ̃1

21S
1
11 + γ̃1

22S
1
21

)
(I + A−)−1

]
+

(I + B) ;

(32)

from systems (15), (16):

A6
31− =

[(
γ̃2

22S
3
11 + γ̃2

21S
3
21

)
(I + A−)−1

]
−

(I + A−) ,

A6
35+ =

[(
γ̃2

22S
3
11 + γ̃2

21S
3
21

)
(I + A−)−1

]
+

(I + A+) ,

A6
33 =

[(
γ̃2

22S
3
11 + γ̃2

21S
3
21

)
(I + A−)−1

]
+

(I + A+) (I + M)− γ̃2
22 − I,

A6
34 =

[(
γ̃2

22S
3
11 + γ̃2

21S
3
21

)
(I + A−)−1

]
+

(I + A+) (I + N)− γ̃2
21,

A6
32 = γ̃2

22S
3
12 + γ̃2

21S
3
22 −

[(
γ̃2

22S
3
11 + γ̃2

21S
3
21

)
(I + A−)−1

]
+

(I + B) ;

(33)

from systems (13), (14):



A6
51− =

[(
γ̃3

22S
2
11 + γ̃3

21S
2
21

)
(I + A−)−1

]
−

(I + A−) ,

A6
55+ =

[(
γ̃3

22S
2
11 + γ̃3

21S
2
21

)
(I + A−)−1

]
+

(I + A+)− I,

A6
53 =

[(
γ̃3

22S
2
11 + γ̃3

21S
2
21

)
(I + A−)−1

]
+

(I + A+) (I + M)− γ̃3
22,

A6
54 =

[(
γ̃3

22S
2
11 + γ̃3

21S
2
21

)
(I + A−)−1

]
+

(I + A+) (I + N)− γ̃3
21,

A6
52 = I + γ̃3

22S
2
12 + γ̃3

21S
2
22 −

[(
γ̃3

22S
2
11 + γ̃3

21S
2
21

)
(I + A−)−1

]
+

(I + B) .

(34)

We find remaining coefficients, i.e. A6
11−, A6

12, A
6
13, A

6
14, A

6
15+, from the system

(D).
Thus, in the considered cases we proved that by scattering operator on semi-axis

it is uniquely reestablished the passage operator Π, which ties together asymptot-
ics {a1 (t) , a2 (t) , b3 (t) , b4 (t) , b5 (t)} with the boundary values of solutions at zero
{u1 (0, t) , u2 (0, t) , u3 (0, t) , u4 (0, t) , u5 (0, t)}.

In the paper [3] it was established, that by the known passage operator Π one
can uniquely determine coefficients of system (1). So, we prove the theorem:

Theorem. If coefficients of system (1) satisfy conditions (2) and condition C12 =
... = C15 = 0 (C21 = ... = C25 = 0), then all remaining coefficients of this system are
uniquely determined by the scattering operator S.
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