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Misraddin A. SADYGOV

ON BISUBDIFFERENTIALS OF BICONVEX
OPERATORS

Abstract

In the work bisubdifferentials and biadjoint operator for biconvex operators
are defined, and some of their properties are studied.

In the work bisubdifferentials and biadjoint operator for biconvex operators and
defined and a number of their properties are studied.

Let E be some ordered vector space, i.e. the space with preferred salient (convex)
cone ET, a cone of positive elements. Let’s join to the space E the greatest element
+00, at that the order, induced F from E = E U {+o00} coincides with initial order
in E (see [1]).

The ordered real vector space E, which is simultaneaously a lattice is called
a vector lattice. The vector lattice, in which any ordinal bounded set has exact
boundaries is called Kontarovich space, or in short K space.

Let X and Y be real vector spaces. The mapping f : X x Y — E is called
biconvex (see [2]), if the mappings f (-,y) : X — E, f(x,-):Y — E are convex at
z € X, yeY. Denote by B (X x Y, E) the vector space of bilinear operators from
X xYin E. Let f: X xY — E be a mapping and domf = {(z,y) € X x Y :
f(z,y) < +oo}. It is easy to check, that if f is a biconvex operator, then domf is
a biconvex set. The following set

05f (z,5) ={2* € B(X xY,R): f (z,y) — f(2,9) >

> a" (z,y) — 2" (2,9), (z,y) € X XY}

we'll call the bisubdifferential of the operator f at the point (Z,7) € domf and if
P: X xY — FE is a bisublinear operator, then suppose, that

3P ={z* € B(X xY,R): P(x,y) >z*(z,y),(z,y) € X x Y}

Lemma 1. If P: X xY — E is a bisublinear operator, P (0,0) = 0 and
(z,y) € domP, then

9P (z,5) ={z* € B(X XY,E) : 2* € 9P, P (%,7) = = (%,7)}.
Proof. If 2* € 93P (z,7), then

P(x,y)—P(i,y)zgc*(x,y)—x*(i,gj), (x,y)EXXY.

Assuming (z,y) = (0,0) and (x,y) = (2%,y) respectively, we’ll obtain, that
P ('i'a y) <zt (j7g) and 2P (f,ﬂ) -P ('fv’g) > 2z* ('i‘v g) -z (i'?g) Hence P ('Cz'a y) =
x* (z,7y). Then we have P (z,y) > z* (z,y) at (z,y) € X x Y, i.e. z* € 05P.

Vice verse, if 2* € 03P and P (Z,y) = z* (Z,y), then

P(z,y) = P(z,9) 2 2" (v,y) -2 (2,9), (v,y) € X XY, ie 2" € 9P (,7).

The lemma is proved.
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Lemma 2. If z* € 05f(Z,y), then

Proof. From the definition 04 f (Z,y) it implies, that

fE+zy+y) - (@9 22" (@+e,9+y) -2 (2,9),

at (z,y) € X x Y. Adding these correlations we have

fE+ay+y)-2f(@9)+f(@—-2,9-y) =

Zl'*(i'—i-.%',g—i-y)—Ql'*(i',ﬂ)—i-l‘*(i‘—l',g—y):2217*(.1‘,:[/).

The lemma is proved.
For simplicity we’ll assume that E is K space.
Let z* € B(X xY,FE), f: X xY — E. Suppose

f* ([IJ*) = sup{m* (l’,y) - f(x,y)}

Lemma 3. If f is a biconvexr operator, then x* € 95 f (Z,y) if and only if
fr@) + f(29) =2"(2,9).
Proof. If * € 0§ f (z,y), then
" (z,y) — f(2,9) 2 2" (x,y) = [ (2,y)
as (x,y) € X x Y. Therefore

v (@) = F (@) = sup{a” (@, y) = f (z,9)},

ie. f*(z*)+ f(z,9) = 2" (Z,y). Inversely, if
[ @)+ f(2,9) =2 (2,9),

then
sup{x* (.%',y) - f (HZ, y)} =z (j;a g) - f (jv Zj) .
rzeX
yey

Therefore z* (z,y)— f (z,y) < 2* (z,9)— f (z,79) at (z,y) € X xY,ie. f(x,y)—
f(@,9) 22" (x,y) — 2" (2,9) at (z,y) € X x Y.

The lemma is proved.

Let g: X xY — E and domg = {(z,y) € X xY : g(x,y) < +o0} # 3. As
for each pair (z,y) € X x Y, the mapping «* — z* (z,y) is a linear operator on
B (X x Y, E), then from the definition of ¢* (z*), it implies, that z* — g* (z*) is a
convex operator.

Suppose

9" (xy)=  sup {a"(z,y) —g" (2")}
z*€B(X XY,E)
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It is clear, that (z,y) — x* (z,y) — ¢* (z*) is a biconvex operator. Therefore from
p. 1.3.6 (1) [1] it implies, that (z,y) — ¢** (z,y) is a biconvex operator. From the
definition of ¢g* (x*) we’ll obtain, that ¢* (z*) > z* (z,y) — g (z,y) at (z,y) € X xY
and z* € B (X x Y, E). Therefore g** (z,y) < g (x,y) for any (z,y) € X x Y.

Let f: X xY — E be a bipositive homogeneous operator. Suppose
5f={a* € B(X xY,E): f(z,y) = 2" (x,y), (z,y) € X x Y}.

Lemma 4. If f : X xY — E is a bipositive homogeneous operator and
f£(0,0) =0, then

0; 2*e€dsf
) =
+oo; x* ¢ 05 f.

Proof. If z* € 03 f, then

fr@) = sup A{z"(z,y) = f(2,9)} <0=2"(0,0) = f(0,0) < f* (z%).
(z,y)EX XY

Hence it implies, that f* (z*) = 0.
If z* ¢ 09 f, then there exists (Z,y) € X x Y such that f (z,y) < 2* (Z,y). Then

fr(@*) = sup {z"(z,y) — f(z,y)} =sup{z” (\z,9) — f (AZ,9)} =
(z,y)EX XY A>0

= supMa™ (2,9) — f (Z,79)} = +oo.
A>0
The lemma is proved.
Theorem 1. If f(z,y) = sup z*(x,y), then f* (z,y) = f(z,y).
x*€og f
Proof. From lemma 4 it implies, that

0; z*€0sf
fr(@") = :
+oo; x* ¢ 05f
Therefore f** (z,y) =  sup  {2"(2,y)—f*(z") = sup 2" (2,y),1le. f*(z,y) =
z*€B(X XY,E) z* €05 f

f (z,y). The theorem is proved.

Theorem 2. Let domf be a biconver set and 05f (v,y) # & for any (x,y) €
domf. Then f: X xY — E is a biconvex operator.

Proof. Let (z1,y),(z2,y) € domf, a € [0,1], T = az1 + (1 — @)z and 2* €
09 f (Z,y). Then we’ll obtain, that

f($1,y) - f(f7y) > " ($17y) —z" (jay)a

f (1'2,21) - f (:Z‘7y) > " ($27y) —z" (i'vy) .

Multiplying the first of these inequalities by «, and the second by 1 — @ and adding
them we have

af (x,y)+ (1 —a) f(z2,9) = £ (Z,y) 2 ax” (21,9) + (1 — @) 2" (22, 9) -
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2" (z,y) = 2" (ax1 + (1 — @) x2,y) — 2" (Z,y) = 0.

Therefore
Oéf (xlvy) + (1 - Oé) f (any) > f (jvy)

at (x1,y),(x2,y) € domf and a € [0, 1]. Similarly we have, that

Bf (x,y1) + (1 =B) f(z,y2) > f (2, By1 + (1 = B) y2)

at (z,y1), (z,y2) € domf and § € [0, 1]. The theorem is proved.

The set of all bisublinear operators P from X x Y to E, which satisfy the
condition P (—z,—y) = P (x,y) we’ll denote by H.

Let’s note, that if P, : X XY — E and P, : X xY — E, then 05 (P, + P2) D
6§P1 + agpg.

Really, if x5 € 0§ Py, x5 € 03P, then P (z,y) > zF (z,y) , P2 (z,y) > x5 (z,y) at
(xz,y) € X xY. Therefore P (z,y)+ P2 (z,y) > x7 (z,y)+25 (x,y) at (x,y) € X XY,
ie zi +ab €05 (PL+ D).

Theorem 3. If P, P, € H and dimY =1, then ag (Pl + PQ) = 8§P1 + 8§P2.

Proof. The inclusion 05 (Py + P2) D 05P, + 05 P, is obvious. Let us prove the
inverse inclusion. Let z* € 09 (P; + P»). Define the mappings ¥ and z*, acting
from the space (X x X) x (Y xY) and diagonals A (X xY) = {((z,z), (y,y)) :
x € X, y € Y} respectively, by the formulae

(w1, 72), (y1,92)) = Pr (21,91) + P2 (22, 2)

2" ((w,2), (y,y)) = " (z,y).

Then V¥ is a bisublinear operator, z* is bilinear operator and z* (J,w) < ¥ (9, w)
for all (¥,w) € A(X xY). By theorem 2.3.2 [3] there exists the bilinear operator
Z* : (X xX)x (YxY) — E such that Z* € 95V and the contraction Z* on
A (X xY) coincides with z*. Suppose 2] (z,y) = Z* ((x,0),(v,y)), 25 (z,y) =
Z*((0,2),(y,y)). It is easy to check, that z{ and z3 are bilinear operators from
X xY to F and z* (x,y) = 2] (x,y) + 25 (x,y). Besides, 2} (z,y) < ¥ ((z,0), (y,v))
= Pi(z,y) +P(0,y) = P (z,y),ie 2f € 0§P and 25 (z,y) < ¥ ((0,2),(y,y))
= P (0,y) +P2 (z,y) = Pa(x,y), i.e. z5 € 05P,. Therefore 05 (P, + P2) C 05P; +
09 P,. The theorem is proved.

Theorem 4. Let P and Q belong to H and P (z,y) + Q (z,y) > 0 for all
(x,y) € X xY and dimY = 1. Then there exists a bilinear operator z* : X xY — E
such that

—Q(z,y) <2*(z,9) < P(2,9), (v,y) € X x Y.

Proof. By the condition of the theorem 0 € 0 (P + Q). By theorem 3 there
exist * € 9§ P and z* € 0§Q such, that z*+2z* = 0. Then we have, that —Q (z,y) <
z* (z,y) < P(z,y) as (z,y) € X x Y. The theorem is proved.

Let P: X xY — FE be a bisublinear operator, Xy and Yy be subspaces in X and
Y, respectively. Suppose, that

P(CL‘,y) : ('T’y) EAXVOXE/O

PXOXYO («T,y) = 5
+OO:('1:7y) ¢X0><Yb
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0:(z,y) € Xo x Y

5X0><Y0 (:E?y) =
+oo: (2,y) & Xo x Yo

Theorem 5. If P € H and dimY =1, then 05Px,xv, = 03P + 050 x,xv,-

Proof. If 2] € 0§ P and x5 € 050 x,xv,, then P (x,y) >z (x,y) and dx,xv, (2, 9)
x5 (z,y) at (z,y) € X x Y. Therefore P (x,y) + dx,xv, (z,y) > 27 (z,y) + x5 (,y)
at (z,y) € X XY, i.e. 0§P + 090 x,xvy C 05 Pxyxvy-

If 2* € 09Px,xy,, then P (z,y) + dx,xv, (,y) > a* (z,y) at (z,y) € X x Y.
Therefore P (z,y) > z* (z,y) at (z,y) € Xo x Yp. Using theorems 2.3.2 [3] we
have, that there exists the bilinear operator z* : X x Y — FE such that z* (z,y) =
z* (z,y) at (z,y) € Xo x Yo and P (z,y) > 2*(x,y) at (xz,y) € X x Y. Then
Oxoxyy (T,y) > o (x,y)—2* (z,y) at (z,y) € X xY. Therefore z* € 03 P+050x,x vy
i.e. 8gPX0XY0 - 8§P + agéxoxyo.

The theorem is proved.

Corollary 1. If P € H and dimY =1, then 05P is not empty.

Really, from theorem 8 it implies, that

95 F0,0) = 93P + 836(0,0)-

As 03P 0y and 956 gy are not empty hence it implies that 95 P is not empty.

If X and Y are topological vector spaces, F is topological K space, then we’ll
denote by B (X x Y, E) the vector space of all continuous bilinear operators from
XxYtoFE. Let f: X xY — E and (Z,7) € domf. Assume, that

82f(jag) = {J}* GB(X X KE) : f(:r:,y)—f(i‘,g) Zl'* (l‘,y)—

2" (z,9), (z,y) € X x Y},
and if P: X x Y — E is a bisublinear operator, then suppose, that

"P={z"€ B(XXY,E): P(z,y) > 2" (z,y),(z,y) € X xY}.

Let P: X xY — E,domP = {(z,y) € X xY : P(z,y) < +oo}. Assume, that
(
AuP E,g ,A> 0,4 >0, E,g € domP
A A

H(@N. =1 0 x—o o 1)

(Y, ) =0

400, other cases.

Lemma 5. If P: X xY — E is a biconvex operator, then the operator H :
(X x R) x (Y x R) — E defined by equality (1) is bisublinear.

Proof. If <x’ y> € domP, X >0, u>0and a > 0, then

A p
_ o ) _ vy _
H(a(sc,»,(y,u))—aAuP(aM) a/\uP<)\,M>

=aH ((l‘, >‘) ) (y, :u)) .

It is similarly checked, that H ((x,\), 8 (y,p)) = BH ((z, ), (y, 1)) at 8> 0, i.e. H
is bipositively homogeneous.

>
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Let <1 y) and (iQ,y> belong to domP and A1 > 0,A2 > 0 and p > O.
1 2" 1
Then

r1+x2 Y
((1‘17 1)+($27 2)7(y7:u)) M( 1+ 2) ()\1+)\2’M>

A S " f'fw><
AM+A A A+

A1 1 y) A2 <UC2 y>>
<M+ A o L P(27)) =
<ulh 2>(A1+A2 <A1 i) TN \ N

= pA P (ml y) + AP (” y) :
A1 A2

The other cases are obvious. The lemma is proved.

If (z,9) € domP and z* € 0 H ((%,1),(y,1)) = {z* € O,H : H ((z,1), (7,
" ((z,1),(y,1))}, then P (z,y) > 2" ((,1),(y,1)) at (z,y) € X xY and P (z,9) =
z* ((z,1),(y,1)). Therefore P (z,y) =P (z,7) = =" ((z,1), (y,1)) —2" ((Z, 1), (5, 1))
at (z,y) € X x Y.

For simplicity we’ll assume, that the value of the operator belongs to E.

Assume, that
O ((@,9); (x,) =

— 1 _ _ o _ _
_Aféfﬁioﬂ (f @+ Az, g+ py) —2f (Z,9) + (T — Az, 5 — py)) .

ZM(A1+A2)P<

Lemma 6. If f: X xY — E is a biconvex operator, then

(z,y) = fOT((2,9); (x,9))

is a bisublinear operator.
Proof. It is easily checked, that at o > 0

O ((@,9); (ax,y) = af O ((2,9); (2,9)) .-
If 1,29 € X, a €]0,1], then

PO (@9) s 0w + (1= ) a.9) = T < (f(o (a4 A +

+ (=) (T + Ae2), y + py) = 2f (7,9) + fa (T = Azy) +

|
1—a)(z— 75— <o Im —(f(z i _
+(1—a)(Z—Az2), ¥ — py)) < aAiéﬁoAu(f (Z + Az1,§ + py)

o _ _ — 1 _ N
—2f(z,9)+ f (T — Ax1, 7 — py)) + (1 — ) Mlg)rgwm(f (T 4+ Xxo, § + py) —

—2f ('fvg) + f (j: — Ar2,y — ,uy)) = af(Q)Jr ((i’,ﬂ) ; (a?1,y)) +
+(1—a) A7 ((2,9); (22,9)).

Therefore, we’ll easily obtain the validity of Lemma 6. The lemma is proved.
Denote

0°f (2,9) = {z" € B(X x Y, E): fO* ((2,9);(z,y)) =
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> 22" (2,y), (2,y) € X x Y},
Of(2.9)={a" € B(X x Y, E): f(z+,5+y) —2f (z.5) +
+f(j" _xvg_y) > 22" (l‘,y), (xvy) € X x Y}

From the definition it directly implies, that 0%f (z, ) C 0%f (Z, 7).

Lemma 7. If P is busiblinear operator, then 0sP C 0*P (0,0). Besides, if
P(—xz,—y) = P (z,y), then 92P = 02 P (0,0).

Proof. If z* € 0yP, then P (z,y) > z*(x,y) and P(—z,—y) > z*(z,y) at
(x,y) € X x Y. Therefore P (z,y) + P (—x,—y) > 2z* (z,y) at (z,y) € X xY i.e.
z* € 92P (0,0). Then we have, that 9, P C 9?P (0,0).

If P(—x,—y) = P (x,y) and 2* € 9>P (0,0), then

P(x7y) —i—P(—.ﬁC, _y> =2P (%,y) > 2" (%,y)

at (7,y) € X x Y. Therefore z* € 3, P, i.e. 9*P (0,0) C 9oP. As 9o P C 9?P (0,0),
then we’ll obtain, that 9, P = 9?P (0,0). The lemma is proved.
Lemma 8. If P is a bisublinear operator, then

O*P(z,7) D {2* € B(X xY,R) : 2* € 0P, P (Z,9) = 2" (z,7)}

and form x* € 0?P (z,7) it implies, that P (Z,7) = z* (%, 7).
Proof. If z* € 9,P and P (z,y) = z* (Z,y), then

—2z" ('i'ag> + x* (£'7g) + z* (xay) - (i‘vy) —z" (-T,g) = 2z" (xay)v
ie. 2% € 9°P (7).
If 2* € 9°P
ie. P(z,y) >
2z* (—x,y), i.e. P
proved.
Corollary 2. If P is a bisublinear operator, then

). Assuming (z,y) = (—Z,y) we have, that —2P (z,y) >
) < a*(z,y). Therefore P (z,y) = z* (Z,y). The lemma is

O*P(z,5) ={z* € B(XxY,R):P(Z+z,5+y)+P @ —z,5—y) >

> 22" (z,y) + 22% (Z,79), (z,y) € X xY}.

Corollary 3. If P is a bisublinear operator and z* € 9*P (Z,y), then P (x,7) >
z* (z,9), P (z,v) > 2" (Z,v) at x € X,v €Y.
Proof. If z* € 9?P (z, %), by corollary 2 we have, that

P@+z,g+y)+P(@—a,§-y) > 2" (v.y) +20° (2.9) as (2,9) € X x V.

Assuming y = ¢, hence we’ll obtain, that P (z + z,2y) > 22* (x,y) + 2z* (z,7),
ie. 2P (T +x,y) > 22" (Z + x,y) at x € X. Therefore P (z,y) > 2* (z,y). Assum-
ing x = z, similarly we have, that P (z,v) > z*(Z,v) at v € Y. The corollary is
proved.

Lemma 9. Let P be a bisublinear operator and z* € B(X x Y, E). Then the
mequality

PE+z,9+y) —P(@+2,9 —P@,9+y) +P(z,79) >
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=" (z,y),(z,y) € X XY (2)

is fulfilled if and only if, x* € 02 P, P (2,y) = 2* (2,9) and P (Z,v) = z* (Z,v).
Proof. If (2) is fulfilled, then assuming (z,y) = (&, y), we’ll obtain

ie. P(z,y) > x*(z,y). Assuming (z,y) = (—z,y), we also have
P(z—2,2y)— P(Z—-z,9) — P(z,2y) + P(2,9) > 2" (-Z,7)
)

ie. —P(z,y) > 2*(—z,y) or P(z,y) < z*(z,y). Therefore P (z,y) = z* (Z,7).
As y = —y and z = —Z from (2) it also implies, that P (z + z,y) < z*(x,y) +
z* (z,9), P&, g+y) <az*(Z,y) +2*(z,9) at x € X, y € Y respectively. Hence
we'll obtain P (z,y) < z*(z,9), P(z,v) < 2*(z,v) at z € X,v € Y. Since
—P(z,y) < P(—2z,9) < 2*(—2,9), then P(z,9) > 2% (2,y) at z € X. There-
fore P(z,y) = z*(2,9) as z € X. Similarly we have, that P (z,v) = z* (z,v) at
v € Y. Then we'll easy obtain, that P (z,v) > z*(z,v) at (z,v) € X x Y. Vice
versa, if * € P, P (2,y) = z* (2,9), P (Z,v) = 2" (Z,v) at z € X,v € Y, then

—2* (T +m,y) —2" (2,9 +y) +2" (2,9) =2 (T,9) + 27 (T,y) +
+a* (.’B, @) + " (.f,y) —a (i'7g) —a (xv g) -z (jja g) -
—a" (Z,y) + 2" (2,9) = 2" (z,y).
The lemma is proved.
Corollary 4. Let P (x,y) = Py (z) P2 (y) be a bisublinear function, Py (Z) Py (y) #
0 and there exist x* € B (X x Y, R) such, that (2) is satisfied. Then

Py (z) = Pl(y)w (.5), Py(y) = Pl()x (1)

Let’s note, that the results, obtained for biconvex operators it is possible to
transfer for n convex operators. Besides, the results, obtained for 95 P it is possible
to transfer for 99 P and vice versa.
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