Transactions of NAS of Azerbaijan 125

MECHANICS
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FLEXURAL GRAVITATIONAL CAPILLARY WAVES
IN FLOATING PLATE CAUSED BY RANDOM LOAD

Abstract

In the paper the formula describing the propagation of plane nonstationary
flexural gravity capillary waves in plate caused by normal random load is ob-
tained. In the bend equation the presence of pressure jump is taken into account
by both sides of contact between viscoelastic plate and noncompressible fluid stip-
ulated by forces of surface tension. Analysis of flexure of elastic plate under the

action of random load moving with constant velocity, is carried out.

In this paper first the problem on propagation of unsteady plane flexural gravity
capillary waves in plate caused by normal random load is considered. The formula
taking into account the presence of pressure jump by both sides of contact between
viscoelastic plate and noncompressible fluid stipulated by forces of surface tension is
obtained. Analysis of flexure of elastic plate under the action of random load moving
with constant velocity is carried out.

Nonstationary oscillations of elastic plate floating on surface of fluid of total depth
have been investigated in [1,2]. Stationary waves caused by displacement of load has
been studied earlier in [3], nonstationary plane gravity elastic waves with periodic
by time pressure in [1,4] with moving pressure in [1,3].

1. Let the nonstationary random load P (£;,&5,t) act on the surface of the plate,
where ¢ is time, (£;,&,) is a random point. The mathematical expectation (mean
value) of the function P (§;,£,,t) of two random variables £;,&5 is determined by

their joint distribution by formula [5]

MP (&,60,1) = / / B (E1,65) P (1, E0,1) déydés, (11)

if this expression exists in the sense of absolute convergence. Here ® (£, &,) is density
of two-dimensional distribution of the vector (£;,&5).
Formula (1.1) is more practical, when by Gaussian distribution the continuous

random variables £, £, are distributed normally with mathematical expectation (cen-
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ter) a1, o and dispersion d?/2

@@¢»=@<”d§)=ﬁ%wp(§f—3§l>. (1.2)

i=1
Assuming independence of P of the polar angle 6, we write condition (1.1) with

the help of (1.2) in polar coordinates that is characteristic for a problem with axial

symmetry
Pneat) = = [ 1o <—ﬂ;ﬁ)mem@ (1.3)
0
Here we use the integral [6]
2
/exp (22—/2) cos 0) do = 2mly (22—5) ,
0

where I is the Bessel function of imaginary argument and as d — 0 the mean value
of (1.3) passes to P (r,t).

In the case of potential flow of noncompressible viscous fluid the continuity equa-
tion and third motion equation are reduced to the form of [7]

2 2 2 2
8¢+890+880_<A_+3_)% (1.4)

ox? 013 022 022

dp
Py =pgp +pagz (1.5)
The dynamic linearized boundary condition on unperturbed contact z = 0 is deter-

mined by the known Laplace formula: P9 (w) + P|,_,, — Py = —ocR™!

5]
—Ipl = PQa—f + pogw — o A_w. (1.6)
The kinematic condition on the contact z = 0
ow Oy
5 = 3 (1.7)

where ¢ is potential of velocities, p, is density of fluid, w is flexure of a plate. o is
a coefficient of the surface, P is pressure in fluid, P is pressure in lower surface of
plate.

Let the viscoelastic properties of the material of a plate be described by linear

theory of heredity [8]

Lw=w-— /H(t—T)w(T)dT. (1.8)
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Substituting (1.1) and (1.6) in the motion equation of viscoelastic plate we obtain

02 2\ 2 0w 2 92 Ay
D(—+—) 1L he Y .. °F
<8x% * &c%) W ot? T ragw (&c% * 8&0%) WP ot

z=0

N 7/¢ (m ;§i> P (&;,1) dg;, (1.9)

where D = Eh3/ (1 — 1/2) is cylindrical rigidity, p;,h are density and thickness of

plate.

Equations (1.4) and (1.9) describe motions of viscoelastic plate under the action
of normal random load applied to free surface of plate and floating on surface of
incompressible fluid.

2. Consider the problem on excitation of flexural gravity capillary waves in
viscoelastic plate, assuming on the level z = —H the presence of boundary of fluid
with absolutely rigid bottom (d¢/0z) = 0.

For the solution of problem (1.4),(1.9) and (1.7) we use the space-time Fourier
transformation defined by the formula (z = {z1, 22}, k= {k1,k2}) [9]

g (kw) = / / g(@,t) e (Rort) gz ap, (2.1)

—00—00

After integral transformation of (2.1) equations (1.4),(1.9) and boundary condi-

2 —
27;0—/8@_0, k=\/k?+ k3, (2.2)

{Dk:4 [1-H (w)] - prhw? + pag + 014:2} + pg twP|,_y =

tions get the form

d? 5\ -
= exp —Zk P(k,w), (2.3)
. 0p 0p
- - - —0. 2.4
Wi = 2 R 0 (2.4)

The solution of equation (2.2) with the help of the second condition of (2.4) is reduced
to the form
@ =205 (w) e eh [k (2 + h)]. (2.5)

Substituting (2.5) in (2.3) and in the first condition of (2.4) we obtain

exp (—d?k?/4) _
—F G P k). (2.6)

w =

_iwch [k (z+ h)] exp (—d*k?/4)
e ksh (KH) F (k,w)

P(k,w), (2.7)
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where
F — Dk* + ok? _ __P2\2_ prtA 2.
A (w) = / T H () dr.
0

Using the theorem on the inverse Fourier transformation we have

exp ( d2k2/4) p (, w) i(k1z1+kezo+wt)
— i(ki1z To2+w ) 9.
w (21, 22,1) 3fff Flhw) e dkydkodt.  (2.9)

Noting that &k - Z = kr cos 8, where 6 is an angle between k and Z, and for the given
case element of “area” in k -space is written down in the form of dkidks = (kd#) dk.
Then it follows from (2.9)

exp (—d*k?/4) P (k

2100 00 w) .
t ) i(kr cos 9t+wt)d0dkd ) 21
v = e LT Faw b @10

(271'

Taking into account the integral representation of the Bessel functions [6,9]

2

1 .
JO (k"l”) — %/eszCOSOdH‘
0

in axisymmetric case we’ll have

0% exp (~d2K2/4) P (k) i
w0 = Gl [Ty kN dkde, ()

Applying the convolution theorem to (2.11) we obtain [9]

w(r,t) = Zojfo f(r—p,t—1)P(p,t)dpdr, (2.12)
where P2
f(rt) = ! Ofo Ofo - <_Zk2> kJo (kr) e dkdw (2.13)
9 (27‘(‘)2 0 F(k:,w) 0 . .

In (2.12) the Green function f (r — p,t —7) as a matter of fact is a solution of the
boundary-value problem with homogeneous boundary conditions for random instan-
taneous unit load P (£1,&9,t) = 0(£§;)0(§3)d(t) and f =0 at t < 7, 0 is a Dirac
delta function [5]. For elastic plate H (¢) = 0 expressions (2.8),(2.11),(2.13) are
significantly simplified and gain simpler form

Pokth (kH) Oj?exp (—d?k?/4) sin [w (k) t] kJo (kr)
21 [pyhkth (KH) + po] w (k)

w(r,t) = dk, (2.14)



Transactions of NAS of Azerbaijan 129

[Flexural gravitational capillary waves...]

where

Dk + ok? + pag _
k kth (kH), P (k,w)= Pp.
W( ) \/plhkth (kH) + Py ( )’ ( 7“)) 0

In integrand (2.14) has no singular points on the real axis k. Therefore improper
integral (2.14) exists and to integrate it by the numerical method is not difficult.
From here it is obvious that the dispersion decreases flexure of plate and as r —
00, w(r,t) ~r1/2.

3. Let the normal random load move in the line of £; with the constant velocity
v and P (§ —vt) = Pyd (§ —vt), £ — &, Py = const, H (t) = 0. Then mathematical
expectation (1.1) of this function by Gauss distribution (1.2) is determined by the

following formula

o0 o )2

P (& x,t) = f [ ( df) § (& —vt)dE =
B (z — vt)?
= d\/OE exp [_7d2

In two-dimensional statement equations (1.1), (1.9) and boundary conditions (1.7)

((‘Dlz> o 0 in moving coordinates n = z — vt get the form
z=

P 0%

D T — 1
52 + an? 0, 7€ (—o00,00) (3.1)
otw 5 0?w O*w 330 150 UR
D8—774+P1hv 8—772"‘/)29(4}_0'8—772— 877 L O— ﬁexp <_ﬁ> ) (32)
—v ow _ 9% , 9 =0. (3.3)
6?7 z=0 0z z=0 0z z=—H

Problem (3.1)-(3.3) is solved with the help of Fourier integral transformation (2.1)
2

v (k) = [w(n)e *dn. After application of the inverse transformation we obtain

Py ® exp( d2k‘2/4) ik(z—vt)
27T7<><> F1 (k,w)

w = dk, (3.4)

dk,

wPo f d2 keh [|k| (z + H)] etk(@=vt)
P\ L) T (o) sh (RTH)

where

kv?
_ P 2 _ 2 _
Fi (k,v) = Dk* — (p1hv® — o) k* + pag (1 i (k:H)) . (3.5)
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If the random load is concentrated on the area n € [I/2,—1/2], P # 0; n ¢
[1/2,—1/2], P =0, then solution (3.4) is easily generalized P = ¢ (£ — vt)

1 /2 ~ exp (—d2k2/4) q (n) eik(xfnfvt)

w=—
s Z1ja—00 Fy (k,w)

dkdn. (3.6)

For the uniform distributed force ¢ (n) = qo integrating expression (3.6) with
respect to 1 and allowing for evenness of integrand functions with respect to k& we

obtain o -
- 2q 7 sin 5 cos k (z — vt) exp (—d*k?/4) s (3.7)
T kP (k,w)

Usually in theory flexure-gravity-capillary waves two extreme cases differentiated
by the relation H and length of wave are qualitatively investigated. At kH << 1 in
(4.5) thkH ~ kH and kh >> 1, thkH ~ 1. For fine water when depth of fluid is
small [2,7]

2
Fy (k,v) = DE* — (pho? — o) k2 + pag (1 - ;—H> . (3.8)

Introduce the dimensionless quantities [2,3]

Oé:(pQQ/D)l/4, k= ag, m:Oé(.le—Ut),

(3.9)
v=_(gH)'?, 87 = pighH/\/pgD, v =0/+/pagD.
Substituting (3.9) in (3.7) we rewrite this integral in the form of
d2
5 o 8in aTgl cos Em exp (—Za2§2> d€
1 (3.10)

P ¢ = (8702 —42) E+1 -7
The flexure of the plate depends on the root of polynomial being in denominator

of integrand expression (3.10). Equating the polynomial to zero

& (B¢ - Ee+1-¢ =0, (3.11)

we find its roots

/62<2 _ 72 4 (1 _ CQ) 1/2
&=+ —5— (1 + \/1 P 72)> . (3.12)

In particular, at v = 0 the analysis of impact of the roots of polynomial on flexure

is explicitly studied [2,3] and in case of 5%¢? — 42 > 0 essence of analysis doesn’t

change.
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If all roots of (3.12) are complex, then integral (3.10) converges. In this case the

value of flexure depends on the form of complex number, i.e. at

/
4(1—(2) 1/2

P-4 <0,A=(1+,[1-—2"1_
(822 —2)°

> 0.

the dispersion intensifies amplitude of flexures due to multipliers
exp (—d?a?€7/4).

At real roots (3.11) integral (3.10) diverges and at simple roots it exists only
in the sense of principal value. As the velocity of movement of load approaches
to the velocity of wave propagation (C —1, v—+gH ), amplitude of flexure at
(% —~% > 0 increases and at fine water resonance arises. However, at 32 — 42 < 0,
¢ — 1 integral (3.10) converges and flexural-gravity-capillary wave is propagated.
Finally, integral (3.10) is investigated in the case when polynomial (3.11) has two

real and two imaginary roots.
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