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ON SOLUTION OF ONE BOUNDARY VALUE
PROBLEM FOR THE MIXED TYPE EQUATION
WITH TWO DEGENERATION LINES BY THE
FINITE DIFFERENCES METHOD

Abstract

Considered is a boundary value problem for a mized type equation with two
degeneration lines. Solution of the problem is brought to that of a boundary
problem in the elliptic part of the domain under consideration, and the obtained
problem is solved by the finite differences method. Proved are the existence of
a unique solution and its convergence. The convergence rate of the difference
problem is determined.

1. Problem statement and passage to the corresponding boundary
value problem in the elliptic part of the considered domain.
Consider the equation of mixed type

Ugy + SigN (TY) Uyy = 0. (1.1)

Let Q be a domain bounded by the arc 0 = AB: z? +y* =1, £ >0, y > 0 and
the characteristics BC': y—xz =1, CD :z+y =0, DA: x —y = 1 of equation
(1.1). €1 and 4 are hyperbolic parts at z > 0 and = < 0 respectively, and Q3 is an
elliptic part of the domain Q, Iy = OA and I, = OB are unit intervals.

Problem. Find the function u = u (z,y) satisfying the following conditions:

1) u = u(z,y) satisfies equation (1.1) in the domain Q\I;\I;

2) u € C (Q\1\I2) N CW (Q\I1\I2);

3) ug (2,0), uy(z,0) € C(I1),uy(0,y), uy(0,y) € C(I2), moreover they can
reduce to infinity of order below unit at the points A (1,0),0 (0,0), B (0,1);

4) u = u (x,y) satisfies the boundary conditions:

ulap = (), 0<0< g (1.2)
1
ulop =91 (z), 0<z< 2 (1.3)
1
uloc =12 (y), 0<y< 2 (1.4)
s 1 (1) 1 .
wheregoEC[O,E} (1) €C{0,5| nCW (0,5 ), i =129 (0) = ¥, (0).
5) The functions u (z,y), %, gu satisfy the sewing conditions
or’ Oy
6)
u(z,—0) = a1 (z) u (z,40) + a1z (2), (1.5)
uy (z,—0) = ao1 (z) uy (, +0) + a2 (z), (1.6)

u(=0,y) = a3 (y) u(+0,y) + as2 (y) (1.7)
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ug (—0,y) = a1 (y) uz (+0,y) + a2 (y) (1.8)

where 0 <z <1, 0<y <1, a; € CD[0,1], i =1,2,3,4; j=1,2.
It should be noted that in [1] the following sufficient conditions of a unique
solvability of the following problem were formulated:

Qi1 (t) = aip(t), ag_qq(t) g (t) >0, i=1,2. (1.9)

We can show that the function u = u (z,y) satisfying in hyperbolic domain €,
equation (1.1) and boundary conditions (1.3), (1.5), (1.6) satisfies also the condition

a1y (z) (%(:;’E—FO) — ag (z) &L(;,y—f—()) + oy (z) u (z, +0) =
A (g) — iy () + a9 (z). (1.10)

Similarly the function v = u (z,y) satisfying in hyperbolic domain 2 equation
(1.1) and boundary conditions (1.4) , (1.7), (1.8) satisfies also the condition

as1 (y) (f%t(;-y(),y) — a1 (y) W + gy (y) u(+0,y) =

= (%) — arg (y) + a2 (). (1.11)

Subject to conditions (1.10)-(1.11) for finding the exact solution, problems (1.1)-
(1.8) in the elliptic part Q3 of domain ©Q we have the following problem:
Find continuous in Q3UcUI; Ul the function u = u (z, y) satisfying the equation

Z:;Jrg?; —0in O (1.12)
and the boundary conditions
ul, = . (1.13)
anr (@) 2520 — () P80 4 ol ()0 (0,0) = @1 (@), € By (119
() 0 — i () P () u(09) = 02 () yE D (L1
¢y () = ¢} (g) —ay (z) +a (2), Pa(y) =1y (%) — ajgy (y) + a2 (y) .-

2. Approximation and determination of approximation error

Let’s construct the net domain @y, in the closed domain Q3 = Q3 UI; U, Uo. Let
N > 2 be a fixed natural number. Let’s divide the segments I; = OA and I, = OB
into N equal parts, and points of division we denote by z; and y;:

z; =ih, i =0,1,....N, yj = jh, j =0,1,..,N, h = 1/N.

respectively.
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Through the points of division z = z; and y = y; we draw the straight lines
parallel to the coordinates axes Oy and Oz, respectively. Denote by o} the set of
points of intersection of the straight lines 2 = z; and y = y; with the boundary o.
Let

Yoo = A{zi =ih, i=1,2,.., N -1, h=1/N},

7h,2:{yj:jha j:1,2,,N—1,h:1/N},

Yo = Yh1 UTn2Uon, wn = {(zi,y;) € L3}, Wp = wp Uy,

As in [2] the set of internal nodes wj, we divide into three sets of nodes w), w}
and w;*, where w% is a set of strongly internal, w} is a set of boundary, w};* is a set
of non-regular boundary nodes.

Denote by W;; the value of the net function W = W (z,y) in nodes (z;,y;) of
the net wy,.

Associate the following difference problem to problem (1.12)-(1.15):

LW = 4Wij — W1y — Witr; — Wig1 — Wi =0, (ziyy) € wp\wi', (2.1)

ha
LOW, =W, — AW, 1 +h W 1) —
P (ot b)) (b + ha) (1,5 + Wi
hl EEY
_ (h n h2) (h1 n hz) (h’VVi,j-}-% + hQWi,j_l) =0, (aci, yj) € wy, (2.2)

LOWio = any (2:) (Wio — Wi_10) — a1 (25) (Wi — Wio) +

+haly (z7) Wig = h® (z;), i=1,2,..,N—1, (2.3)

LYWy = asi (y) (Wo; — Woj1) — aun () (Why — Woy) +
+haly (y;) Woj = h®2 (y;), j=1,2,...,N—1, (2.4)
Wij|ah = . (2.5)

Here Wii;j or Wi,ji% is a value of the net function W = W (z,y) in the node

(zii%yj) € op, Or (mi, yji%> € op, whose distance from the non-regular neighboring
node (z;, y;) is smaller than h. In equation (2.2) these distances in directions Oz and
Oy are denoted by the hy and hs, respectively. Note that this difference equation
has most general form. In this equation in particular h; or hs can be equal to h.

For determining the error of approximation of difference problem (2.1)-(2.5) write
the difference problem relative to the net function Z;; = Wy; — u (24, y5):

L(l)ZZJ = ((/)z]a (xia y]) € (Uh\wz*, (26)
L(Q)ZZ] = E’ka (:L'Zayj) € w;;,*’ (27)
L®Zig =y, i=1,2,..., N—1, (2.8)
LWZy; =4y, i=12,.., N—1, (2.9)

Zij‘a'h - 0 (210)
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Here ;5,957 %i0,%o; determine the error of approximation in the nodes
Yr\L" Yy Yp1 and 7, o,, Tespectively. Using Taylor formula for these errors we
can easily obtain the corresponding expressions

Let € > 0— be a sufficiently small number and

Q(e) = {(z,y) € B, 2> +y° <7}, Y (e) = {(way) €3, (z—1)°+4° < 52}

D (e) = {(@:9) €D, &+ (=P <, Dy () = B\D () \ () \ D2 ()

Assume that solution of equation (1.12) the function u = u (x,y) in Q3 (¢) has
bounded partial derivatives till the third order inclusively and

ok,

o*u o*u
ozk

B <M, k=1,23. (2.11)

<, |

We simultaneously assume that in domains Q,, (¢), m = 0,1,2, the solution
u = u (z,y) satisfies the conditions
oFu
oxk

C

— Ekia 7

= cka’ k= 17 27 37 (212)

C ok
oy

where M >0, C >0, 0 <a <1 are constants.
Subject to conditions (2.11) and (2.12) after the elementary transformations for
error approximation we have:

a) Let (z;,yj) € Q3(¢). Then

2M o 2h*hyhy

|30 < h*LM, |1ho;] < h*LM, (2.13)
where
L = max |ayy (t)], 1=1,2,3,4.
0<t<I

b) Let (zi,y;) € U (€). Then

2C h? 2C  h%hyhy
< = Rl g 22 e e
‘1/)23‘ - 3 637a7 ‘1/)@] - 3 (hl + hg) 637a7
h? h?
0] < CL&_Q—_&, 1o, | < CLEQ_Q. (2.14)
3. Extremum principle and convergence of difference problem.
Consider the difference problem
LYW = gij,  (wi,y5) € wp\wjy, (3.1)
L(2)W7,j = g;;ka (mzay]) € w;kz*v (32)

LW =gi0, i=1,2,..,N—1, (3.3)
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LYWy = goj, §=1,2,.., N —1, (3.4)
Wi lon = . (3.5)

Assume that the coefficients oy, (t) contained in expressions L(?’)Wio and L(4)Woj
satisfy the conditions

;1 (t) > 07 Q41,1 (t) > 07 a;ﬁl (t) > Oa 0<t< 13 1= ]-7 3. (36)

Theorem 1 (Extremum principle). Let W;; be unequal constant net function
satisfy the difference problem (3.1)-(3.5). Assume that the coefficients quy, (t) satisfy
conditions (5.6). Then if gij <0, gi¥ <0, goj <0 (gij >0, g;7 >0, goj > 0) ,
then the net function W;; can’t take on largest positive value in net point nodes
whp U Yp1 Upa

Theorem 2. Let conditions (5.6) be fulfilled. Then if gij > 0, gi* >0, go; >
0, >0 (gij <0, 97 <0, 90 <0, o < 0) , then for the net function W;; satisfy-
ing problem (3.1)-(3.5) it holds the inequality W;; >0 (W;; <0) in wy.

Corollary. If g;; = 0, g;7 =0, gio =0, ¢ =0, then at fulfilling conditions (3.6)
the difference scheme (3.1)-(3.5) has only trivial solution W;; = 0.

From this corollary it follows the existence of a unique solution of difference
problem (3.1)-(3.5).

Theorem 3 (Comparison theorem). Let W;; be a solution of difference prob-
lem (3.1)-(5.5), and W;; be a solution of difference problem obtained from (8.1)-(3.5)
at substituting the functions gij, g;'s gio, goj and ¢ respectively by g5, 957 Gio, 905
and ©. Let conditions (3.6) be fulfilled. Then if |g;;| < Gij,
Gio > 19051 < goj and |@| < @ then it holds the inequality

|Wij| < Wl'j n W,

Using the comparison theorem we prove the convergence of difference problem
(2.1)-(2.5) and determine the convergence rate.
Let the numbers a and e; be determined by the equalities

o { 1at () € %) \ma\The
1+bh—h? at (z;,y;) € Y1 U2\ (),

2 { e at (z4,y5) € Qo (€) \Yp1 \Vh25
! e +bh —h* at (z;,y;) € (Yp1 Urna) N (e),

where b > 0 is some number.
Determine the net function Z;; by the equality

Kh(a® =2 =y2)  at (mi,y5) € (e,
_ h® a-
=3 K— (s% —z? — y?) at  (i,y5) € Qo (),

K25 (a2 =02 —42) at (2i15) €Dmle), m=1.2

N

where K > 0 is some constant.
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If the number b is determined by the equality

1420y (¢
b = max (b1,b3), b; = maxLl()

,=1,3
0<t<l a1 (t) 7 ’ T

then after the elementary transformations we’ll obtain:

W7 3 @7 _ 2hihhe o g
L(4)Z70‘7 > Kh2 at (Il’yj) € Q3 (E) )

— h2te ——  2Kh'Thih — hlte

W7 —yg—- @7 =220 P12 187 S K
iJ e2 ) iJ £2 (hl n hg) ) 10 Z o2 )

o hl—i—a L L
LWZy; > K 7 b (#,95) €D () U (o),
Zijlon > 0.

Compare the right hand-sides of the obtained relations for Z;; with right hand-
sides of corresponding equations in (2.6)-(2.10). Subject to inequalities (2.13)-(2.14)
it is easy to be sure that the right parts (2.6)-(2.10) by module will be no more than
correspoding expressions in the right hand-sides of obtained relations for Z;; if the
constants K are determined by the equality

K = max <J‘34 LM) . (3.7)

Then by virtue of comparison theorem we obtain the validity of the inequality
|Zij| < Zij n wy,.

Thus it holds the following theorem:

Theorem 4. Let the solutions u = u (z,y) of equation (1.12) satisfy conditions
(2.11)-(2.12). Assume that conditions (3.6) are fulfilled. Then the solution of dif-
ference problem (2.1)-(2.5) is converges to the solution of problem (1.12)-(1.15) and
at this the estimation

o o Kh at (z;,y;) € Q3 (),
IWij = u (i, )] 5{ 2Kh® at (zi,y;) € U (), m =0,1,2,

is true, where K is determined by equality (3.7).
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