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Abstract

In the present paper the fractional operator rot® is investigated as a frac-
tional operator of the known rotor operator rot and some applications and phys-
ical interpretation of these operators in some problems of electrodynamiics are
considered.

Introduction. At the present time the fractionalization of transformations and
operators is of great interest both from theoretical and practical point of view. For
example, the fractional Fourier transformation and its applications were studied by
several authors: Namias, Lohmann, Mendlovic and Ozaktas, Shamir and Cohen
[2-4], and fractionalization of Hankel transformation was considered in [5]. Having
the operator L it is possible to consider fractional operator, which is denoted by
L%, where the parameter o takes real values or even can be complex. The new
operator L® expands the initial operator L, in the sense, that the operator L is
obtained as a particular case of fractionalized operator at some value of « (ordinary
at a =1, L% 4=1 = L).

In the given work the fractional operator rot® is investigated as fractional opera-
tor of the known rotor operator rot and some applications and physical interpretation
of these operators in some electrodynamics problems are considered.

The operator rot is one of the key operators of the theory of electromagnetic
field. In particular, in the simplest case electric and magnetic fields are connected
among themselves with the help of rotor in the Maxwell equations in differential
form [6] in lack of the sources:

. 1 ﬁ .1 -

E = —%rot (nH) , nH = %rotE (1)
where £k = n is a wave number, n = \/;T/s is an impedance, ¢, u are dielectrical
and magnetic penetrabilities.

The new fractional operator rot®, introduced here, where 0 < o < 1, has the
following properties: at a = 1 we obtain the ordinary operator rot®|,—1 = rot, and
at o = 0 we obtain a unit operator rot®|,—1 = I.

First the fructionalized (or fractional) rotor was introduced by N.Engheta [1],
where fractional rotor was used for getting new ”fractional” solutions of Maxwell
equations, as a result of application rot® to the fixed solution (E, nﬁ ):

— ]_ — — 1 e
o= B, phe = o (i) . >
Ry o B = e (v 2)
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The ”fractional” field (E“,nﬁ“), obtained like that, is characterized by the
fractional order a and defines:
(1) the initial field (E,nﬁ) at a = 0;

(2) the dual field [7] (El,nﬁl) - (nﬁo, —EO) ata =1

As 0 < a < 1 the fractional field describes intermediate solution between initial
and dual solutions.

The obtained result can be interpreted as generalization of the known duality
principle for Maxwell equation [6, 7]. Namely: having the solution (E,nﬁ ), sat-
isfying the Maxwell equations with the medium parameters ¢, and applying the
fractional rotor to this solution, we obtain a new field, again satisfying the Maxwell
equations with the same parameters €, u. As a particular case, at & = 1 the frac-
tional field describes the dual field, taking part in formulation of the known duality
principle.

In the paper [1] the general scheme of obtaining fractionalized operator from
arbitrary linear operator is given and the expression for rot® function of one variable
P=P(z) =P, (2)Z+ P, (2) § + P. (2) Z is represented in the explicit form:

am

rot*P(z) = |cos () DIPy(2) —sin (S-) DR, (2)| #+
2 00 2 oo

+{sm(o‘2”) D?Px(z)—kcos(%) D?Py(z)] T+ 00a_DP, ()2 (3)

where dq,, is Kronecker’s symbol, the operator _., DY means Riemann-Liouville frac-
tional integral [10], which is defined as

z
1 P (u)du
—oDIP (2) = I(—a) / (Z—(u))thl’ 0<a<l
—0o0
where T (z) is Euler gamma-function.

However for many scattering and radiation problems definition (3) is not enough:
it is necessary to have the expression for rot® for functions, dependent on two or
three variables. In the general case for arbitrary function it is sufficiently difficult
to obtain in the explicit form the expression for a fractional rotor.

The aim of the given work is to obtain the expression for fractional rotor for the
function of two or three variables, expressed by exponential functions.

As it will be shown below, for a function of three variables, expressed by expo-
nents for the operator rot® (0 < a < 1) the following representation holds:

rot® {z_’emz”byﬂc'z} = % (ia(so@ac + (ik)“ sin (%) kb — (ik)* cos (%) ac) Fz+
—1—% (iaégabc — (ik)* sin (%) ka — (ik)® cos (%) bc) Fy+

+ % (iaéoacz + (ik)® cos (%) (a® + b2)> Fz. (4)
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The consideration of the exponents is caused by that they play an important
role in electrodynamics. For example, plane waves are described with the help of
exponents. Moreover, there are decompositions of cylindrical and spherical waves
by the plane waves [9].

The obtained representations of the fractional rot® later can be used in the
concrete scattering and radiation problems for obtaining ”intermediate solutions”,
applying the fractional rotor to some fixed solution of the problem.

At that the parameter a, characterizing the fractionalization of solution, will be
defined by the various values of physical quantities, describing the problem.

1. The fractional operator from a linear operator. We can consider
the operator rot as a linear operator. Therefore, let’s consider the general scheme
of getting fractional operator from the linear operator, introduced in [1]. For this
reason, consider the class of linear operators {L, L : C" — C"™}, where C" is a space
of n-dimensional vectors over the field of complex numbers.

The operator L% is called fractionalized (fractional) operator from the linear
operator L, if the following conditions are fulfilled:

l.asa=1 L% \=1 = L;

2.asa=0 L%4=0 = I, where [ is an identity (unit) operator

3. semigroup properties LYLP = LPL* = [o+8,

Let the linear operator L have the eigen vectors {Em, m = 1..n} and the cor-

responding eigen values {a,,,m = 1..n}. Then
L </_1'm) = amffm

{[fm} form full linearly independent system of eigen vectors in the space C". It

means, that the arbitrary vector H and C" can be represented in the form of linear
combinations of these vectors
n
A=Y end,
m=1

with some decomposition coefficients c¢;,.

Define the fractional operator L%, as operator with the same eigen vectors
{ffm, m = 1..n}, but with eigen values {(am,)", m = 1.n}, ie.

L~ (A'm> = (am)” A

Let’s remark, that the choice of branch of multivalued quantity (a,,)” each time
is carried out proceeding from physical conditions of the concrete problem.

So, action of the operator L* on the arbitrary vector H from C™ will be written
in the from:

n

e (i) - o (Z cm,@m> =S et () = 3 @n) endin . (5)
m=1 m=1

m=1
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This correlation defines the fractional operator L® by eigen values and eigen
vectors of the operator L. It is easy to see, that this definition satisfies all three
conditions in definition of fractionalized operator.

2. Fractional rotor rot®.
2.1. The general case. It is known, that for the three-dimensional vector P
as the function of variables z,y, z in the Cartesian system of coordinates:

—

P(x,y,2) = Py (z,y,2) T+ Py (z,y,2) ¥+ P. (v,y,2) 7

the rotor operator has the form:

rotP = 8PZ_% T+ 6Px—apz y+ %_GPI zZ
0y 0z 0z oz )Y Ox oy

where &, ¥, Z are unit vectors of Cartesian system of coordinates.
Apply the Fourier transformation from the space z, y, z to the space k (kg, ky, k)
A

to the vectors P and 'r’otﬁ, assuming that the Fourier transformations P (ky, Ky, k) =

—

A
F, (P (z,y, z)) and R (kg, ky, k2) = Fy, (rotﬁ (z,vy, z)) exist. This is fulfilled, for ex-
ample, if we'll necessitate, that Py, P), P € Ly (—00,00) is a class of functions with
summable square [12].

oo oo o0

A
P=F, (13 (:U,y,z)) = / / / ﬁ(x,y, z) e~ har=ikyy=ikZ oy dz |

—00 —00 —O0

A
The Fourier transformation R = Fy, (rotﬁ (z,vy, z)) of the rotor P we can rep-

resent in the following form:
A, L - . AN
R=F} (rotP (x,y, z)) =ik x Fy, (P (z,y, z)) =ik x P. (6)

So, in the space of k£ images of Fourier a rotor operator can be represented as a
A

vector product of the vector ik on the vector P. Hence, for defining the fractional
A

rotor rot?, it is necessary to define fractional operator from the vector product ikx P
in the space k.

The operator L = (zféx) at the fixed vector k is a linear operator, acting on

the arbitrary vector Has L (ﬁ ) = ik x H. So, following the described scheme
of getting a fractionalized operator, it is possible to define the fractional operator

LY = (iEX)a:
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Applying the inverse Fourier transformation (passing inversely to the space
x,y, z), we obtain a fractional rotor from the vector P:

A
rot®P = Fk_1 (Lo‘ﬁ> .

It is easy to see, that the operator Ly = (E ><> has the following eigen values and

eigen vectors:

Ay =k (kg ky, k), a1 =0;
Ay (ikky — kyka, k2 + k2, —ikky — kyk.) , as = ik
Ay (—ikks — kyhky, k2 + k2, ikky — kyk.) , ag = —ik

where k = | /k2 4 k2 + k2.

The arbitrary vector H = H,% + Hyy, + H.Z, in the Cartesian system of
coordinates is represented in the form of linear combination by eigen vectors:
ﬁ = 01/1’1 + CQ%TQ + C3K3,

—

where the addends ¢, A,, are defined as:

o1
cdi =5 (k2H, + kykyHy + kokoH.) Tp+
1 _
+ 1 (ke Ha + kg Hy + kykH) Gt (7)

1
15 (kaks Hy + gk Hy + kZH.) z,

oAy = — [(K* — k2) Hy + (ikks — kyky) Hy + (—ikky, — kok.) H.] T+

bty (kb — koky) Hy 4 (K = B2) B + Gk, — kb B G (9
+ﬁ [(ikky — koks) Hy + (—ikky — kykz) Hy + (K — K2) H.] %

cs Ay = # [(k? — k2) Hy + (—ikk, — koky) Hy + (ikky — kok,) H,] S+
+ 2%2 [(ikk. — kuky) Hy + (K> — k) Hy + (—ikk, — kyk.) H.] G+ (9)
+271€2 [(—ikky — kok.) Hy + (ikky — kyk.) Hy + (K* — k2) H.] 2, .

N o N «
So the fractional operator L® = <zk><> = (kx) is represented in the form:

A 3
L (ﬁ) =i (am)® cmAm. (10)

m=1
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For getting the representation for the fractional rotor rotals, we have to apply

the inverse Fourier transformation to expression (10):

A
rot®P = Fk_1 <L°‘ (ﬁ)) =

=F! (53/@;1%@ — cos (ar/2) K2k 2 Py, + cos (am/2) k* Py, + )

2.2. The one-variable function. The particular case, when the initial vector
P depends only on one coordinate z, i.e. P = P(z) = P, (2) %+ Py(2)y+ P, (2)Z

was considered in [1].
In this case the Fourier transformation

Fi— F (mtﬁ (z)) — ik x F (13 (z)) - (ugzzkx)zg :

and the fractional operator

Lo = <iEx)a = (ik,)* (F.x)* .

Following the described above method of getting a fractional operator, we’ll find

the eigen vectors and eigen values of the operator (2} x):

—

A1 (0,0,1) = Zj, a1 =0;

—

AQ (7‘7 170) = ka‘ + gk? ag = ’L7

A3 (—i,1,0) = —iZy, + J, ag = —i .

The arbitrary vector H = H, %, + Hyyi, + H.Z, in the space (Z, Y, Z) is repre-
sented in form of linear combinations by the eigen vectors H= clffl + Cgffg + 0314_1'3,

where addends are calculated by the following formulae:
oAy = H.%,

62A2 =

—_ N

> , I S
03A3 = 5 (Hx — ZHy) Tl + 5 (ZHx + Hy) Yk -

So, the fractional operator

or in detail

" 3 o all . N _
(Zpx)*H = 0"H, 2z} + 1 [2 (Hy +1Hy) T, + 5(—@ch—|—Hy)y/~C +

} R 1 .
(Hy +iHy) T + 3 (—Hy + Hy) g,

(11)
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+ (=9)* %(Hx—iﬂ)wk-i—l(zH + Hy) 4 ] .

= am am
In particular, if H = T, then (2 x)® T = cos (7> T + sin (?> Wi
At o = 1, we obtain the known correlation for the vector product: (Zxx)® |a=1T% =

(2, x) Tk, = Y-
At @ = 0, we have the unit operator (ZxX)* |a=0Zk = [T} =
A

Using the formulae for decomposition of the vector P <Px,Py,P > by the
eigen vectors cmA, from (12) we have the representation for the fractional operator
Lo = (zkx) :

A 3
L~ ( ) (ik,)" Z (am)® cmAm =
m=1

1 A A
= (ik,)" OQP 22k t3 (k) <Py ipsc) (i@k + Gr) +

A

T % (—ik,)® <Py - z‘PI) (=i + k) - (13)

Grouping, after transformations, finally we obtain:
A A A A
L~ (P) = (k)" 80a P22k + (ik,)" {Pw cos (%) — Py sin (gaﬂ Trt+

+ (ik,)” {ng sin (%) + ng cos (71-20[)} Uk (14)

Using the identity F} * ((zkz)o‘ U (z)> =_c0 DSU (2), applying to equation (14)
the inverse Fourier transformation, finally we obtain the following representation for
the fractional operator rot® P (z) in the Cartesian system of coordinates (z,y, 2):

rot® P (z) = [cos (%) D¢ P, (z) — sin (%) DZP, (z)} T+

—0o0

+ [sin (%) DY P, (%) + cos (%)

The obtained representation (15) is a generalization of the known operator rot

DP, (z)} 7+ 60a—coD2P. (2) 7. (15)

for fractional case.
It is easy to check, that

rot® P (z) = { —

2.3. The fractional rotor for the exponent of two variables. We’ll apply
the described above scheme for particular case, when the function is represented in

the form
E = ZF (x,y) = Zelow+ity
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In this case the Fourier transformation
A . - R
R=F, (rotE) — ik x F (E) ,
. A . Lo
where F, (E) -y (0,0,F> and £ = k (ky, ky, 0).

5 a
Let’s denote LY = (ikx | as a fractional operator in the space of Fourier images.

The eigen-values of this operator

a1:0, agziki, a3:—ik‘.
From formulas (7)-(9) for our case k = k (k,, ky,0) we obtain, that the vector
A
E = Z,F in the space (Z, Yk, Zx) is represented in the form of linear combination
A
by the eigen vectors £ = 01A1 + C2A2 + 03A3, where addends are calculated by the

following formulae:

0114‘1 = 0
- iky 1k
= — 1
caAs %F k+2kFyk+ sz (16)
- zk‘y 1k,
c3As = o F:n - Z—kFyk + sz
So
A 3
L (E) = Z (am)® emAm (17)
m=1
and

nl -1
rot® [E} = Fy,

A,
Substituting (16) in (17) we have

A 3
L* <E> =3¢ Z (am)a Cm/_(m -

m=1

k
= a{(’ik) |:—ZyF$k—|-Zk:Fyk—|- sz:|+

2k 2k
# (i) | GEFR - SR+ 3P | - (18)
= )" [P (7 — ()°) + FGE (= ()°) + P+ ()"

Choosing in expression (18) the branches of the multivalued functions i* so, that

i@ — (—i)® = 2isin <%) | % 4 (—i)* = 2 cos (%) :
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Let’s note, that the choice of the multivalued branch is always connected with
conditions of a concrete physical problem.
Finally we obtain:

A

2, k, -~ k. ~ .
L~ <E> = (ik)* [sin (%) ?yF:Ek —sin (%) ngjk + cos (%) FZk] . (19)
Fourier transformation of the function F (z,y):

F (ko ky) = F (em“by) =5 (kg — a) 8 (ky —b) . (20)

A
Putting (20) to expression (19) for L“ E |, then applying the inverse Fourier

transformation we obtain the expression for the fractional rotor in the following

form:
rot® [geiaeriby] —

= (ik)™ elaztiby [sin (%) éf — sin (B)

A 5 %§+ cos (%) Z] , (21)

where k is defined as k? = a? + b2

From (21) obviously we obtain, that as a = 0 we have the identity operator
rotY| =0 [E‘} = E and as @ = 1 we obtain the ordinary rotor operator rot®|,—1 [E} =
rotE.

In particular case, when b = 0 we have the one-variable function E = ZF (z) =

Ze' and from (21) we have

rot® [Ze'**] = — (ik)® sin (B)

5 gemxg]—i- (ik)“ cos (%) ey

k

that is adjusted with expression (15).

2.4. The fractional rotor of exponent of three-variables. By the sim-
ilar way we obtain the expression for fractional rotor for three-variables function,
represented in the form:

E = 7F (1,’ y) — Zeiax—l—iby-i—icz )

As earlier
A 3
rot* || = Ft |2 (E) = F7 i (am)® em A
m=1
where 1
1Ay = 5 F [kokeTy + kyk-g + K2z
- 1 -
oAy = @F [(—ikky — kok.) Ty, + (ikky — kyk.) G + (K — k2) 2] (22)
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c3Ay = — S F [(ikky — kok.) Ty + (—ikky — kyks) G + (K — k2) 2]

1
2k

After transformations

AN
= s L2 S . -
L <E> = 50aﬁF [k:xkzﬂfk + kyk v, + kzzk] +

+ (ik)“ /{:2 Ksin (%) kk, — cos ( ) k. k ):Bk—i-

+(—sin<%)kk —cos( )kk)yk—l—cos( ) }

Taking into account, that the Fourier transformation
F (ks by, k2) = Fy (ez‘az-i-iby-&-icz) = (ky —a) 6 (ky — b) 8 (k. — )

we have the expression for the fractional rotor

rot® [_’ "”‘”Hbyﬂcz} = ]:2 ( “Soaac + (ik)“ sin (?) kb — (ik)® cos (?) ac) Fi+

]{:12 ( “Soabe — (ik)“ bln( 5 >ka — (ik)“ cos( 5 )bc> Fij+

1

+ 3 ( 500 + (ik)® cos (%) (a® + b2)) Fz. (23)
Consider some particular cases.
If we take ¢ = 0 in formula (23), then

rot® [—» za:c—&-zby} _

— <(Hz)a sin (%) b — (i]]z)a sin (%) ay + (ik)“ cos (%) Z) el ity (24)

that coincides with expression (21) for two-variables function.

3. Some applications.

3.1. The plane wave propagation. Apply the obtained result for simplest
case of propagating plane wave in medium [7]. Let plane wave propagates in the
medium, characterized by a wave vector l;/: at an angle of ¢ to the plane = — z.
Electric field is given as E = Zeth(@cosptysing)

Following the fractional duality principle [1], we find the new fractional field

. 1 L
E% = (,k>ar0t°‘E, nH® =
i

Using representation (21) we obtain

(ui)a“’ta (n)

. 1 .
E% = ——_rot®E =

(ik)

= <sin % sin & — sin % Cos @y + cos %z") eik(@cos ptysing) (25)
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The magnetic field is found from Maxwell equation as

. 1 .
nH® = —rotE®
ik

We’ll analyze the obtained expression for (Ea, nﬁ a).

<E"", nﬁ a) satisfies the Maxwell equation and represents the plane propagating
wave.

Introduce the local CK (2/,y/, 2') at some point (z,y, z) by the following way:

Direct the axis 2z’ along the vector of propagation of plane wave, i.e.
7 = Fcos g + ysin p;

the axis 2’ coincides with the axis z : & = 7}

the axis 3/ is chosen such, that three vectors x’, %/, 2’ form the orthogonal system
of vectors, i.e. we take ¢ = &' x 2/ = —Z'sin p + 5 cos .

In this local CK the initial vector of voltage of the electric field E will be written
as E = E,7 where E, = ¢tF(@cosptysing),

The fractional electric field has the coordinates E* = ES,&" + E;‘,g" , where
o ; . T ;
anc[/ = o8 76%(3: cos p+y sin n,o)7 E;/ — —gin 76116(33 cos p+ysin p) )

So, the action of fractional rotor operator on plane wave may be interpreted as
a rotation in the phase for angle wa /2.

3.2. The filament of current. Consider the action of fractional rotor in
radiation problems [8]. For this reason let’s consider the field (E, nﬁ ), radiated by
filament of electric current, located along the axis z. The density of electric current
is defined as j, = 2.J.0 (x) 8 (y).

The field will be written as

+oo
k Q
ECC = Ey = 05 EZ (l‘,y) = 7ﬁ<]e / ﬁdﬂ )
+oo
kn QB

+oo
k
wHe =20 [ Qas. i, as, ni. =0

Eje V1-— 32

. /132
where it is denoted Q = Q (x,y, 5) = elk(ﬁx+ 18 ly‘).
Let us apply to this field the fractional rotor and obtain the new fractional field

—

E* =

1 L 1 ,
~_rot®E, nHY = —— t“(H)
(Zk) ro n (Zk) TO n

or by coordinates

+o00o

k

B = —AJ2 / Qdg, Eo =
4
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+oo +oo

kn Q kn Q
=AJ,— | —=—dB, E®=—-BJ.— | ——d
4%/\/1_52ﬂ 4#/\/1—52ﬂ

“+o00
k
nz =527 [ Qis, i -
47 4

[ Q [ Q
n n
= BJ.— / ————dfp, nHY = AJ.— / ——dp
47 J1-52 z 4 1 - 32
JoVI=B JoVI=F
It is easy to see, that the obtained fractional field represents the field, radiated
by combination of filaments of electric and magnetic currents with the densities

7 :ZJecos%é(q:)é(y), 7 = 27, sin %5@:)5@).

m =

It is interesting to remark, that as a = 1 the fractional field passes to the field,
radiated by filaments of magnetic current with the density j,, = 2.J.6 () 6 ().

3.3. The current sheet. In the following example, we’ll consider the field
<E, nﬁ ), radiated by sheet of electric current, distributed in the plane x — z with
the density

Je = EJee”oeo7§ (1)
where J. is an amplitude, 1, is an initial phase, 3, is a coefficient of propagation.
The field of radiation has the form [§]

1 , .
QJEQZBomeiwy (—vZ T Bod)

— 1 ) . N
nH (0,0, Hz) = Fondee ™ e WE - E(Ey, By, 0) = 5o

where it is denoted v = /k2 — 82, By = kcos ¢, v = ksin ¢;;
the upper sign is chosen at y < 0, the lower - at y > 0.

The fractional field (Ea, nﬁ O‘) is defined as

1 - -

. 1 .
Er— B pH® = o ( H)
(k) rota " ! k)~ \"

Using representation (21) for fractional rotor, the fractional field will be written

in the form:
E® (ES,ES,E2) =
1 . ,
= —nJ.ePor ety (COS (E) sin ¢& F cos <@> €oS ¢y F sin <@> Z)
2 2 2 2
nH® (HY, HY HY) =
1 . .
= Qnt]eezﬁo’”ei”y (— sin (%) sin ¢F =+ sin (%) cos @Y F cos (%) Z’) .
The obtained fractional field is a field, radiated by the combination of sheets of

electric and magnetic currents with the densities

- o . ) 5 a . )
Jjo = J. cos %e_woe’%% (y) y I = TJesin %6_“%61501»’5 (y) .
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