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MECHANICS

Gabil A. ALTYEV

PULSATING FLOW OF BUBBLE LIQUID IN A
VISCO-ELASTIC TUBE NON-HOMOGENEOUS IN

LENGTH

Abstract

At present, the problems of mathematical physics, concerned with descrip-
tion of wave motions of different nature liquids, in particular, multiphase ones
in deformed tubes draw great attention. This interest is stipulated not only by
large applied significance of the indicated problems (transportation process in
different chemical-engineering devices, hemodynamics, tubeline transportation,),
but also by their new theoretical and mathematical contents, which often don’t
have analogies in classical mathematical physics.

barotropic diphase bubble liquid , enclosed to semi-infinite viscous-elastic tube

non-homogeneous by the length.

The given paper, in devel-
opment [1], in devoted to statement of the results, concerned with the prob-
lem of mathematical description of one class of motion of ideal compressible

1. The liquids stream in deformed tubes in many cases may be described by the

equations of hydraulic approximation. They can be obtained by averaging the corre-

sponding linearized motion equations and continuity equation. Pass to description

of this procedure, which permits significantly to simplify the initial simultaneous

equation, not distorting at that the substance of effect.

Let’s refer the consideration of small axisymmetric motions of diphase liquid in

thin-walled tube of radius R and thickness h to the cylindrical coordinate system

(@, ,7).

Assume, that according to [2], the motion of mixture can be described by the

model of ideal compressible medium. Uniting the axis x with the tubes axis and

denoting by v, (x,r,t) and v, (x,r,t) the axis and radial vector component of velocity,

respectively we’ll write the impulse equations

v, __ 1 0P
ot pso Ox
ou 1 0P
ot pro Or

and continuity equation

1 0p Ov. 1 vy
ox

—Up

where [2]

)
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is density of gas-liquid mixture, agg is a volume of bubble content, p{, and p9, are
real densities of liquid and gas, respectively. Accepting that the mixture is barotropic

p = p(P) we have:
dp _dpoP _10P

ot  dP 9t a2 ot

2
a2 = 1 { P(fo } & 7
a0 (1 —a20) LpYy— 0% S P

is a square of sounds velocity, and Py is a static pressure. Note, that the lower zero

Here, by [2]

index corresponds to the values of the parameters in equilibrium position.
Now equation (1.3)" we rewrite in the following way:

1 0P Ov, v, Ovuy
+

a2pf0§ * orr  Ox

= 0. (1.3)

Assume, that the axial component of speed is larger than redial one and lower
we accept v, ~ 0. Hence, from equation (1.2) at once it follows that %—I: =0. In
other words

P =P (x,t). (1.4)

Introduce the assumption according to which the tube is rigidly attached to
the environment. At this the axial displacement is absent and the penetrability
condition is determined by the equality

0
vrza—zj at r=R (1.5)
where w = w (x,t) is a redial displacement of tube wall. Multiplying the both parts
of equation (1.3) by 27r and integrating by the coordinate r from 0 to R. Then by

virtue of condition (1.4) the first additive with (1.13) we give the form

R
27 oP TR? OP
—— [ r—dr = ——.
P 0@ / or proa? Ot

Integrating by parts the second additive we’ll write:

R 9 R
v
27‘(‘/1" 8:617“ =27 rvr|0R - /vrdr
0 0

Allowing for equality (1.5) we have:

R 9 5 R
v w
2 =2 R— — d
T / 5 dr =27 5 / vpdr
0 0
Determining by u (x,t) the mean speed of mixture in section of tube by the
dependence
R

@) = — [2rrv,d

u(x,t) = ru dr

b 7'['R2 T x )

0
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We’ll write the last additive by means of the expression

R
0 90U
%/QWT%dT =7r e
0

Adding the last relations we’ll finally obtain:

1 0P 0Ou 20w

. 1.
a?ppg Ox + oz + R 0t 0 (16)

Transforming equation (1.1) by the analogous way we’ll have:

Qu_ _10F (1.7)
ot pro O
To equations (1.6) and (1.7) we must add the equation describing the connection
between the pressure P and the flexure w. This equation has different form depend-
ing on accepted precondition simulating the mechanical behavior of tube wall. The
wall’s material we’ll accept linearly visco-elastic and non-homogeneous in length.
Neglecting the dynamic effects for long waves we have:

h
P= ﬁE”w, (1.8)
where the visco-elastic properties of material are described by Yu.N.Rabotnov [3]
hereditary elasticity theory:
t
E’w = E (x) w—/F(t—T,x)w(T)dT . (1.9)
—0o0
In formula (1.9) E (z) is elasticity module, and I' (t — 7, z) is a difference relax-

ation kernel.
Combining equations (1.6) and (1.7) we’ll have:

1 9%P 1 92P 2 9%w

— g )
pro 0% a’pyy 012 R Ot?

Here using equalities (1.8) and (1.9) for the function w we obtain

2 2 t
%té“m%é’ff?i%s‘tz{w— f F(t—w)w(r)m}—
—0o

(1.10)

w — }F(t—T,x)w(T)dT]}:().

—0o0

h 92
_2pfORW {E (SL’)

Without loss of generality we’ll assume that the functions E (x) and I' (¢t — 7, )
have the special form:

E(@)=g1(2)Ex, I'(t—t,z) = golc (t — 7), (1.11)



156 Transactions of NAS of Azerbaijan
[G.A. Aliyev]

where g1 () and g2 (z) are positive constants that have smoothness conditions nec-
essary for legitimacy of carrying out corresponding operations. Besides, we’ll assume
the tube as homogeneous at infinity.

Hence it follows that

lim g; (z) = lim go (x) = 1. (1.12)
r—00 r— 00

2 _ hEs
0 ™ 2Rpy
following integro-differential equation with variable coefficients

we come to the

Using (1.11) in (1.10) and allowing for the notation c

2

02 w T ¢ I T.2 T dT —_
882:‘,12” aggl (1){%2752 g2( )gﬁ f (t ’ )w( ) }

_0338722 {91 (z) [w — g2 (x) _j L'(t—r,z)w(r) dT] } =0.

Equation (1.13) describes the longitudinal vibrations of described above system.

2. Study the case of distribution of harmonic waves with given frequency w on
the semi-infinite interval 0 < x < 4o00. For this using variable separation method
we’'ll write the solution of equation (1.13) in the following form:

w (x,t) = wg (z) exp (iwt) . (2.1)

Here wyq (t) is the unknown complex function coordinates of position coordinates.
At first we’ll use the form of solution (2.1) and we’ll calculate the integral incoming
in equation (1.13):

]rw (t — ) w (1) dr = wo ]rm (t — 1) exp (iwT) dr.

Making the substitution ¢ — 7 = 6 we find that
t

wo / I (t — 7) exp (iwT) dT = wop exp (iwT) ,

—0o0

where the complex value
oo
w= /Foo (0) exp (—iwT) db = py + iy (2.2)
0

can be determined analytically or numerically for arbitrary kernels of relaxation.
Substituting (2.1) in (1.13) allowing for formula (2.2) and introducing a new
variable

y (x) = wog1 (x) [1 + pg2 (x)] = wov () (2.3)
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we’ll obtain the equation
Y +e(x)y=0 (2.4)

in which for brevity of writing we’ll denote:

1 1
2
= —+ . 2.5
o0 =t ) 29)
at this square of speed of wave propagation
2
= d

{e(2)}

Lets’ calculate the limit of the function ¢ (z) as x— oo. For this expression we find:

1 1
: _ 24 _ 82
Ilglgogo(:r)—w {a2+c(2)(1—,u,)} 6, (2.6)
or conditions (1.12) are fulfilled.

Analysis of roots of dispersion equation (2.6) doesn’t represent principal difficul-
ties and therefore later we’ll use the root where Imé < 0. Introduce the function
q (z) by substitution

which transforms the differential equation (2.4) onto the equation
y" + 0%y = °q(x)y. (2.7)

We’ll assume that the potential ¢ (x) is integrable. Thus,

[la(@)ldo < +oc. (2.8)
0

We'll complete equation (2.8) by the following boundary conditions
y(0) =y, y—0 as x — oo. (2.9)

The value yg we can calculate depending on concrete assignment of a boundary
condition on the end-wall of tube (z = 0).

The second condition (2.9) provides the boundedness and uniqueness of the de-
sired solution. As a result we succeeded to lead to the solution of problem the
Stourm-Liouville singular boundary value problem (2.7) and (2.9).

3. Considering the addend 6%q (z) as external source and applying the varia-

tion method of arbitrary constants we can show that the solution of equation (2.7)
satisfies the integral equation [4]

y(x,—9d) = Ce "7 4 5/ sind (§E—x)q (&) y(§—0)dE. (3.1)
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Here £ )
Yo z,—
C = A o Y=Y 777>
and the function f(z,—9) should be determine from the solution of the integral
equation.

flz,—8) = e 4 § / §ind (€ — 2) q (€ — ) dE. (3.2)

Equation (3.2) is a Volterra type integral equation of the and is solved by the
successive approximations method of the form

fla,=6) = 8" fn(x,=0), (3.3)
n=0

where

fulw=8) = [ s8¢ = 2) () for (0,00 (= 1.2,..)
x
By virtue of inequalities (2.8) and choice of the sign Im ¢ by the Weierstrass sign it
follows from uniform convergence of successive approximations that a unique solution
(3.2) is determined by formula (3.3). On the other hand by the immediate checking
it is easy to establish that this solution satisfies equation (2.7). It appropriate to
note, that the series obtained by the term wise differentiation (3.3) also uniformly

converge.
Now from formula (1.8) and (2.3) we obtain:
Yo f(:Ev _6) .
= ———~ exp (iwt), 3.5
v(a) F10,-9) P &2)
P =y R F(0,—0) exp (iwt) . (3.6)

Then, from equation (1.7) it follows that

hEs f'(z,—9)
wpfORQ f (Oa _5)

It remains to determine the value yy proceeding from regime of system function-

u = iyo exp (iwt) . (3.7)
ing. For this on end-walls of tube we’ll give:
P = Pypexp (iwt) . (3.8)
Comparing (3.8) with (3.6) at x = 0 we have:

R2
hE«

Yo = Poo,
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Substituting of the last equality in (3.5)-(3.7) leads to the following relations:

. Py f'(x,-0) .
u = Z%m exp (Zwt) N
w = Po R f(2,-0) exp (iwt) .

v(z) hEes f (0,—9)
The second type of regime is in giving liquid at the end-wall of speed

u = ug exp (iwt) .
Thereby we determine

wproR? f(0,—-0)
hEo f, (07 _5) .
The final result is obtained by the analogy with previous considerations. It has
the form:

Yo = —iUg

-0
P = —iuopfowm exp (iwt) ,

f"(0,=9)
=u f'(z,29) exp (iw
) p (iwt),
w = —iug ol [ (z,~0) exp (iwt) .

"hEcv (z) f(0,—0)

Thus, series (3.3) in conjunction with equalities (3.4) represents the constructive
solution of the stated problem. Note that the physical value represent the real parts
of obtained solutions, and the result of paper [1] is automatically follows at p = 0.

References

[1]. Amenzade R.Yu., G.A. Gurbanov, F.B.Nagiyev. Waves in non-homogeneous
tube with leaking diphase liquid. MCM, 2003, No4, pp.555-566.

[2]. Gubaydulin A.A., Ivandaev A.I., Nigmatulin R.I., Khabeyev N.S. Waves in
liquid s with bubbles. Itogi nauki i tekhniki. Ser. of liquid and gas mechan. M.,
VINITI, 1982, issue 17, 247p.

[3]. Rabotnov Yu.N. Elements of hereditary in solids mechanics. M.: “Nauka”,
1977, 383p.

[4]. Amenzade R.Yu. Waves in nonuniform tube containing a liquid. Dokl. AN
SSSR, 1980, v.253, No3, pp.562-564.



160 Transactions of NAS of Azerbaijan
[G.A. Aliyev]
Gabil A. Aliyev
Institute of Mathematics and Mechanics of NAS of Azerbaijan.
9, F.Agayev str., AZ1141, Baku, Azerbaijan.
Tel.: (99412) 439 47 20 (off.)

Received March 16, 2004; Revised June 03, 2004.
Translated by Mamedova V.A.



