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ON SMOOTHNESS OF SOLUTION OF THE FIRST
BOUNDARY VALUE PROBLEM FOR SECOND
ORDER DEGENERATE ELLIPTIC-PARABOLIC

EQUATIONS

Abstract
Abstract yoxdur(muellifin adi yoxdur)

Introduction. In this work the first boundary value problem is considered for
second order degenerate elliptic-parabolic equation with, generally speaking, discon-
tinuous coefficients. The matrix of senior coefficients satisfies the parabolic Cordes
condition with respect to space variables. We’ll prove that the generalized solution to
the problem belongs to Holder space C'**, when the right-hand side f € Ly, p>n.

Investigations of boundary value problems for second order degenerate elliptic-
parabolic equations ascend to the work by Keldysh [1], where correct statements for
boundary value problems were considered for the case of one space variable as well
as existence and uniqueness of solutions. In the work by Fichera [2] boundary value
problems were given for multidimensional case. He proved existence of generalized
solutions to these boundary value problems. In the work by Oleynik [3] existence
and uniqueness of generalized solution to these problems were proved for smooth and
piecewise smooth domains. In the case of smooth coefficients and some weighted
functions the generalized solvability was studied in [4].

Let R,11 be an (n + 1)-dimensional Euclidian space of points (z,t) =
= (z1,22,..., Ty, t), 2— a bounded n-dimensional domain in R, with the boundary
00, Qr = Q2 x (0,T)- a cylinder in R,4; and T € (0,00). Qo = (z,t) :x € Q,t =0
and T'(Q7) = Qo U (092 x [0,T]) - a parabolic boundary of the cylinder Q.

Let’s consider in Q)7 the first boundary value problem for second order degenerate
elliptic-parabolic operator

- 0%u *u < ou ou
Zu = Z aij(xyt)m‘f‘?ﬁ(%t)w‘i‘z bi(m,t)%—i-(:c,t)u—a = f(z,1), (1)
ij=1 e i=1 '
ulpg) =0 (2)

Assume that, the coefficients of the operator Z satisfy the following conditions.
llaij(x,t)|]- a real symmetrical matrix with elements measurable in Q7 and for any
(z,t) € Qr and £ € R,, the following inequalities are true

vlel < 3 ayla,t)ge; <4t ER, (3)
i,j=1

where v € (0, 1]- a constant,
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c(x,t) <0,¢(x,t) € Lpt1(Qr), (5)
b(z,1)| € Lnt2(Qr), |b(z,t)?| + Ke(z,t) < 0. (6)

Assume that, the following conditions are true for the weighted function:

(1) = Ap)wt)p(T - t),

where

p = p(x) = dist(xz,00), X(p) > 0, \(p) € C'[0, diam$)],
IN(p)| < vV A(p), w(t) > 0,w(t) € C'[0, T],
p(2) 2 0,¢'(2) 2 0,0(2) € C'[0,T],0(0) = ¢'(0) = 0,9(2) > B2¢/(2),  (T)

where p, 5- positive constants.

The condition (4) is called the condition of Cordes type and is taken within the
accuracy of a linear nonspecial transformation. Before we move to the proof of the
basic result, let’s consider some auxiliary problems.

Let ,
- 0“u
1y — .. _
L'u= Z a;j(z,t) 8xi8xj+
2,j=1
0%u - ou ou

Wilog, assume that the coefficients are smooth in Q7 and their derivatives are
bounded. For this purpose it’s enough to consider averaged coefficients and a family
of boundary value problems, where coefficients are smooth functions. Later we’ll
discuss all this in detail.

Let )
;o - - 0“u
Leu= Z i (x’t)axz@ijF
2,7=1
Pu ou ou
+ (3, t) 55 + Z; bilw, 1) 5+ bo(w, 1) 3 + ol u = f(a, 1), (9)
V'(e)e

where _(z,t) is defined so: for any fixed e € (0,7) 9.(2) = ¢(e) —

!/
+nqir(:)1zm at z € (0,¢], ¥.(2) = ¥(z) at z € [e,T], m = g

Everywhere further we consider the case, when 1(z) > 0, at z > 0. If ¥(z) =0,
then the equation (1)- parabolic, and the corresponding result on smoothness of
the solution ensues from [5]. But if ¢(2) = 0 at z € [0,2°], then the solution to
the problem (1)-(2) can be got by composition of the solution u(z,t) to the first
boundary value problem in the cylinder @,0 and the solution v(z,t) to the first
boundary value problem for the parabolic equation in the cylinder Q x (2%, T) with
the boundary conditions v(z,2°) = u(z, ZO)’U‘QQX[ZO,T} = 0 . Note that under the

conditions (3)-(6) for the coefficients, the smoothness of the solution results from
[6]. Denote by S2° the part of Qr, where 9(x,t) = 0, i.e. where the equation (8)
degenerates; by I'’- the part of intersection of ZO and the boundary I', where a
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tangent plane to the surface I' is orthogonal to the axis t, i.e. has a characteristical
direction.

By maximum principle the solutions wu.(z,t) of the equation (9) in the domain
satisfy the following estimate

jue (2, t)] <

and that is u.(z,t) are uniformly bounded with respect to ¢.

Lemma 1. The derivatives of the solution uc(x,t) are uniformly bounded on a
closed subset of the boundary T, that belongs to I'\I'y.

Proof. Let’s take a point (2/,t) € T'\I'g, such that, at the point a tangent
plane to I' is not orthogonal to the axis ¢, i.e. the surface I near the point has an
equation of the kind z1 = 6(xo, ..., x,, t), where 0 has derivatives up to second order.
Let x(x2,...,xn,t) be twice continuously differentiable function , equal to a positive
constant [ in some neighborhood of a projection (2/,¢) onto the plane (2, ..., Zy, )
and equal to zero in a little greater neighborhood 0 < x(zg,...,zn,t) < 3. We
denote by Q. the part of Q7 being between the surfaces I' and o {z; = 6 + x}. I'!
- that part of T, where x = 3. Consider a function v = e*(=#11t0+X) It’s obvious,
that on the surface ¢ v = 1. Then in Q%F at sufficiently great «

: 2 a?y a’y
Ls(v) > aty — ap— py > T? LE(U iu&) > 7 - @X|f(l‘,t)| > 07 (10)
T
where p, 1y are maximums of the modules of the solution itself and its first deriv-
atives within @, . Then we choose a independent on ¢ so, that (10) is true and
, besides, e*? > 1+ maxg - [ue(2,t)|. It means that on I'! the values of functions

v+ ug, equal to e’ are more than their values on o, where v = 1 (taking into
account that uc(z,t)|p = 0). By maximum principle it results from the following
estimate ( 10) that functions v + u. within the domain QL can’t take maximal pos-
itive value. Whence, they reach maximum on the boundary T, i.e. on the part I'!
too, while on the other part of I' v 4 u, = e®X < ¢®?. So, at points, that belong to

+ t

FlM <0 or ‘(%g(x,) < —ﬁ = ae®®. That’s on T'! the derivatives
ox1 1 rt Oxy !

Oug(z,t)

. are uniformly bounded. Besides, derivatives of u.(x,t) with respect to di-
1

rections, lying in a tangent plane, equal zero, as uc(x,t) | = 0. Thus, the derivatives
Oue(x,t)
63:1-
(', t) el
Gamma®. Let a tangent plane to I' at this point be orthogonal to the axis t. This
case can be proved similarly.
Lemma has been proved.

, i = 1,n are uniformly bounded with respect to ¢ on I'!. Let’s take a point

0 ot
Remark 1. If the boundary does not contain points of T°, then Ua({gf) are
uniformly bounded on the entire boundary .
Lemma 2. Suppose, that on ZO the condition is true
Obo(x,t
(1) + 20 (11)

ot
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and X1 is any closed domain with a boundary o1, which belongs to Qp. Then at
(z,t) €
— & [ Oug(x,t) Aug(z,t)\?
¥l — 7 ) <
; ( 8561 > + < ot -

" Que(x,t) ug(z, 1)\ 2
<C — 7
SO [; < o, - ot
where C,C1- constants, depending on a structure of the equation.
Proof. Introduce the denotation (X1NX)NE! = 2 . Let’s prove the inequality
in some neighborhood of closed domain ¥2. The boundary of ¥? consists of the part

o1 of the boundary ¥! and the surface o3 being in the part , where 1 (z,t) > 0. At
points (z,t) € og the inequality will be true

n(Que(z, 1)\ Oue(x, b))\
< I S e
- C(mr,ltl)ae}fn [;1 ( 0x; ) * < ot

The following estimate (13) is obtained from the fact, that derivatives of the
solution are bounded in any closed subdomain for the case of bounded derivatives
up to the boundary of a domain. Now if we show, that the following estimate (13)
is also true for the domain %2, then from (13) and this following estimate we will
get (12) for the domain ¥!'. Assume, that (11) is also fulfilled in 2. For simplicity
of calculations we will find following estimates for one space variable and in the end
show the changes in calculations in the case of many space variables. Wlog, we take
the coefficient at second derivative with respect to a space variable x equal to unit,
as it can be easily obtained by division by terms by the coefficient

m m—2
Denote by z = Oue(x,t) + o Oue(x,t) u?(z,t). At first, we show,
ot ot
Oue(z,

ot

+Clv

+ C.

that at corresponding n, a; we have L.z > 0 in ¥? | if ( )> > py. Let n be

a positive even number. We get

y [(aaw) v (220) e

2
" <8u5(a:,t)

T ) > p11. Now if z takes its maximum within X2, then at this point

=L.2>0,

Aue(z, 1)\
usa(f’)> <y , or the value of z within X2 is not more

than the maximum on the boundary 2. As

2
ous(z,)\?> = — Oue(x, 1)\ 2
(H5r?) <omsa(50) o

L.z < 0. So, either <
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as

2 2 2
<zm| <(Cymax:zm+C3<Cy max <8U68<f’t)> +Cs (14)

o2Uo1 2001

()

Oug(z,t)

2 2

can be following estimated similarly.

x
Lemma has been proved.
Lemma 3. Assume, that on the set X0 the following condition is fulfilled

82¢(x,t) Oby(z,t)
ot? 2 ot

+c(z,t) <0 (15)

and first derivatives of us(x,t) are uniformly bounded in a closed domain St cQr
with the boundary o. Then

" (D (z,t) 2 "L [ 9%u(x,t) 2 0?uc(x,t) 2
Z( ;01 > +Z<axiaxj ) +< o1 ) =

i=1 ij=1

U Pu(n, )\ ((Pue(a, 1) Puc(z, 1)\’
< Oue(x, t) Pue(z,t) &u(z,t) )
=5 ;( D0t ) > ( daidz, ) +< o2 > +C1 (16)

i,j=1

where C, Cy do not depend on €.
82

Proof. As (z,t) <0, a—g > 0 on X% so the statement of the lemma for first

derivatives results form lemma 2. To prove the lemma we, as in the proof of lemma 2,

have to show, that in some neighborhood of X°N¥! : L.z > 0 at the corresponding

m (an even number) and «;. Here z; is the same as in lemma 2, but it contains

2

O ue(z,t

m
additional terms. An element ( )) is the main in it, so we’ve to estimate

I [ (a%g;n,t))m} . <82u5§;c,t)>m_l' L (82u§§2x,t)> .

o1y (LY S g (Paele)) (Fdet)

ij=1
duc(z, t)\™ % Due(z,t) 2 O%uc(z,t)\ "
Taking into account (15) on X0, at sufficiently great m, we've
82¢ 8b0 C
m( e ”m*cm) > pm

in some neighborhood of X°. Now we choose 3 < pi; — 15, where ps > 0, and fix 3.

Then ) (2.1)
Puc(z, ) \™
L. || —=~
(Z5) |
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02uc(2, )\ " Cn [ D () Pus(a,t)\"
>m(m—1)p <u8g)> Z(E;Z?(Bg;ﬂ) e <UBS)>
i=1
0%u.(z, )\ (e, 1)\
+m(m — 1) (z,t) (U&g)) (U&Ej)> -
o? (T, e ok e\ T, ?
—myu <u6gt)> [ws(x,t) <U5’Egjt)> "

= 0?uc(x,t) 2 0?u.(z,t) S Due(x,t) 2
+ D ( 92,01, > +;( Dz:0t > +i;1<axiaxj8t> 1

i+ >05iA]

Let’s choose sufficiently great m, so that —mypus + m(m — 1)u > p3 > 0 and fix m.
Under this condition

e[(P5) T (P S ()

=1

0% (z, 1)\ " O%u(z, )\ [ OBuc(x, 1)\
S G Y (e (T

0?ue(z,t) e = 0?uc(mw,t) R 0?uc(w,t) 2
_’“‘4< ot ) 2 (axiaxj ) +Z;< D0t > *

i+5>05i#]

Pu.(z,t)
- Z ( 53 ) +1
2,j=1

Having obtained the other estimates similarly to lemma 2, we get the statement
of the lemma.

Lemma has been proved.

Lemma 4. Let the condition (15) be fulfilled on the set X° and the boundary of
Qr have no points of ¥°. Then in the closed domain Qr derivatives of uc(x,t) with
respect to space up to the second order variables are uniformly bounded .

Proof. Let’s take a point (z*,t*) € T', and let in its neighborhood the boundary
I" be presented in the form z; = ¢(z2,...,2y,t). By means of change of variables
t=1t"& =x1 — p(x2, ..., Tn, t), 2 = 9, ...,&, = Ty in the neighborhood of (z*,t*)
the equation (9) is reduced to the form

n 82 62’&5
Liue = 3 o (6,4 .
fu %Zla”(é t )8%86] + i t7) (t*)2+ -
+2; b:(g,t*) afz * bO(é' t*) ot* C*(g’t*)uﬁ = f*(gat*)a

where a3, (&, t*) > p > 0,¢"(€,t*) < 0, and due to assumptions on smoothness
of the coefficients and boundary, the coefficients of (17) have uniformly bounded
derivatives. The boundary I' will have the equation £; = 0 in the neighborhood of
(z*,t*). For clarity we’ll take the axis £; to be pointed into Q7. As in lemma 1 we
denote by x(&s, ..., &,,,t*) a nonnegative twice continuously differentiable function,
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equal to the constant 3 in some neighborhood I'! of the point (z*, t*) on the boundary
I' and equal to zero out of a little greater neighborhood 0 < x < 3. The part of the
domain Qr lying between the boundary I'{¢; = 0} and o {51 = %X(Q, ...,§n,t*)},
will be denoted by Q7. Further, o will be chosen as depending on ¢, and v -not
depending on . In @Qp the uniform boundedness results from lemma 2 for first
derivatives of u.(x,t) with respect to z; and ¢, and hence with respect to &;,t* in
a neighborhood of (z*,¢*). By lemma 3 second derivatives of u.(x,t) are estimated
via their values on the boundary , and as second derivatives with respect to x; and
t, as well as with respect to &;,t* , are mutually expressed by each other and by first
derivatives in a neighborhood of (z*,¢*) in a uniformly bounded way, so

D?uc (&, 1) 0u. (&, 1) ‘82%({, t*)
0€,;0¢; ’ g, 0t ot?

at (&,t%) € Qr, 1,7 = 1,n. Here a maximum of second derivatives on the boundary
I" is denoted by H(e).

If at the point (z*,t*) a tangent plane to I' is orthogonal to the axis ¢, then by
definition of $_Y at the point, and that’s in some its neighborhood ¢_(z,t) > 1, > 0.
Thus, for each point (z*,t*) € T" such a neighborhood exists on the boundary, that

0%u, 0%u, 9%u,
< pe/ H , 4,7 =1,n.
‘a@a@ ‘8@6% o | < HoVHE +pr bi=1n
Taking a finite number of such neighborhoods, covering I', and taking into ac-
count the smoothness of change of coordinates in each of these neighborhoods, we
get

< pH(e) + (18)

l

d%u, ’('?QUE N 0%u,

aﬂfial‘j Ox;0t o2 < IU’S\/% + Ly,

on entire boundary I' or, due to definition of H(e) , H(e) < pio/H(E) + piqy-
Whence H(g) < piq9, i.e. we've boundedness of second derivatives on the boundary
, and by lemma 3, in the whole domain Q7. Here we used only boundedness of first
derivatives of coefficients of the equation (17).

Lemma has been proved.

Now we can move to the proof of existence and uniqueness theorem for the first
boundary value problem for the equation (8).

Theorem 1. Let the equation (8), defined in a cylindrical domain Qr with the
boundary T', degenerate on the set ¥° C Q7 to a parabolic one and assume, that the
condition (3) is fulfilled and all the coefficients and the right-hand side of the equation
(8) have bounded derivatives up to the first order, satisfying the Hélder condition.
Assume, that in a cylindrical domain Qr D Qrv(z,t) > 0 and the conditions (7)
are fulfilled. If the boundary T' has no points of I and on £° the following condition
18 fulfilled

0% (z,t) n 23b0(x,t)
ot? ot
then in Qr there exists a unique solution of the equation (8), satisfying the condition
(2) and having in Qr derivatives of the first order , satisfying the Holder condition;
and the following estimate is true

+ c(z,t) <0, (19)

ullcrexry < Kl flloxigqy + sup lulg,.)- (20)
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Proof. From lemma 4 it results , that solutions of the equation

Leue(x,t) = f(x,t), (21)

vanishing on I', are uniformly bounded in the closed domain Q7 along with their
derivatives up to the second order. That is, it’s possible to find a sequence u.(x,t)
such, that at ¢ — 0 it uniformly converges to some function u(z,t) along with its
derivatives up to the first order in the closed domain Q7. And it’s clear, that these
derivatives of u(z,t) will be Holder derivatives and the function u(z,t) equals zero
on the boundary I'. Besides, for such solutions the estimate (20) is true (See [5],
Chapter 3, p. 235). Passing to the limit in the equation (21) at e — 0, we get, that
u(z,t) satisfies the equation (8) and the estimate (20) is true. Uniqueness of the
solution results directly from maximum principle.

Remark 2. From the proof of theorem1 also results the convergence of the solu-
tions of the equation (21) to the solution of the equation (1) at e — 0

Remark 3. The condition (19) can’t be omitted. It’s an essential difference from
existence theorems that are for smooth solution of the Dirichlet problem for elliptic
equation. Let’s give an example.

Example. Let’s consider the equation
Ou(w,t 0u(x,t Ou(z,t
t? a(t2’ ) - 6;2’ ) + Bt (at’ ) +cu=0 (22)
with sufficiently smooth coefficients, (3, ¢ -constants, ¢ < 0. It’s easy to check, that
the equation has a solution

u(x,t) = t7 sinpex, (23)

Yy = 1)+ By +c=p°. (24)

The equation degenerates on the axis . The condition (19) for the equation
means, that 2 4+ 28 + ¢ < 0. Let the condition be not fulfilled, f.e. 2+ 25+ ¢ > 0.
Then such p,y < 2 exist, that they satisfy (24). Let’s consider the domain Qr,
containing a segment of the axis x, whose boundary near the axis z consists of

s
straight lines * = 0 and x = — and everywhere is sufficiently smooth. Then the

solution (23) will be sufficiently smooth on the boundary (near the axis x = 0
it’s zero), but, nevertheless, its first order derivatives will not satisfy the Holder

condition at t =0, 0 < x < T
p
Let’s give the scheme of proof of solvability when passing from smooth coefficients
to coefficients satisfying (3)-(6),(8).
Let at first f(x,t) be sufficiently smooth in Q7. Denote by v(x,t) a classical
solution of the first boundary value problem

Av —v = f(x,t), (z,t) € Qr

It’s known, that the solution v(z,t) to the problem exists, and v(z,t) €*! (Qr).
Now we take an operator L. and let u.(z,t) be a classical solution of the Dirichlet
problem

Lsus(wat) = f(xat)a (xvt) € QT
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uE’F(QT) =0, uclmp =vl_p

Such a solution u.(x,t) exists due to smoothness of 1.(t) and f(z,t). As we've
shown, {u.(z,t)} are uniformly bounded with respect to € in Cg’l(QT). Therefore,
it’s compact in this space, i.e. there exist such a function u(z,t) € Cg’l(QT) and a
sequence € — 0 at k — oo, that the corresponding sequence {u., (z,t)} converges
to the function u(z,t) € Cg’l(QT) at k — oo. Further we can obtain, that Lou = f
in Q7. Now let f(x,t) L,(Qr),p > n+ 2. Then such a sequence exists { f,(z,t)},
fm(z,t) € C®(Qr), that

Jim = fllz, Q) = 0-

For natural m denote by u,(z,t) the sequence of solutions of the first boundary
value problem for

um(xat) € C(?’l(QT)
Loum(x,t) = fi(z,t), (z,t) € Qr.

It’s proved, that the limit u(z,t) of the sequence {u,(z,?)} in C’g’l(QT) m — 00
satisfies in Qp the equation Lou(z,t) = f(x,t).

Note, that as we said above, ¢(x,t) > 0. If ¢(x,¢t) = 0, then the equation (1)
is parabolic and that’s why under the conditions (3)-(6) and f(z,t) € L,(Qr), p >
n + 2, for the bounded solution of the equation (1) the following estimate is true

lullerexgey < Ka(lfllz, ) + Sélp |ul), (26)
T

If ¢(xz,t) > 0 and the condition of theorem 1 is fulfilled for the coefficients,
then for the bounded solution of the equation (1) the estimate (26) is true. The
estimate (26) can be obtained by composition of the solution u(x,t) to the problem
in the cylinder Q,0, where 1(z) = 0 at 2z € [0,2°], and the solution v(z,t) to the
first boundary value problem for parabolic equation in the cylinder © x (2%, T') with
boundary conditions v(z,2°) = u(x,2°),v loaxz0,r = 0 - It must be noted, that
the theorem has been obtained for smooth coefficients, but we can pass to f(z,t)
L,(Qr) by means of the abovementioned scheme.

Further to prove the estimate (26) under the conditions (3)-(7) we’ll apply the
method of continuation by parameter.

Theorem 2. Suppose, that the equation (8) defined in Qr degenerates on the
set X0 C Qr to parabolic and the conditions (3)-(7) are fulfilled for the coefficients,
and the right-hand side of the equation f(x,t) L,(Qr),p > n+ 2. If the boundary T
has no points of T and on X9 the condition (19) is fulfilled, then for the bounded
solution u(z,t) of the equation (8) the following estimate is true

[ullcringey < K1l fllL,@qp) +sup lulg,),

where X > 0 depends only on coefficients of the operator L and n; and K1, besides,
on p, p, diamQr.

Remark 4. Theorem 2 in this formulation is also true for the equation (1), just
in the condition (19) instead of by(x,t) will be taken by (z,t).

Proof of Theorem 2. To prove it, we’ll consider a family of operators Z(7) =
(1—7)L'+7Z for T € [0,1], where L’ - a model operator, defined from the equation
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(8) with Laplacian main part and smooth coefficients, and the operator Z is defined
from the equation (1). Let’s show, that the set E of points 7, at which for solutions
of the problem
Z(T)u:f(l‘,t), (:L‘,t) €Qr (27)
ulp@p) =0 (28)
the estimate (26) is true at f(x,t) Ly(Qr),p > n + 2, is nonempty, and open and
closed at one and the same time with respect to the segment [0, 1]. Hence, E = [0, 1]
and, in particular, for the solution of the problem (27)-(28) the estimate (26) is true
at 7 =1, i.e. when Z() = Z. The set is nonempty by theorem 1. Let’s show, that
it’s open. For this purpose we’ll prove that for solutions of the problem (27)-(28)
the estimate (26) is true for all such 7 € [0,1] , that |7 — 79| < € (here 79 € E, and
e > 0 will be chosen later). Rewrite the problem (27)-(28) in the equivalent form

ZT0y = f(x,t) — <Z(T) — Z(TO)) u, (v,t) € Qr, (29)

2,1
u(z,t) € Cy (Qr).
We introduce an arbitrary function v(x,t) € Cg’l”\(QT) and consider the first
boundary value problem

Z(To)u = f(.%',t) - (Z(T) - Z(TO)Ua (.%',t) € QT7 (30)

u(z,t) € CYHQr).
It’s clear , that (Z(T) - Z(TO)) v € C*YMQr) . Indeed, note, that for all operators
Z(7) the conditions (3) and (4) are fulfilled with constants 7?7) > min {y,n} and

o(r) < o respectively. Let’s show that. Denote by ag)(x,t), i = 1,n the coefficients
of the operator Z(7) at higher derivatives with respect to space variables. Let

> ad(x,t) > [0l (1) ]2

7 =sup = , ) = sup =l (1) = sup () (x,t),

2 x,t n 20
Qr Y (z,1) Qr |:E al(_z_—) (z, t):| Qr
=1

n

where g(z,t) = > a;(x,t) . Taking into account (4) and the fact, that for any
i=1

operator of Z- type the inequality 7 > 1 is true, we conclude

n(l—71)2+20(1 —1)g(x,t) +72 > a?j(x,t)
(7) o i,7=1
Nz, t) =

n2(1 —7)2 4+ 27(1 — 7)ng(z, t) + 7292 (x, 1)

(1~ 2 )g2(r, 1

1
< —
=0T P

=1 (31)

Let now

A\~ =infg(x,t), AT =supg(z,t), A\(7) = inf ag) (z,t) sup ag) (z,t).
Qr Qr Qr = Qr ;
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— 1-— AT
Calculations we made before show, that \(7) = Skl —. But on the
(I—=7)n+7A
- AT At
other hand, \(7) = 5 < 0. That’s why
[(1 —7)n+ 7’)\+]
ML) > A1) = A (32)
. _ 1 _ 1
From (31) and (32) it results, that o(,;) = i) — ——— < 1- 5 = O,
n—A\(1) n—A

that’s the needed statement is obtained.
Let’s note, that from all we said above and lemma 4 it results, that at 7 < T°
for any 7 € [0, 1] and any function u(x,t) € CS’I’A(QT) the following estimate is true

HUHCQJ,)\(QT) < KQ(HZ(O)U‘

CoXMQr) (33)
For the solution u(z,t) of the boundary value problem (30) due to the assumption
made, the estimate (26) is true for any v(z,t) € Cg’l’A(QT). Thus, an operator ® is
defined from C’g ’I’A(QT) to C’g ’I’A(QT), and u = ®v. This operator is compressing at
€, chosen in an appropriate way. Indeed, let v® (x,t) € Cg’l’/\(QT), uw® = oo =
1,2. Then taking into account, that (Z() — Z(70)) = (1 —7¢)(Z — L'), we conclude,
that u(z,t) — u®(z,t) is a classical solution of the first boundary value problem

Z(ro) <u(1)(az, t) — u®(a, t)) — (1 —70)(Z — L) (v(l)(a:, 1) — v (z, t)) ,

(u(l)(:p, t) — u® (z, t)) S C’g’l’)‘ (Qr) .

Using (33), we get

Hu(l)(a:,t) —ul? (:v,t)‘ 21 (@) < Ky |7 — ol v (2, 1) — v®) (2, 1) Coxon (34)
On the other hand,
v(l)(x,t) P C) (ar,t)‘ cox@am <
< K3(Z,n,Q,T) Hv(l)(x,t) — 0@ (ZL‘,t)) 2170 (35)
So,
T I E S

Now taking ¢ = 1/2 Ky K3, we prove, that the operator ® is compressing.
Whence, it has a stationary point u = ®u, that is a classical solution of the boundary
value problem (29), and of (27)-(28) as well, and for the solution the estimate (26)
is true. So, we’ve proved, that the set E is open.

Let’s show, that the set F is closed. Let 7, € E,k =1,2,...,limg_,o, 7 = 7. For
natural k we denote by u; (x,t) the solution of the first boundary value problem

Z(Tk)u[k] ($;t) = f(xat)a (:U7t) = QT’u[k] (x,t) r'(Qr) -0
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for which the following estimate takes place
Hu[k] (x’t)HCQvI(QT) < K3 ||f”Lp(QT) (36)
So, from (35) we get , that the family of functions {u[k] (z,t)} is compact in C’g’l (Qr),

i.e. there exists such a subsequence of natural numbers {k;},lim; . k; = co and a
function u(z, t), that for any ¢(z,t) € C§°(Qr)

Jim (20 ugy 0) = (27u, ) (37)
But
(2D, 0) = (27 = 20 )yuyy, 0) + (F0) = () + (F0)  (38)

Besides, taking into account (34), (35), we have
\J(D)] < |7 = 7wl [(Z = L gy, @] < |7 — 7| Ka Hu[kl]HCz,l(QT) [ellorigqp) <

< KsKa|m = 7wl 1f 1l @) Nl conor (39)

It results from (38), that lim; ., Ji(I) =0. From (37) and (38) we get, that
(ZDu, @) = (f,¢), ie. ZDu = f(z,t) everywhere in Qr, that’s we showed, that
T € E ,i.a. the set E is closed.

Theorem has been proved.

Now we’ll prove some estimate for the solution, which can also be taken as an
independent result.

Theorem 3. Let the conditions (3)-(7) be fulﬁlled for the coefficients of the

operator (1). Then for any function u(zx,t) €o2¢ (Qr) the following estimate is
true

(@, Ollcory < kN lL, @0 (40)

where k = k(y,n) .

Proof. Suppose, that (z°,t°) € Qr, and at this point Supg, U = u(x0, 1Y) =
1 > 0. Let’s take an auxiliary function z = v, m > 2- a natural number, which will
be chosen later. Denote by A, the set {(x,t) : (z,t) € Qru(z,t) >0,z (x,t)} > 0,
zi(x,t) <0, ||zij(z,t)| - a positively defined matrix}. We've

n
lum(n-l—l) S K1 /(Zt — Z aijzij)"ﬂdxdt S
A, 2,j=1

< K /(Zt - Z aijzij — (x,t)2)" drdt < Ko /[mum_l(—Zu)—i—
As b=l As
1
™2 (u(z, t) Zb 2, )92 |Vau(z, )| + c(z, t)u?

— (m — 1)y |Vau(z, t)|*] " dedt. (41)
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b(, 1)]
(m—1)y

If (x,t) € A, is so, that |V u(x,t)| > u(z,t), then

wlbl |Vpu(e, )] cu® = (m = 1)y [Vau(z, ) < 0

, |b(x, 1))
But if f e A, )| < 2=y, t), th
ut if for (z,t) € A, |Vyu(z,t)] (m — 1)7u(x ), then

2
wlb] |Vou(z, £)] + cu® — (m — 1)y [Vyu(z, 1) < — —(bf* =+ (m = 1))

(m—1)
Now we take max {2, 1+ m} as m. Then from (14) we get, that
v
Ium(nJrl) < K2mn+1lul(mfl)(n+1) / ‘f|n+1 dadt.

QT
1

Hence, the estimate (39) with K = K.’ * 1. is obtained in a standard way.
The case, when (z%,t°) = (2°,T), 2° € Q is considered similarly.

Theorem 4. Let conditions of theorem 2 be fulfilled and in the cylinder Qr the
solution be defined to the first boundary value problem (1),(2), f € Ly(Qr),p > n+2.
Then the following estimate is true

lu(z, )llcrixgry < Kallfllz, ) - (42)

Proof. To prove it, we should use the estimate (26) from theorem 2 and the
estimate (39) from theorem 3. From where results the estimate (41).

As a consequence of the estimate (41) we put the theorem on classical solvability
of the first boundary value problem for the operator Z, which can be proved by the
standard Lere-Shauder [5].

Theorem 5. Let conditions of theorem 2 be fulfilled. Then the problem (1),(2)
has a classical solution u(x,t) € C>*NQ7), and X\ > 0 depends only on o, n.

Note, that classical solvability could be proved analogously to theorem 2.
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