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Vafa A. MAMEDOVA

ON REMOVABLE SETS OF SOLUTIONS OF
BOUNDARY VALUE PROBLEMS FOR ELLIPTIC

EQUATIONS OF THE SECOND ORDER

Abstract

In the paper Neumann problem is considered for nondivergent elliptic equa-
tions of the second order with minor terms and the sufficient removability con-
dition of compact is proved.

Let’s consider the following boundary value problem in the bounded domain
D ⊂ Rn, n ≥ 3 :

Lu =
n∑

i,j=1

aij (x) uxixj +
n∑

i=1

bi (x) uxi + c (x) u = 0, (1)

∂u

∂ν

∣∣∣∣
∂D\E

= 0, (2)

where ∂D is boundary of the domain D, E is some compact set lying on ∂D, and
∂
∂ν is a derivative by conormal. Call the set E removable relative to the Neumann
problem for equation (1) in C0,λ (D) , o < λ < 1 if from

Lu = 0, x ∈ D\E,
∂u

∂ν

∣∣∣∣
∂D\E

= 0, u (x) ∈ C0,λ (D) , (3)

it follows u (x) ≡ 0 in D.
Relative to the coefficients we assume the fulfilment of the following condition

γ |ξ|2 ≤
n∑

i,j=1

aij (x) ξiξj ≤ γ−1 |ξ|2 , (4)

|aij (x)− aij (y)| ≤ k1 |x− y| (5)

|bi (x)| ≤ b0; −b0 ≤ c (x) ≤ 0. (6)

Here i, j = 1, n, k1 is a constant. Besides the minor coefficients are the functions
measurable in D.

In the paper the sufficient conditions of removability of compact is proved rel-
ative to the problem (1)-(2) in the space C0,λ (D). The corresponding result was
obtained by L.Carleson [1] for the Laplace equation. In case of Neumann problem
the questions on removability for Laplace equation in piecewise-smooth domains are
considered in [2], [3]. The questions of removability for solutions of the first boundary
value problem for elliptic and parabolic equations are considered in [4]. The remov-
ability conditions of a compact in space of continuous functions are constructed in
[5].
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Denote by BR (z) and SR (z) the ball {x : |x− z| < R} and the sphere
{x : |x− z| = R} of radius R with the center at the point z ∈ Rn. ∂u

∂v is a deriv-
ative by conormal determined by the equality

∂u (x)
∂v

=
n∑

i,j=1

aij (x)
∂u (x)
∂xi

cos (n, xj) ,

where cos (n, xj) , j = 1, n are direction cosines of a unique external normal to the
surface.

We’ll denote by ms
H (A) the Hausdorff measure of the set A of order s > 0.

Further the notation C (·) means that the positive constant C depends only on
the content of parantheses.

Let’s fix an arbitrary ε > 0 and we cover the set E by the ball of redius ri in
that way

m∑
i=1

rn−2+α
i < ε. (7)

Consider the spheres SR (0) and S2R (0). Denote by Σi the surfaces separating
the sphere of redius ri from the sphere of redius 2ri in domain D and separating the
singular points ∂D like that∫

Σi

∣∣∣∣∂u

∂v

∣∣∣∣ ds ≤ C1 osc
ri<r<2ri

u · rn−2
i , (8)

where C1 depends on γ and n. The existence of such surfaces follows from [6].
From the conditions on coefficients it follows that almost everywhere in D there

exist bounded derivatives from aij . Not loosing generality we can assume that such
derivatives exist everywhere in D.

Let DΣ be an open set situated in D\E, whose boundary consists of unification
of Σi and Γ where Σ =

∞
∪

k=1
Σk, Γ = ∂D\

∞
∪

k=1
D+

k , D+
k is a part of Dk remaining

after the removing of points situated between Σ and S2rk

(
xk

)
; k = 1, 2, .... Denote

by D′
Σ the arbitrary connected component DΣ, and by B we denote the ellipitic

operator of divergent structure

B =
n∑

i,j=1

∂

∂xi

(
aij (x)

∂

∂xj

)
.

According to Green formula for any functions z (x) and W (x) pertaining to the
intersection C2 (D′

Σ) ∩ C1
(
D
′
Σ

)
we have∫

DΣ′

(zBW −WBz) dx =
∫
DΣ′

(
z
∂W

∂ν
−W

∂z

∂ν

)
ds. (9)

As is known u (x) ∈ C1
(
DΣ′

)
(see [7]). From (9) choosing the functions z and

W we have ∫
DΣ′

B
(
u2

)
dx = 2

∫
∂DΣ′

u
∂u

∂ν
ds.
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Since we consider the bounded solutions |u (x)| ≤ M < ∞, x ∈ D then subject
to (7) and ∫

DΣ′

∣∣∣∣∂u

∂ν

∣∣∣∣ ds ≤ C1 · rn−2+α
k , k = 1, 2, ... (10)

we have ∫
DΣ′

B
(
u2

)
dx ≤ 2Ma0

∞∑
k=1

∫
Σk

∣∣∣∣∂u

∂ν

∣∣∣∣ ds ≤ 2Ma0C1

∞∑
k=1

rn−2+α
k < C2 · ε. (11)

Besides

Bu = Lu +
n∑

i=1

di (x) ui − C (x) u,

where

di (x) =
n∑

j=1

∂aij (x)
∂xj

− bi (x) , i = 1, ..., n.

Allowing for

B
(
u2

)
= 2u ·Bu + 2

n∑
i,j=1

aij (x) uxiuxj ,

and by virtue of conditions (4)-(6)

|di (x)| ≤ d0 < ∞; i = 1, ...n,

from (11) we have

2
∫
DΣ′

u

n∑
i=1

di (x) uxidx− 2
∫
DΣ′

u2c (x) dx + 2
∫
DΣ′

n∑
i,j=1

aij (x) uxiuxjdx < C2 · ε.

Hence for any α > 0 applying Cauchy inequality we get

2γ

∫
DΣ′

|∇u|2 dx < 2d0

∫
DΣ′

n∑
i=1

|u| · |uxi | dx + C2 · ε ≤ d0α

∫
DΣ′

|∇u|2 dx+

+
d0n

α

∫
DΣ′

u2dx + C2 · ε ≤ d0α

∫
DΣ′

|∇u|2 dx +
d0 · n ·M2·mesnD

α
+ C2 · ε (12)

Choosing α = γ
d0

from (12) we get∫
DΣ′

|∇u|2 dx ≤ C3, (13)

where C3 depends on M,d0, γ,mesnD,n. Without loss of generality we assume that
ε ≤ 1. Hence we have ∫

D

|∇u|2 dx ≤ C4,
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where C4 depends on C3, E, D.
Further using (7) and (8) we obtain

∫
DΣ′

e2Au
n∑

i,j=1

aij (x) uxixjdx = − 1
2A

 ∫
DΣ′

e2Au
n∑

j=1

∂aij (x)
∂xj

uxidx+

+
∫
DΣ′

e2Au
n∑

j=1

bi (x) uxidx +
∫
DΣ′

e2Auc (x) udx

 , (14)

for any A ∈ [0, 1] . Using conditions (4), (6) and estimation (13) we get

lim
A→0

∫
DΣ′

e2Au

 n∑
j=1

∂aij (x)
∂xj

uxi + bi (x) uxidx + C (x) u

 dx = 0.

Hence be Lebesgue theorem

∫
DΣ′

 n∑
j=1

∂aij (x)
∂xj

uxi + bi (x) uxi + c (x) u

 dx = 0. (15)

Using (7), (8) and (15) we have∫
DΣ′

e2Au
n∑

i,j=1

aij (x) uxiuxjdx ≤ C5 · ε.

From the last inequality by virtue of (4) it follows the assertion that u ≡ const.
So the following theorem is proved.

Theorem 1. Let D be a bounded domain in Rn, n ≥ 2, E ⊂ D be some com-
pact. Relative to the coefficients conditions (4)-(6) be fulfilled. Then for removability
of the compact E relative to the problem (1),(2) in the space C0,λ (D) it is sufficient
that

mn−2+λ
H (E) = 0. (16)

Consider the mixed boundary-value problem for non-divergent elliptic equation
of the second order. Let Γ1 and Γ2 be such two sets that ∂D\E = Γ1 ∪ Γ2 and
Γ1 ∩ Γ2 = ∅. Then the boundary value problem

Lu =
n∑

i,j=1

aij (x) uxixj +
n∑

i=1

bi (x) uxi + c (x) u = 0 in D

u|Γ1
= 0,

∂u

∂ν

∣∣∣∣
Γ2

= 0 (17)

is a mixed boundary value problem. The solution of boundary value problem
(1), (17) we find from the classes C2 (D) ∩ C0

(
D\E

)
and

{
W 1

2 (D) ∩ C0
(
D\E

)
;

0 ≤ u (x) ≤ k} .
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Theorem 2. Let D be a bounded domain in Rn, n ≥ 2, E ⊂ D be some com-
pact. Relative to the coefficients conditions (4)-(6)be fulfilled. Then for removability
of the compact E relative to the problem (1), (17) it is sufficient that

mn−2
H (E) < ∞.

The theorem is proved by the same ideas as in theorem 1.
By the same methods that above we can consider one class of quasilinear elliptic

equations of the second order. Consider in the domain D ⊂ Rn, n ≥ 2 the following
equation

Lu =
n∑

i,j=1

∂

∂xi

(
aij (x)

∂u

∂xj

)
+

n∑
i=1

bi (x) uxi + c (x) u + b (x, u,5u) = 0. (18)

Here aij (x) are measurable bounded functions satisfying the condition (4), bi (x) ,
c (x) satisfy condiiton (6), and

|b (x, u,5u)| ≤ g (u) |5u| ,
a∫
0

g (u) du < ∞, a < ∞. (19)

Consider the Neumann problem for equation (18):

Lu = 0, x ∈ D\E,
∂u

∂ν

∣∣∣∣
∂D\E

= 0, (20)

The solution of problem (20) we seek in the class W 1
2 (D) ∩ C0,λ

(
D

)
, |u| ≤ k.

Theorem 3. Let D be a bounded domain in Rn, n ≥ 2, E ⊂ D be some
compact. Relative to the coefficients of equation (18) conditions (4), (6), (19) be
fulfilled. Then for removability of the compact E relative to the problem (20) it is
sufficient that

mn−2+λ
H (E) = 0.

Proof. Introduce the function

ϑ (x) =

u(x)∫
0

exp

 1
λ1

t∫
0

g (τ) dτ

 dt.

Analogously [8] it is established that this function is a subsolution of the linear
operator

L1u =
n∑

i,j=1

∂

∂xi

(
aij (x)

∂u

∂xj

)
.

Further, analogously to the proof of theorem 1 we get ϑ (x) = const, i.e.,
u (x) ≡ const that proves the theorem.

For mixed boundary value problem the following result is true.
Theorem 4. At fulfilment of conditions of previous theorem, for removability of

the compact E relative to the mixed boundary value problem (18), (17) it is sufficient
that

mn−2
H (E) < ∞.



106
[V.A.Mamedova]

Transactions of NAS of Azerbaijan

The theorem is proved with near ideas as in theorems 3 and 1.
Remark. The cited theorems are true for parabolic equations

n∑
i,j=1

aij (x, t) uxixj +
n∑

i=1

bi (x, t) uxi + c (x, t) u− ut = 0 (21)

n∑
i,j=1

∂

∂xi

(
aij (x, t)

∂u

∂xj

)
+

n∑
i=1

bi (x, t) uxi + c (x, t) u + b (t, x, u,5u)− ut = 0. (22)

Author express his deep gratitude to prof. T.S.Gadjiev for the attention to the
work.
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