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APPLIED PROBLEMS OF MATHEMATICS AND MECHANICS

Natik K. AKHMEDOV

ASYMPTOTIC ANALISYS OF A MIXED PROBLEM
OF ELASTICITY THEORY FOR
RADIAL-INHOMOGENEOUS CYLINDER OF
SMALL THICKNESS

Abstract

In the present paper the spatial stress-strain state of a radial inhomogeneous
cylinder of small thickness is investigated by the method of direct asymptotic
integration of elasticity theory equations. Inhomogeneous and homogeneous so-
lutions are constructed. The character of stress-strain state is explained on the
base of qualitative analysis.

Spatial stress-strain state of a radial inhomogeneous cylinder of small thickness is
investigated by the method of direct asymptotic integration of elasticity theory equa-
tions. Inhomogeneous and homogeneous solutions are constructed. The character of
stress-strain state is explained on the base of qualitative analysis.

Consider the axisymmetric problem of elasticity theory for a radial inhomoge-
neous cylinder of small thickness. Relate the cylinder to the cylindrical system of
coordinates r, 0, z:

ri<r<ry, 0<60<2r, —L<z<L

Introduce the new dimensionless variables p and &:

p= éln(r/ro); £=—,

where e = £ 1In (ro/r1) is a small parameter characterizing the thickness of the cylinder
ro = y/T172. Note that p € [-1;1]; £ € [—1;] (l = L).

70
We'll assume that the elastic Lame parameters G = G (p), A = A (p) are positive
piecewise continuous functions of the variable p.

The equilibrium equations in the displacements have the form:

(L0+58 (L1 + Lo) +€282L3)ﬂ =0 (1.1)

Here u = (up,ug)T, up, ug are the components of permutations vector, L, are
matrix differential operators of the form:

Io_ O ((HO +eX)e ) 4 2G (e0; — %) e 0
0~ 0 01 (Ge™*P01) + eGe cP0;

I, — 0 GO1+ 01 (N
= Lo 0
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0 0
L2 = < N (G)+ X+ (G+N)e 0>

GetP 0
Ls = < 0 HesP )

0 0

0= —; 01 = —

o’ v ap

Assume that on lateral surfaces of the cylinder the following mixed boundary
conditions are given:

: H=2G+ A

a-|p::i:1 = (MO + 58M1) a’p:j:l = q:t (5) ) (12)

where 7 = (up,apg)T; g (&) = (h* (&) f* (f))T§

1 0 00
MO_(O Ge_596_181>’M1_<G 0>'

Assume that h* (¢), f* (&) are sufficiently smooth functions and relative to e
have order O (1).

2. Consider construction of partial solutions of equations (1.1), satisfying the
boundary conditions (1.2), i.e., nonhomogeneous solutions.

Assuming, that the value ¢ is sufficiently small for constructing nonhomogeneous
solutions we use the asymptotic method [1].

We’ll find solution (1.1)-(1.2) in the following way:

Up = Upo + EUPL + ...

2.1
Ug 26_1 (u§0—|—€u§1+...) ( )

Substitution (2.1) into (1.1), (1.2) leads to the system whose sequential integra-
tion by p gives the relation for the coefficients of the expansion u,, u:

p
wo=er (o) (€)= [ e ()
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where (go+ 28 ) df (€) = £ (€) + B2 (€)1

2

(s0+2) a0 = 2503 (0) - (1a+ 28) (1 (9)' - 1~ (91

lo 12 ly

_2pi+ t4f € - lof (§) +poh’ (§)

et
) Do pE + logo

(291 +t3 + potr — ]%2 (2p1 + t4)> ;

RO =IO = ©5 O =1 © -1 © m= [ kg

1

1 1 P
Crceae ([ ) (726 @)
ne =[50 (/H(x)dx)dp/mp) (/H(x)d””)dp
“1 “1

-1 -1

1
P0t6_7t5

ts =t1 (1) —p1; te = t2 (1) —l1; tr = 5
27 0,

e1(p) = i)(?]Hl(x)d?ﬁ —Z

-1

Az) B g x
H(x)dx, e2(p) = /IH(x)dx —t2 (p)

3. Consider the question on construction of homogeneous solutions. Assume in
(1.2) g (¢) = 0. Finding the solution of homogeneous systems in the form:

up (p, &) =u(p)m' (&); e (p,&) =w(p)m(§)

where m" (¢) — pu?m (¢) = 0 after the division of variables we obtain the not self-
adjoint spectral problem:
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(Lo +eLy + p?e (Lo + eL3)) d =
0

(Mo + M) gy = (3.1)

Here 9 (p) = (u, w)”.

Homogeneous solutions, corresponding to the first iteration process we can obtain
from the formulas for inhomogeneous solutions if in them we put G+ (&) = 0. We
have

p
z l A(z)
W _ .o o o _ /
U € e + € t xdx | +
5 09 ! () Pl (p) 1H(:c)
g 267 T A
€ _ 0l7 (z) 2
—l—/H(x)dx ty (p 2 Tw O (7)
—1 —1
Uél) = (Co& + Do) [lo - l(ﬂ +0 (e )] (3.2)
bo po

Here the constant Dg corresponds to the permutation of the cylinder as a solid
body. Therefore we can assume Dy = 0.
The eigen-values . = 0 correspond to these solutions.
There is no the second iteration process here.
According to the third iteration process the solution of spectral problem (3.1) we
find in the following form:

u®) = 52,u61 (ap +ear + ...)
w® = ¢ (bg + by +...) (3.3)
p=ec" (g +ep +...)
After substitution (3.3) into (3.1) for the first members of expansion we obtain
the spectral problem:

where A (110) fo = { (o) fo, MQfO‘il } st (o) fo = (Ao + poAr + M%Az) Jo-
g — o (HOy) 0 s - 0 (N +Gor
0= 0 a1 (Goy) )’ R (€) E YN 0
A2=<§ I?I)’ MQZ((l) Goél); fo = (ao;bo)"

This spectral problem describes the potential solution of inhomogeneous by the
thickness plate which is studied in [2-4].
At the next stage of asymptotic integration for f; = (as; bl)T and p, we obtain:

{ (ko) f1 = t1 (g, 111) o
M2f1}11 =0
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where t1 (119, p11) = pAo + Az — pgAs — ppgAa — 21 (g Az + As)

= (PP 0) (6l o)

A 0 0
PTG+ 20 0

The solvability condition of this problem is orthogonality of the right side of
solution to conjugate problem:

A" (o) f§ = A (=) f5 =0,
where f3 = (ag;b3)" .
For p; we determine:

Es

MIZE

1
B = / (2410 (Gaoag + Hbob) + 2Xaht — 2Gao (53)'] doy
-1

1
B = [ [o (B0 53+ A — g (G ) s + o 5
Z1

—pGtly (B5)' — GUB5 — ip (Gaoat + HU,B)| dp

Solutions corresponding to the third iteration process have the form:

uf = 37 [t (rov)' = 2020k + g (r2) + O ()] i (€) (35)
k=1

= [rougvy — mavy, + O (e)] mu (€) -
k=1

Here my, (€) = Dypetré 4+ Cre ;b () is a solution of generalized spectral
Papkovich theorem for inhomogeneous case [2-4]:

" !/
(rovd)" + it (2 (1104)' = (raw)” = 720f) + oty = 0
/ 2 I _
(TO¢%) - l/LOk (T2¢k) =0 at p = =+1,
Y, =0
_ H . _ 1. _ A
where 79 = GGy 1= 36 T2 T IeGE)

4. On the basis of above mentioned analysis we indicate the character of con-
structed problems.
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Investigate the connection of homogeneous solutions with the main stresses vector
P, acting in the section £ = const.

We have
[ 1
P= 27r/ (022 + Opz) Tdr = 2777“85/ (0ee + o) €2Pdp; (4.1)
71 —1

We represent the permutations in the following form:

u® = u () mi (€)5 ul = wi (o) my (€) (4.3)
k=1 k=1
For the stresses we obtain:
1 3 1 3
Oge = aég) + aég); Ope = 025) + O';E) (4.4)
(1) A b (1)
0 =N o1k () mi (&) 0% =S ok (p) ma (€) (4.6)
k=1 k=1

where o1, (p) = Hwy + A (%uk + uk) e~ ook (p) =G (,uiuk + e_;p w%)
Substituting (4.4) into (4.1) we obtain

o0
P = 271r3eCowp + 2777‘8621% (4.7)
k=1
_ golo . B /
wo=po+= =+ O (e); wg = bipmy (§) + baxmy, (£)
1 1
byy, = / o1k (p) €¥Pdp; by = / ook (p) €*Pdp;
21 21
Let’s prove that all wy = 0 (k=1,2,...). For this let’s consider the mixed
boundary-value problem:

UE€|5:£j =01k (p) m;c (5]) ; O'p£|§:§j = 02k (,0) mi (51) where j = 1,2 (4-8)

The solution of this problem are the “k”-th addends in sums of formulae (4.6).
The main vector which corresponds to stress state of problem (4.8) in the section
& = const is reduced to the following form:

Py = 27rde (bigmy, (€) + bagmi, (€)) (4.9)
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According to the solvability condition of problem of elasticity theory the main
vector Py shouldn’t depend on the variable £&. However in relation (4.9) the right
side depends on §. Hence, it follows that P, = 0, i.e., bipmy (§) + baxmy, (§) = 0. By
virtue of linear independence my, (§) and m) (§) we have by, = boy, = 0.

Thus wi =0 (k=1,2,...). For the main vector we obtain:

P = 2nréeCowg (4.10)

The stress state corresponding to the third group of solutions is self-balanced in
each section & = const.

Solution (3.2) corresponding to the first asymptotic process determines the inter-
nal stress-strain state of a shell. The first members of its expansion in € determine
the momentless stress state. The third asymptotic process determines solution (3.5)
that have the character of boundary layer. The first members of (3.5) are completely
equivalent to the boundary Saint-Venant effect of inhomogeneous plate [2;3].

5. Assume the following boundary condition are given on the edges of the cylin-
der:

ue =qi (p), ope =6 (p), at&==£l (5.1)

Here qf[ (p), qét (p) are sufficiently smooth functions and satisfy equilibrium con-
ditions.

As it is shown not-self balanced part (5.1) we can take off by means of penetrating
solution (3.2), moreover connection of the constant Cyp with the main vector P is given
by equality (4.8).

Further we’ll assume that P = 0. By virtue of accepted assumption Cy = 0.

We'll seek the solution in the form (4.3). For finding unknown constants Cj, and

Dy, we use Betti theorem [5]. Let uéi), ug,i), oé?, a;()? (1 =1,2) be permutations and

stresses of the first and second state. Then according to Betti theorem on the section
& = const the equality

1 1

/ (ug)ag + Ug?ugl)) eQEpd,o = / (u?)aé? + uff)cr,(olé)) e25pdp (5.2)
—1 —1

is true.
As the first state we’ll take the ”k”-th elementary solution, and as the second
one the "n”-th elementary solution. Substituting (4.3), (4.6) into (5.2) we obtain:

1
my (§) my, (5)/(wk01n — upooy) €Pdp+
21

1
+my (§) my, (€) / (Tonur — wpo1k) e*Pdp =0
-1

Since this equality is true at any &, then we obtain conditions of generalized
orthogonality:
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1
/(wkam —Uupogr) €*Pdp=0 k#n (5.3)
-1
Satisfying boundary conditions (5.1) by means of (5.3) we find unknown
constants Dy and Cl:

Zteml — zmem il 27 ekt — z el

2sh (2ul) T 2sh (2ul)

Dy, =

where

1

J (g o — gy ur) €*0dp
+ —1

1

| (wgo1k — oaruy) €*Pdp
—1
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