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FINDING THE EXTREMALS OF THE OPTIMAL
APPROXIMATION ON THE SET DIFFERENT
FROM PARALLELEPIPED

Abstract

The suitable formula for calculation of the best approximation is found and
the best approximate function in approximation of the function of m groups
variables by the sums of the functions depending on m — 1 groups of variables
at the boundary of multivariate parallelepiped is constructed. The formulae are
also constructed in approximation on an arbitrary set containing the domain of
this parallelepiped.

The problems of exact calculation and the more, finding the extremal function
are very important in approximation theory and belong to hardly solved problems
of this theory.

In the paper the convenient formula for calculation of the best approximation was
found and the best approximation function in approximation of the function of m
groups of variables by the sums functions depending on m — 1 groups on the bound-
ary of multivariate parallelepiped is constructed. Such formulae are constructed
in approximation on arbitrary set containing the boundary of this parallelepiped.
These problems were previously solved by the author in approximation on full mul-
tivariate parallelepiped [1], and in case of functions of two variables on the boundary
of rectangle with additional limitation on approximated function [2].

Let II =1I(a,h) = {x €eR"a; <x; <a;+h;y i= 1,7} be n-dimensional paral-
lelepiped.  Choosing the numbers 0 < kg < k4 < ... < kpn = n denote
K = (ko, k1, ..., km) , || = m. Consider the group the variables t; = (:):kjtll, ey xk]) ,

j=1,m and let t = (¢1, ..., t,,). Further, denote by
D" ={e=(e1,....,em), €;=0,1; j=1,m}
the set of vertices of m-dimensional unit cube and let
m
5(e)=> (1—g)).
j=1
Consider the mapping
g(6,7): D™ —TL(E,7)

of the set D™ onto the set of vertices of n-dimensional parallelepiped II (§, 7)

g )= (51 + 171,00, Epy T E1TRy, -‘-75%1_1 + &, +€mTkm) .

For arbitrary set @Q C II (£, 7) denote by M = Mg (Q) the class of functions
f=f(x):R"— R, €@ satisfying the condition

S 10 £ (g (6,m) > 0.

eeD
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for an arbitrary parallelepiped II (£, 7) with the vertices from Q. It is evident that
if the set @) is with “meat”, i.e., contains a part of positive n-dimensional measure
then such parallelepipeds II (¢, 7) will be many, and these parallelepipeds may not
belong to the set Q.

We'll sometimes use the notation f (¢), f (t1,...,tn) instead of f (x), f(z1,...,Tn)
assuming that this will not lead to misunderstanding. We’ll determine by

As (1) = f(\ti, t; +6;) — f(t), if the points ¢ and (t\t;, t; + ;) € Q
sl () =10, if ¢t or (t\ti, t; +0:) ¢ Q,

the finite difference of the function f relative to the group of the variables

7

t; = (:Ukﬂl, ...,mk) with vector-step §; = (rkﬂl, ...,Tk; | and the mixed difference

f by the groups of the variables t1, ..., t; relative to the corresponding vector-steps
41, ..., 0 we’ll determine by

As, o, f () = Ds, (Dsy5 [ (1))
Introduce the notation
c = (akfl,...,aki) , d; = (akf_ll + hk‘;—_ll, s Qg hm) ;
mo= {l,..om}, L,="{ir,yipt, Jg=1{j1, g}

L,J, ¢ m, I,NnJ,=@, pg=m\{[p,UJy); p,qg=0,m;
(a)lp = (ail, ...,aip) s (a + h)Jq = (ajl + hjl,...,ajq =+ hjq) ;
(a)IO = (a+h)J0:®.

Introduce the class W = Wi (Q) of the functions f for all x € @ satisfying the
conditions
[m/2]
Z Z A(dl—tl)---(til _Cil)"'(tizk_ciQk)"'(dm_tm)f (tla vy Cigyeeey Cigpy oony tm) >0 (1)

k=0 Iy, Cm

:
vl

A
Iy Cm
X f(tl,...,Cil,...,ci%il,...,tm) ZO (2)

here [s] is an entire part of s, the following summand corresponds to the empty set
Iy

(dlftl)...(til *Ci1)~~~(ti2k71 7Ci2k71) ...(dmftm) X

>
Il
o

A(dy—t1).(dm—to) f (15 s tm) -
It is evident that in relations (1) and (2) involve only those points t = (t1, ..., )
for which all points
(t\tfsv CIs) ) (t\th> dJs) , s€m

taking part in considered differences belong to Q.
Consider the best approximation of the function f by the sums of functions of
fewer numbers of the variables

Nk = {so/so => e, (t\tu)}
v=1
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on ()

By = B[f,N,Q] = inf supl[f = ¢l @] = inf [If = ¢l

.
‘PGNKQUGQ
Denote by s the subset ) whose boundary sy represents the boundary of some
n-dimensional parallelepiped [z}, 2/, ...z}, 2] C Q. Compare the set s with the
quantity
. /
L(f,s)= A(t’l’—t’l). (t;'n—t’m)f (t ) :

Consider the boundary of the parallelepiped II (a, h)

" T =a;, a;+h; 1 €N
11° (a, h) = xeR”/I_Jl
T gy <@ <aj+hy; jen

and the subset II° (a, h) corresponding to the division K:

m ti=c;,di; 1 EM
M (a,h) = = € R"/ U,
Tl sty<d; jemli

where

ti = ¢ = Tl = Qg 5 ooy Thy = O3

t, = di — mkj__ll = akrl —l—hkltll,...,:cki = ag, —i—hki;

Uy_y S Typ1 S Qg+ My
Cj < tj < dj s
o ag; < Tk < ag; + hag

g e

Theorem 1. The best approrimation of the function f € Wk (H%) may be
calculated by the formula

E[f.Ng, 0§ ] =27"L (f, %) = 27" Aty —c1). (dp—em) f () - (3)

We’ll need the auxiliary sentences for the proof of the theorem.

We'll conditionally denote by T = [t}, t{,...,t,,,t" ] the parallelepiped with the
“sides” parallel to coordinate “planes” t,, v =1, m.

Lemma 1. For arbitrary parallelepiped T C NY% (a,h) the functional L (f,T)
cancels each sum of functions depending on m — 1 groups of variables t,, v =1, m.

Proof. Allowing for the linearity of the functional L (f,T") we have:

L (Z% (t\ty) 7T> =Y (L, (\),T)) = ZA(tguty)...(tgrt;n)% (t\ty) -
v=1 v=1 v=1

Using the known property of mixed finite difference we’ll continue the process

m
- ZAt,”/_t;’ |:A(t,1/7t/1)"'(t;//717t:/71)(tg+17t;+1)"'(t%7tlm)¢y (t\tv)| =0,
v=1
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since the expression in square bracket doesn’t depend on a group of variables t,,.
Lemma 1 is proved.
Lemma 2. Let s be a boundary of the parallelepiped s and be represented in

0 0

k
the form s = U sY where ¥ are boundaries of some parallelepipeds from s with

stdes parallel to coordinate “planes”, in pairs mot having common internal points.

Then
k

L) =YL (50).

i=1
This lemma follows from [1, lemma 3], since despite the fact that there the
parallelepipeds were mentioned, and here we speak about their boundaries, in [1]
and here the values of considered functionals are calculated only by the values of
corresponding expressions on the boundaries of these parallelepipeds.
Determine the function

t) = Z( Z A (di—t1). tll _czl) (tip—cip)...(dm—tm)x

p=0 I,Cm

Xf(tl,...,Cil,...7cip,...,tm). (4)

Lemma 3.

fe Wk (k) = 12 Ol arro(an)) = Ddr—er)...(dm—em)f (€) -

Proof. From the determination of the function ® we can write

1\)‘3

Z Adl —t1). tll_c”) (tz-%—cizk)...(dm—tm)f(tl’""Cil""’ci%""?tm)_

k=013, Cm

(3]

— Z Z (di—t1).. tll —cll) (ti%_l—ci%_l)---(dm—tm)f (tl, vy Gy ey Cigp g5 ooy tm)

k=0 Is,_1Cm

Introduce the notation

A(d1—c1)...(clm—cm)f (C) =g, (5)
(3]
A(dlftl)...(til *Cil)n-(tiQk*CiZk)m(dm*tm)X
k=0
()
X f(tl,...,Cil,...,Ci%,...,tm) :Ze Af (6)

MF

X
p d1 —t1)..(tiy —cip ) (t12k71—0i2k71)...(dm—tm)

(t)
f (tl, --~7Ci1> ...,Ci%il, ...,tm) = ZO Af (7)
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Using these notation we can write the function ® in the following form

2 =Y"ar-"ar ®)

It is easy to note that for each fixed ¢t € II% (a,h) the boundaries of paral-
lelepipeds participating in (8), have no common internal points and their unification
gives I1% (a, h). Therefore and according to lemma 2 we have

c=Y""ar + 3 ar. (9)

Using equality (9) and notation (6) and (7) in (8) we’ll obtain

)
D (t) _5—220 Af
whence by virtue of determination of the class
O(t)—e=—2H"AF<0

" d(t) <e. (10)

Besides, from these relations we obtain
o(t)+e=23""ar>0
. z

d(t) > —e. (11)

Combining relations (10) and (11) in double inequality we’ll obtain
—e<P(t) <e.

Show that the function ® (¢) reaches the boundaries of these inequalities. We
have

P (d) = Z (—1)P Z A(dl—tl)...(til—cil)...(tip—cip)...(dm—tm)X

p=0 I,Cm

Xf (dl, oy Cigyeney Cipyy vnny dm) = (_1)m A(dl—cl)...(dm—cm)f (C) .

Here the expression at the right-hand side of the equality corresponds to the case
I, =m, and at I # m in each addend of finite difference in determination ® there
will be even one vector- increment equal to zero that will turn this finite difference
in zero. Further, by this reason in case of Iz = (2, ...,m) we’ll obtain

O (c1,da, ey dim) = (=1)" " Ay —er).. (e (€) -

Thus, regardless the evenness m the values ® (dy, ..., d,,) and ® (¢, da, ..., d,) by
virtue of notation (5) reach the numbers € and —e¢.
Whence it follows the assertion of lemma 3, i.e.,

HQ) (t)HM(Hf}() - A(d1—01)...(dm—cm)f (C) :
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Lemma 3 is proved.
Proof of theorem 1. Considering that according to lemma 1 the mixed differ-

m
ence Ag, . 5, is an annihilator of the arbitrary sum ) ¢, (t\t,) and in addition it
v=1

is linear we have

Agyomf (8) = Doy 5, f (1) = Dy 6, > 0y (P\E) =

v=1
= Adl...ém [f (t) - ngy (t\tu)] < 2m f (t) - ZQDV (t\tu)
v=1 v=1 M(H?{)
Consequently,
Asy o f (t) <2ME [f, Ni, 1] (12)

Consider the expression of the function ® (¢) from (1). At p = 0 at the right-hand
side we obtain the addend

A(dy—t1)(dm—ta) f (F15 s tm)

where the function f(¢) = f(t1,...,t;) takes part as (—=1)" f(¢). At p =1 we
obtain m addends of the form

A(dl_tQ)u-(til _Cil)u-(dm_tm)f (tl, ey Cipyenny tm) y 1= 1, m
(for example at ig = 1 these addend will be

Aty —e1).o(da—ta)o(dpa—tm) ] (€125 s tin))

Each of these addends will contain the function f (¢) in the form

(D)™ (=) f (b oeestn) = (=)™ £ (1) -

Thus at p = 1 we’ll have only (—1)" mf (t) expressions containing f (¥)
At p = 2 they will be

(=)™ (=12 G f (t1, s tm) = (1) i f (1)

Further assuming p = 3, ..., m we’ll obtain that in ghe expression of the function
® (t) they will be

(D)™ Y emf (&)= (=1)"2"f (1).
k=0

Since all other finite differences in the expression of the function ® (¢) from (4)
contain the functions depending at most on m — 3 groups of variables t,, v = 1, m,
then this allows to assert that the function ® (¢) has the form

O ()= (=)™ f(t) = D ¢b (t\t)
v=1
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Then by virtue of lemma 3 and (12) we can write

= 2mf (1) =Y b (\t)|| < 2" E [f, Nk, Ty (a, h)]

v=1

1% () s i1 o)

<2mE [f,Ng, %]

v=1

Pm—Zﬁmm

But by virtue of definition of the best approximation here the sign of the strict
inequality wouldn’t be, consequently

HQHM(H}() = A(d1—04)...(dm—cm)f <C) = 2mE |:f7 NK7 H?{]
whence we finally obtain

E[f, N, T3] =27 Ay —e1)...(don—em) | (€)

Theorem 1 is proved.

2. Denote by
f [(C)IP ,(d) g, ,t@}

the values of the function f at the points whose coordinates consist of p groups
¢, 1 € Ip, g groups dj, j € J, and m — (p + q) groups ti, k € pq.
Theorem 2. For the function f € Wi (H}() the sum

Z;: S (e e S r (), L d)y, ) (13)

ptg=1 (Ip,1q)Cm

18 the best approximating in the approximation

E

f: Z Py (t\tll) ’ H?(
v=1

The proof of theorem 2. At the proof of theorem 8 it was established that the
function f (t) = f (t1,..., 1) in the expression of the function ® (¢) takes pari in the
following form

(=1)™2"f (). (14)

Let’s now calculate the quantity

daf
qu = f (Cl, couy Cp, dp+1, ceey dp+q’ tp—‘rq—i-l, cesy tm) (15)

taking part in the expression of the function ® (¢). To this end let’s write the mixed
finite difference in the form

A(d37t1)...(ti1 7ci1)...(tipfcip)...(dmftm)f (tl’ Tt Cip, Tt tm) -
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1 1
TN ()T f (ty + (ds — t) S1,en Gy

$1=5 Sm=0

+ (til — Cil) Siyy s Cipy (tip - Cip) Sips T (dm — tm) Sm) . (16)

Now using (4) and (16) we can express the function ® (¢) by the values of the
function f in the following way

_1>m Z ( Z Z Z 81+...+sm .
r=7

I,Cms1=0 sm,m=

P

ft+ (d—t1) = 81,006 + (B, —ciy) =
= Sipyeeny (tir — Cir) = Si,, vey b (dm — tm) = Sm) . (17)

In relation (17) at r < p the expression

f (Cb ey Cp>dp+la [ dp+q7tp+q+1a 7tm)

isn’t contained, since the arguments ¢; are obtained only from ¢; + (¢; — ¢;) s;, more-
over when s; = 0. Assuming s; =0, i = 1,p; s; =1 at r = p (then we obtain d;)
at j=p+1,p+qgand s =0at l=p+ ¢+ 1,m (then we obtain ¢;) and we’ll have
the function (15) with the sign

()77 () = (1)

Assume s; =0, i = 1,p at r = p+ 1 and for getting (15) we must take p + 1-
th s; = 1 beginning from the index p 4+ ¢ + 1 till the m, and all other s, = 0,
v =p+ q+ 1, m except this one, i.e., they will be c}n_p_q and they will be with the
sign
(_1)m+p+1 (_1)q+1 _ (_1)m+p+q

So, at r = p+ 1 function (15) takes part in the expression of the function
® (t) with the coefficient (—1)"1"*7¢l g

Continuing analogously, we’ll obtain that function (15) at r = p + k takes part
in the expression @ (¢) in the form

( 1)m+p+q 1131 —p— quq

From the aforesaid we obtain that function (15) takes part in the expression ® ()
in the following form

m—p—q

( m+p+q Z ko quq ( )m+p+q om—p— quq (18)
k=0

Then as it is easy to observe using (14) and (18) we can write the function ® (t)
in the following form

m

()= (=1)"2"f (t) + Z (—1)"tPta gm=(pta) Z foo

pte=1 (Ip,Jq)Cmm
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Therefore
[@ @ =27 |75~ Y (0Pt S f ), (d)y, )
p+q:1 (Ipf‘JQ)Cm

and using lemma 3 we continue

= Ay —c1).(dm—cm) ] (€)

Let’s apply theorem 1 which leads to equalities

Hf - Z(;H = 27Ny — 1) (dm—em)f () = E [ f, Ny, 11}

that mean that the sum

Zj _ Z (_1)p+q+1 9—(p+q) Z f {(C)Ip , (d)Jq ’tﬁ}

ptq=1 (Up,Jq)
is the best approximating function in the approximation
E[f, Nk, 117] .

Theorem 2 is proved.

3. Theorems 1 and 2 allow to find the extremals on the boundary of the domain,
namely they give the accessible formula for calculation of the best approximation and
allows to find the best approximating function in the approximation of the functions
of many variables in the boundary H% (a,h) of the n—dimensional parallelepiped
g (a,h).

Let’s consider now an arbitrary subset ) of the parallelepiped Il (a, h) contain-
ing its boundary

9% (a,h) C Q C I (a,h). (19)

Each function ¢, (t\t,), v = 1, m is determined on the projection Ilx (a,h) on
the space R,,_, | (t\t,) (|t,] is the number of variables in the group).
Relation (19) allows to write

Hf_zgpy S f_zgpu S f_zgpu )
v=1 M(1Y,) v=1 M(Q) v=1 M(Tk)
whence it follows that
inf | =3 o, <if|lf =D e <ipflf-> e :
@, t M) @, ot M@ @, — ML)
or
E[f,Ng, %] < E[f,Nk,Q] < E[f, N, k] (20)

In [1] it is established that value (3) and function (13) are extremals of the best
approximation F [f, Nk, IIk], i.e., on whole parallelepiped Ik (a,h). Allowing for
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this and by virtue of theorems 1 and 2 from relations (20) we obtain that it is true
the following theorem.

Theorem 3. Let Q) be an arbitrary subset Ik (a,h) containing its boundary.
Then for each function f € Wi (I) the basic extremals of the best approximation
E[f, Nk, Q] are determined by the following form: the best approzimation is calcu-
lated by the following formula

Ef, Ni, Ql = 27" Agy—c1)...(dm—em) f (€) 5

and the sum

Zj = Z (—1)P+q+1 9—(p+q) Z f {(C)Ip 7 (d)Jq o

ptg=1 (Ip,Jq)CT

1s the best approximate function in this approximation.
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