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INVARIANT DETERMINATION OF &-OPERATORS

Abstract

In the present paper the invariant form of ®- operators is applied to the
covariant tensor field of (o,p) type is determined, where S € qu (My,). The

condition of the tenzor defining the ®°-operator is found. It is obvious that
the local form of this operator coincides with the local form of the first Yano
Ako operator under some conditions. Further the invariant form of ®°-operator
applied to the (0,p) type covariant tensor field of the generalized first kind of
Yano Ako operaot is determined. It becomes evident that the condition needed
for this operator to define the tensor of type (0,p + q ) coincides with the purity
condition of covariance tensor.

The invariant form of ®—operators is determined for some types of tensor fields
in Yano-Ako paper [1].In this paper the operators ® and ® that are applied to
tensor fields of type (0,p) are associated with the fixed structures ¢ € T} (M,,) and
S € T} (M,,). It should be noted that the ®¥-operator is applied only to pure tensor
fields w € Tz? (M,,). Unlike the operator ®¥ the operator ®° is applied to tensor fields
w € T (M) under the conditions which are no longer the purity conditions of the
tensor field w relative to the structure S. In case of w € T} (M,,) the @ operator is
determined and either the conditions of purity w relative to S-structure, i.e., in this
case we can apply the notation ®°.

In the represented paper the Yano-Ako results develop in two directions:

1) in case of S € T1 (M) and w € T0 (M,,) it was obtained the invariant form
of ®° operator whose local form Com(ndes with A.A.Salimov operator [2];

2) for S € Ty (M,) and w € T} (M,,) the operator ® is invariantly determined.

Note that as a result of action of two operators ® and ® we obtain the tensor.

1. Operator ®5w where S € T} (My), w € T)(My). Let S € T} (M,) and
w e T;? (M,,). Consider the following expression:
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—in (W (S (X1 ooy Tim1y 215 Tige 1y ooy Tq) 22, oy Zp)) +

+Z (wWo S) (@1, ..., Tiz1, [Ti, 21) s Tig1s e, Tqy 225 oey Zp) +
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P q
DD (W 0 8) (T, o Tl 1y 21 Tk 1,y Ty 22, oo 21 [Tk 2] 5 Zi 1, o 2p) +
i=2k=1

q k-1

+ ZZ (w o S) (xla sy Li—1, [l’k,l‘z] s Ljd 1y oeny Tho—15 Z1y L1y +ovy Lgy 225 +ony Zp) (1)
k=21i=1

where 1, ..., Zq, 21, ., 2p € Ty (M) .
In case of ¢ = 2,p = 1 expression (1) will have the following form [1]

(Lstaa®) () = (Le @ 0 9)) (2,9) = (Ly (@ 0 9)) (2.2) + (W 0 8) (23], 2) =
= (8 (@) (@ () =@ @ (S (z,9) -
—y (@ (S (@) —w (S (#:9],2) —w (P (@1)2), @)

where z,y,z € Ty (My), (w 0 ) (z,y) = w (S (2,9)), P (z,9) 2z = — (L.5) (z,y).
Expression (2) determines the tensor of type (0, 3).
Note, that the local form of operator (2) has the following form [1]

S,‘jjé)awip,_il — Ok (ngwa) — 8]' (S,‘jiwa) + 0; (ngwa) .

We can see expression (1) will be linear by z1, ..., z,. For checking the linearity
by 21, ..., x4 we check the linearity of expression (1) in such parts where the linearity
by x1,...,z4 is broken:

—w (21, .., [S(fiz1, ..., fqxq) s 2i) s ooy 2p) +

+ (w0 S) (21, foxa, ..., fqTq, 22, s [[121, 2i) 5 ooy 2p) + o

+..+(woS) (fixt, .., fem1Tg—1, 21, 22, .-y [[qZq, Zi) 5 ooy 2p) =
= fifo . fo{—w (21, ..., [S(z1,....,2¢) , 2i] , s 2p) } +
+(w o 8) (21,22, ... Tq, 22, .o, [T1, 2] ooy 2p) + oo F
+(w o0 S)(z1,.... Tg—1,21, 22, ..., [Tg, Zi] 5 oy 2p) +

+zi (f1 - fq) w (21, ..., S (z1, .., 2q) 5 ovy 2p) —
—fofq (zif1) (W0 S) (21,22, oy Ty 22, ooy Ty ooy Zp) — oo
—o = frofg=1 (zifg) (W o S) (@1, ooy Tg—1, 21, 225 oy Tgy ooes Zp)

where f1, f2, ..., fg € T (M,,), i=1,p.
So, it holds
Theorem 1. Let S € T} (M) and w € T,) (My). If

W21,y S (X150, Zg) 5 ooy 2p) = W (S (21, X2, ooy Tg) , 22, ooy T1y oovy 2p) =
the ¢ — th place the ¢ — th place
= .. =w (S (21,22, ..., Tg—1,21) , 22, cey T -3 Zp)
the i — th place, (1 <i<p),

(3)

then the operator ®°w determines the tensor of type (0,p + q).
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Remark 1. The local form of the operator ®w has the form [2]

h I ) . gm _  _d . gm
Sil...iqahwjlmﬂp 9; <wm]2~--]p5j1i2...iq> - — 0Oy, <Wm]2~~JpSi1...iq_1j1)+

FWmjs...jpOin Sy iy T o F Witejpo1m 03, S5y iy

where the tensor field w satisfies the conditions

. .qgm L T —
wjl...m...]pSil__.zq = Wmyjs... 1~~~JpSJ112---Zq

m

== ... = wij---iq---jpSZliQ--.’iq—ljl7 (1 S l S p) . <4>

Condition (4) is a local form of condition (3).

2. Operator ®°w where S € T} (My), w € T) (My). Let S € T} (M,) and
w € T (M,). Consider the following expression:

q
(Ls(xh__@q)w) (215 00y 2p) — Z (Lz; (w0 8)) (21, ey i1, 215 Tig1s oy Ty 22, -5 Zp) +
i=1

q p
+ Z Zw (217 o5 Rk—1, S ('Ila cey Le—1, Lxezkaerrlv ~--al'q) y Rk+15 o Zp) -
e=1k =2

q p
- E E W(S (xl)"')xe—lazlaxe-‘rla"‘7xq) ,2'2,...,Zk_l,Lerk,Zk+1,...,Zp)+
e=1k =2

g—1 p

+Z Z (W0 8) (T1y ey Te1s 215 Tty ooos Thols [Thy Te) Tt 1y oo Ly 225 ooy Zp) =
e=lk=e+1

q

=S (21, ...,xq) (W (21, .., 2p)) — Zwl (W (S (@1 ey Tim1y 215 Tig 1y ooey Tq) 22, oy Zp)) —
i=1

P
—Zw (21, ooy 2, D (X1, ey Tg) Zhy Zht1s -oms zp) +
k=1

g—1 p

+ Z Z(w o S)(xla ey Le—1, 21y Led1yeeey LTh—1, [xtﬁxk] s k41, "'7xq7227"'7zp)7 <5>
e=lk=e+1

where
L1, Ty ey Ty 21522, o0y Zp € Tol (M), (woS)(z1,22,...,2q, 22, .0, Zp) =

=w (S (21,22, ..., Tq) , 22, ..., 2p)

and
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Assume that the ®-operator is associated with affine structure . Application of
the operator @ to the field w € T (M,,) or in p = 1, q = 1 has the following form [1]

(Lpaw — Lz (wo ) (y) = (pz) (w(y)) — 2 (w(py)) —w (®(z)y) . (6)
In case w € TY (M,,) the operator ®¥w has the form [1]

(Lpgw — Ly (wo 9)) (y,2) + w (y, pLgz) —w (py, Lyz) =

= ((IDCC) (w (y7 Z)) -z (w (90:% Z)) —w ((P (‘T) Y, Z) —w (y7 P (.’E) Z) : (7)
Expression (7) determines the tensor of type (0,3) if the purity condition
w (py, z) = w (Y, ¥2) - (8)
is fulfilled.
The local expressions (6) and (7) will be

(P?aawi - (Pgwa — Wq (ajSOg - 6@'90?) )

Pr0awji — O <W|a|i<ﬂ§ﬁ> + wjadipy + wai0j Pl

respectively, and the local expressions (8) are the followings

a a
WiaP; = wai@j .

It is evident that (5) will be linear by z1,...,z,. For checking the linearity of
Ry eeey

zp we'll check the linearity of expression (5) in that parts where the linearity
by z1, ..., 2 is broken:

S(z1,....,xq) (W (h121, ..., hpzp)) —

=Y i (@ (S (1, o Tim 1, P21, T 1y ooy ) 5 B2, 0 hp2p))

p
S
—Zw (hlzl, vy Be_121-1, P ({L‘1, ey {L‘q) b2k, D1 26415 - hpzp) +
k=1

g—1 »p
E E (W o S) (@1, .y Tee1, 121, Tet 1y ooy The1, [Te, Th] s Tht1s -oos Ty R222, oy Bp2Zp)
e=lk=e+1

=hi. hp {S (1,...,2q) (W (21, 2p)) —

—Z.%i (w (S (.7,‘1, ey Lj—15 215 Li+1y ...,.rq) y Ry eeny Zp)) —

—Zw (21, oes 251, @5 (T1, oo Tg) 2 2t 15 o0 2p) +

g-1 p

+Z Z (woS)(x1,...,

LTe—1521yLet1y -y Lh—1, [xea LUk] s L1y ooy Lgy B2y ey Zp)} -
e=lk=e+1
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P q
*ZZhl (Cﬂzhk) hp {w (S (561, ey Lj—15 21y Lit1y eeey l‘q) 3 Ry eeey Zp) -
k=1i=1

—w (Zla ey Bk—1,5 S (wlv ooy Ti—15 Bk Tit1, "'7xq) y Rl4-15 oo zp)} )

where hy, ..., h, € T3 (M,,).
And so it holds.
Theorem 2. Let S € T} (M,) and w € T (M,,).. If

w (S ((L‘l, ey L1, 21, Ljt1y -y xq) 3 By euny Zp) =

:w(zla"'7Zk—1as($17"'awiflazkawﬂrla'“?xq)7zk+17"'>zp)7 L= 17Q> k:ﬁ7
where 1, ..., 24, 21, ..., 2p € TO1 (M,,) then the operator ®°w determines the tensor of
type (0,p + q).

Introduce the following notation:

d
5w (X1, ey Ty 215 ey 2p) I s (@1, ey q) (W (215 ey 2p)) —

q
— sz (w (S (1‘1, vees Lj—15 215, Li+1, ...,xq) s Ry eeny zp)) —
=1

- Zw (21, ey 2, ®° (X1, ey Tg) Zhs Zht1s o zp) +

p
k=1

g p
+Z Z (W0 S) (X1, ey Tem1, 21, Tetly ooy Thim1s [Tes Th) s Tht 1, Ly 225 ooy Zp) -
e=lk=e+1

Remark 2. The local form of the operator ®w has the form [1]

def
11...8qJ1--Jp i1...iq

% (w)

q

p
- E 81(1 (Sil...’ia_1j1ia+1_,_7;qmeQ---Jp) + § :w]l---m---JpaﬂbSh...’iq?
a=1 b=1

where the tensor field w satisfies the conditions

k=2,p.

m = Wi s moo ) ) —
wm]2~~]psil~~-ie—1j1ie+1~~~iq _w11~v-]k—1mjk+1...jp i1.de—1Jkiet1ig? 1,q,

This is the purity condition of the tensor w € T}) (My).
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