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ON COMPACTNESS OF IMBEDDING FOR ONE
CLASS OF WEIGHT ANISOTROPIC
PSEUDO-NORMALIZED SPACES

Abstract

The problem of compactness of imbedding for one class of weight nonlinear
anisotropic spaces is considered. The theorem on compactness of imbedding of
one class of weight pn -spaces in Lebesque weight space is proved.

The paper is devoted to the investigation of the problem of compactness of
imbedding for one class of weight nonlinear anisotropic spaces. As a fact the paper
is logic continuation of researches carried out by the author in [1,2], devoted to the
theorems of imbedding of weight nonlinear pseudo-normalized spaces in Lebesque
weight spaces. Many works have been devoted to the investigation of nonlinear
pn-spaces. In weight case they were studied in [3,4]. The application of received
results to the nonlinear differential equations is also possible to find in [5]. In weight
case, as it was noted, the problems of imbedding for pn-spaces are considered by the
author in [1,2].

Applying the results obtained in [2], and also using the methods of the paper
[6] in the present paper the theorem on compactness of imbedding of one class of
weight pn-spaces in Lebesque weight space is proved.

The basic concepts and notation used in the paper are cited in section 1. The
second section contains some auxiliary results and the main theorem on compactness.

1. Preliminary data

Let R™ (n > 1) be n—dimensional Euclidean space, €2 be a bounded set in R".

The arbitrary measurable function v on  such that 0 < v (z) < 400 almost
everywhere on () is said to be weight, and the set of all weights on 2 we’ll denote
by W ().

For v € W () we denote by v (E) = |E|, fl/ ) dx the v weight measure of

the measurable set £ C Q. For v (z) =1 we denote by |E| the Lebesque measure
of the set E.

Let v € W (), 1 < p < +00. We determine the weight space L, (; ) as a set
of all measurable on € functions u (z) for which the norm

1/p
<f|u dm) at 1<p<+o0
lu: Ly ()] =
essesup |u (z)| v (z) at p = +00
Q
is finite.
Let 0 < p; < 400, 1 < ¢q; < 400, v; € W(Q), i = 0,n. Let’s introduce the

notation for the function u € C* (Q)

|u : S;z%,q (955” = |u : Lpo—HIO (Q;V0)| +
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+ vi (z) [u ()"
>(/

Q

where p = (po, ...y Pn) s @ = (q0s -y Gn) , V() = (Vo .oy U (X)) .

By Sk (€;7) we denote the closure of the set of all u € C* (Q) for which expres-
sion (1.1) is finite.

Expression (1.1) determines the pseudo-norm (pn) [3,4]. The properties of pn-
spaces in unweighted case are sufficiently studied in [3-5] in which both questions of
imbedding and applications to differential equations were considered.

Cite some notation and auxiliary assertions.

Consider the integral operators

1/(pi+a:i)
q;

Qu(@) ™, (1.1)

8$i

Ku<x>=/k<x,y>u<y>dy, K*u(sc):/k* (@,y)u(y)dy, zeQ
Q Q

where k: Q x Q — R is a non-negative measurable function k* (z,y) = k (y, ).
Let w,v € W (). For the operator K assume
(K] =

o
pri=r qu

/ / -1
= sup {‘Kul_p X0 : Lyq (Q;w)‘ . ’XQ Ly (Q; pl=p )‘ : dyadicQ C Q} . (1.2)
For the kernel k of the operator K introduce the value

[k 10" g = SUPSUD {|Q N B (z,r)|Y/?. ‘XQ\B(z,r)k (z,): Ly (Q; Z/l—p’) ‘} . (1.3)

zeQr>0

Denote by ko the kernel k of the operator K if it has the form

kna (2,9) = Xina (2 — Yl k (2, 9)), 0<h<a<+o

Denote by Kj, g (K;‘;a) the operator K with the kernel kj, , (k;a)
Further in the paper we’ll consider the operator K with the kernel

The noted notation (1.2) and (1.3) are taken from the paper [7].

We need also the following imbedding theorem from the paper [2].

Theorem 1.1 Let Q C R"™ be an arbitrary bounded open set with non-empty
interior a > 0, 1 <pg < p < 400, 1 < p; <p < 400, w,vy,v; € W(Q) and the
Jollowing conditions be fulfilled

1)Co(Q)= sup  Co(B(y,r)) < +o0

B(y,r)

_9(y)
yGQ,r_12 -

S
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2)Ci(Q) = sup Ci(B(y,r)) < +oo
B(y,r)
yeQ, r= 192(%
3) Cj Q) = sup Cr (B (y,r)) < 400
B(y,r)
yeQ, r= 192(\%
Ci B ,T)) = K nr —p!
(B ) = Kooy oo

at 1 <p, <p<—+oo

)= [Kius), e

or
Ci(B ) = (Koo o
at 1 <p, <p<-+o0
i* (B (‘% T)) - [ksﬁ\/ﬁr} p’wp’.u%_p;
e

Then the imbedding

Sl

055 (8 7) C Liaq1yp (4 w)
holds.
For € > 0 we assume that Q. = {y: dist (y,) < e}. It is clear that if x € Q

then the open ball B (z,¢) C Q.. Let u € L' (€.). Determine the function

1

= - d Q h <e.
up, (x) B /u(y) y, €, 0<h<e

B(x,h)

The following theorem holds.

Theorem 1.2 [6]. Let 1 < p < 400 and w € W ()N Ly (). Then if the set
E C L, (Y w) satisfies the following conditions

1) E C L¥Y¢(Q.) for some ¢ > 0;

2) E is uniformly bounded in Ly (;w);

3) Ep = {uy, : u € E} is uniformly bounded on Q at each h: 0 <h <e

4) the functions of the set Ej are uniformly continuous on ;
Lp(Qw)
5) up, - oo, then it is relatively compact in Ly (€ w).

2. Theorem on compactness.

The main result of the paper is the theorem on compactness of imbedding of
weight pseudo-normalized space in Lebesque weight space. For proving of this result
we need some auxiliary assertions which we’ll show below:

Theorem 2.1 Let © C R"™ be bounded measurable set and the counted system

_ . of measurable sets such that C - an = U m, en
{Gm}f;’il f bl h that G™ Gmtl Q d Q) UIG Th

m=
the conditions:

1. For each m € N it holds the compact imbedding

1 (0.3 m.oy .
S54(Q;v) CC Ly (G w) 5 (2.1)
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holds

M—=400 \ |85 4 (47)|<1

2. lim ( sup |u: Ly, (Q\Gm;w)|> =0 (2.2)

are necessary and sufficient for holding of the compact imbedding
1 . :
S5 (8 v) CC Ly (Qw) (2.3)

The noted theorem is proved by the same way as analogously to the same result
in case of Lebesque weight spaces ([6]).

Lemma 2.1 Let 1 < p < 400, 0 < h < 400 and w € W (Q2). Then for any
u € C°(Qy) it holds the inequality

n
lu—up, : Ly (Qw)] < CZ / L%dy t Ly (Qw)]. (2.4)
=1\ B(z,h) [z =l

The proof of the assertion follows from the integral representation for continu-
ously differentiable functions [8] lemma 1, p.436.

Lemma 2.2 Let h > 0, a > 0 be some numbers, w, v; € W (Q), i =1,n. Then
for any u € C* (,) the estimation

[(Jul*u = (u|™ w),) = Ly (L w)| < CY_ lul” Dyw: Ly, (R v4)] - max

i1 i=1,n
[Ko’ij"/ﬁh} pivi " pw * [KSV?’\/ﬁh]p’w,péVﬁp; o bepsps oo
(2.5)
[ko,z\/ﬁh} pw}*p',pw + [ko,gx/ﬁh} p,w7p;V;—p; at I<pi<p<+o0

hold, where the relations connecting the weight functions are determined in section
1.

The assertion of the lemma follows from lemma 2.1 and the theorem on bound-
edness of integrals of potential type in weight spaces [7].

Lemma 2.3 Let ¢ > 0, a > 0 be some numbers w, vy, v; € W (Q:) and the
conditions

at 1 <p; <p< 4o

lim {[K()’h] 1—p/ + [Kg,h] , 1p/_} =0 (26)
h—0 piv;  'pw pwpiv, *
at 1 < p; <p< 400
iy { oo+ Broal o} =0 (27)
h—0 piv; ,pw pwpiv, "

where i =1,n be fulfilled.

Then for any u € S1

- 1 )
app (Qe37) N C™ (§2) the relation

T [(jul = (Jul” w),) : L (50)] = 0. (2.8)
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holds. The assertion of the lemma follows from inequality (2.5).
Lemma 2.4 Let the conditions of theorem 1.1 be fulfilled. Then for any
e>0and u e S _(Q;7) there exists u(®) € C' (Q) such that

op,p
’ (|u\a u— ‘u(s) “

u(€)> : Ly, (Q;w)‘ < g (2.9)

The proof of the assertion is based on continuity of imbedding (1.1) and deter-
mination of the weight pn-space.

Theorem 2.2 (local compactness). Let Q@ C R™ be bounded open set, and
G C Q such that for some sufficiently small ¢ > 0, G. C Q, w, v; € W(Q),
a>0,1>p <p<4oo and

1) w,vt ™ e Ll (Q);

2) the conditions of theorem 1.1 are fulfilled;

3) relations (2.6) and (2.7) are fulfilled for the set Ge.

Then the compact imbedding:

Séﬁ,ﬁ (Qa D) cC L(a+1)p (G, w) .
holds.

Proof. By virtue of Hausdorff theorem ([8], theorem 3, p.46) it is sufficient to
prove that for any 1 > 0 and bounded set from Sém; (€2; 7) there exists the finite 7
-net in Liq41), (G3w).

First of all note that the continuity of the mapping g (t) = [t|*t : L(a41), (G;w) —
L, (G;w) yields the following: if there exists the finite 1 -net for the image of the
mapping g (E) in L, (G;w), then there also exists the finite 1 -net for the set E in
L(a+1)p (G;w). Therefore it is sufficient to show the existence of finite 7 -net for the
set

{lul*u e Ly (G;w) : u€ Ly (Giw)} (%)

Let’s assume
E={u: ’u : Sép’ﬁ(Q;l?)’ <M < +o00}.

Let’s take the sufficient small 7 > 0 and allowing for lemma 2.4 for each u € F we
choose u(™ € C' (Q) such that inequality (2.9) be fulfilled. The set of such functions
u we denote by E™.

Assume that the set E(1®) = {lul*u:ue E(h)} is relatively compact in L, (G;w).
For this we construct the fulfilment of the conditions of theorem 1.2 in conditions of
theorem 2.2.

Take the sufficiently small n > 0 and assume E}(lma) = {uh tu € E("’O‘)}. Since
EM € C'(Q) then it is clear that E™®) C L, (G.;¢) (condition 1 of theorem 1.2).

The uniform boundedness E®) in L, (G;w) (condition 2 theorem 1.2) follows
from the following inequalities

Hu(h)‘au(h) : L, (G : w)‘ < ‘(’u(")‘au(") - |u|au) : L, (G;w)‘ +

[ w s Ly (G2 w)| g%+é(Q)M<+oo

where C () is a constant determined in the imbedding theorem:

C(@) = max {Cy (), C:(9),C,(9), i=Ton}, ()
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Let now uy, € E}(ln,a) be an arbitrary function. Then applying Holder inequality
we’ll obtain

o c .
uf wy @) < 5 [ @™ dy <
B(z,h)
1/pg
< Ot Ly, (@) < ) (y)d <
=gl e )| < vy " (y)dy <
B(z,h)
1/pgy
CM L
S T / vy "0 (y) dy < +oo (2.10)

B(z,h)
Since the right hand side of inequality (2.10) doesn’t depend on (|u|* w),, and
|u|*u € E,(L") is an arbitrary function then hence it follows the uniform boundedness
E,(Ly’a) on G (condition 3 of theorem 1.2).

(v,a)

Take an arbitrary function u € E, and any two points 1,29 € G. Applying
Holder inequality we’ll obtain

1/p;

MC —pl
fun (1) — un (2)] < [ w Tt wa
B(z1,h)AB(z2,h)

The right hand side of this inequality doesn’t depend on w and it is finite. More-
over, allowing for condition 1) and the absolute continuity of Lebesque integral for
any beforehand given A > 0 we can choose § > 0 such that as soon as |z1 — z2| < A
the relation

un (21) = up (22)| < A

is fulfilled. B
The last inequality by virtue of arbitrariness of u € E,(;”a) and x1,22 € G gives

equicontinuity functions from E}(Ln’a) on G (condition 4 of theorem 1.2).
Allowing for condition 3 and applying lemma 2.2 and 2.3 it is easy to see that

L | (ful™ w = (jul w)p) = Ly (G5 w)| = 0

uniformly on E(™®) (condition 5 of theorem 1.2).

Thus all conditions of theorem 1.2 are fulfilled and so E(®) is relatively compact
in Ly, (G;w). Consequently, for Ema) ip L, (G;w) there exists the finite Z— net.
Then from inequality (2.9) it follows the existence of finite 7 -net for the set (%) in
L, (G;w). The theorem is proved.

Now we introduce the basic assertion on compactness of imbedding of weight
spaces.

Theorem 2.3 Let Q CR", w,v, e W(Q), 1<p;<p<+4o0, i=0,n, «a >0
and the following conditions be fulfilled:

1) Q is a bounded and Q@ = mlile where G™ C GH1 S Q are open and for each

m e N will be find the number e, > 0 such that GT! CQ;
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2) w,ué_pE’ € Lie (Q);
3) the conditions of theorem 1.2 are fulfilled;
4) lir_rFL C (Q\G™) = 0 where C () is determined in (**);

5) for GT' , m € N one of relations (2.6) or (2.7) is fulfilled.
Then the compact imbedding
Sepp (2:7) CC Liat1yy (A w) (2.11)

holds.

Proof. It is sufficient to show that in conditions of this theorem the assertion
of theorem 2.1 is true.
Allowing for condition 1)-3) and 5) by theorem 2.2 we’ll obtain the compact
imbedding
Sl

api,p (Q; O) cC L(a+l)p (va w)
for all m € N. Further, applying theorem 1.1 and taking into account condition 4)
we'll obtain the fulfilment of relation (2.2).

Thus all conditions of theorem 2.1 are fulfilled and consequently the compact
imbedding (2.11) holds. The theorem is proved.

Condition of theorem 2.2 are rather difficult from the point of view of application.
Therefore cite the assertion which a little bit more weaker than the previous one,
but with more visible conditions.

Theorem 2.4 Let Q C R", w,vg,v; € W(Q), 1 <py <p<+o0, 1 <p; <
p < +oo, i =1,n, a >0 and the following conditions be fulfilled:

1) Q is open, Q = mlile where G™ C G™ G Q are open and for each

m € N it will be found the number e, > 0 such that GT' CQ;
2) w, V(l)_p6 € Li¢ (Q);
3) C'(Q) = max {C~’0 Q), C;(Q), Cx(Q), i= 1,771} < 400 where

)

1/p 1/p),
~ 1 1_p/
Co () = sup _ / w(z)dx / ve 70 (2) da
By 1By, 0
yeq, r= 192(2 B(y,r) B(y,r)
Ci (Q) = sup sup sup |B(z, h)‘i)/p %
B(y,r)  z€B(y,r) 0<h<2r
yeQ, r= 1(]2(%
1/p;
N
B(z,2r)\B(z,h)
Cr ()= sup sup  sup !B(m,h)f{’_’i/ %
B(y,r)  xz€B(y,r) 0<h<2r L
yeQ, r:%
1/p

X / 2 — 2| TPy (2) dz

B(z,2r)\B(z,h)
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4) mhrﬂooé (Q\G™) = 0;

1/p;
5) lim sup sup |B(z, h)\i)/p ( i |z — y|(1_”)p; V}fpi (y) dy) =0
B(z,r)

r=0zeGm 0<h<r z,r)\B(z,h)
1/p
i sup sup Bh)' | [ e ey =0
r=0zeGm 0<h<r v,
B(z,r)\B(z;h)
i=1,n.
Then the compact imbedding
Solcﬁ,p (47) CC Liat1)p (Gw).

holds.

Theorem 2.4 follows from theorem 2.3 in case of 1 < p; < p < +oo, i = 1,n.
For this it is sufficient to note that in conditions 5) of theorem 2.4 conditions 5) of
theorem 2.3 are fulfilled.
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