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CHARACTERISTIC OF SPECTRAL DATA OF
DIRAC OPERATORS

Abstract

In the paper we found necessary and sufficient conditions to which must
satisfy a collection of some quantities in order that it be spectral data of two
self-adjoint boundary value problems generated on the segment by Dirac equation
and non-separated boundary conditions.

Consider the boundary value problem D (w, 3,7)
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where p (z) and ¢ (z) are real functions from L2 [0, 7], w is a complex number, and
(3,7 are real numbers.

In the paper we consider the case when |w|? # 72+ 1.

The characteristic of spectra of two boundary value problems of the form
D (w,B1,7), D (w,By,7) in the case w? = ¥? + 1 (Imw = 0) was obtained in [1].
The inverse problem on reconstruction of the boundary value problems D (0, 3,,7)
and D (0, B5,7y) was solved in [2]. The inverse periodic problem was studied in [3-4]
by different methods.

Note that the main theorem on the inverse problem in the considered case with-
out proof was announced in author’s paper [5].

c1 (N x) s1 (A, ) . .
By ( e On ) ) and ( 59 () we denote the solution of equation (1) sat-

. . " C1 ()\, 0) . 1 S1 ()\, 0) . 0 .
isfying the conditions < ) ) = < 0 > , < w00 ) L1 ) Using the

identity
C1 ()\,QT) 52 ()‘7:5) —C2 ()\,:L‘) S1 ()\,QT) = 1a (2)

we easily get that the characteristic fucntion of the problem D (w, 3,7) is of the form

d(N) =V (A) +Bs2 (A7) + 951 (A, m)] + 2Rew, (3)

where
Vi (A) = |w|?s1 (A7) —ea (A7) —yer (A, ). (4)

Counsider the function

Ve () = — w51 (A7) —ea (A, ) — yer (A, 7). (5)
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We can easily be convinced that

V_ (i) = signV_ (ve) V2 (v) — 4wl (6)

where vy (k=0,+1,42,...) are the zeros of the function s9 (A, 7) + vs1 (A, ), i.e.
eigen values of the boundary value problem generated by equation (1) and boundary
conditions

Y1 (0) = y2 (m) + vy () = 0. (7)
By (2) and (5) we have

1

S1 (Vkvﬂ-)

1-— |w|2 82 (vg, m)

S1 (Vkaﬂ-)

V_ (vg) = (8)

— |w[? 51 (vg, ) =

Spectral data of two boundary value problems D (w, 3,7), D (w,f5,7) are the
totality of their spectra, sequences of signs {ox} (o) = sign (1 — |wsi (Mg, 7)])) and
the number w.

Theorem. In order the number w and sequences {cfk} and {céck} and {o}

be spectral data of boundary value problems of the form D (w,fBy,7), D (w,Bs,7)

(ﬁl < B, |c;.J|2 <+ 1) it is necessary and sufficient that the following conditions
be fulfilled:

+ _ + +
1) ¢y =2k+1r; + 05y, (9)
aj + \/m
where rj = “arctg ,aj = By +|wl’+1, bj=p;—7, r=Rew

J T 2r — b;

oo

2
are real numbers, Z <5jik) < 00
k=—o0

2) the numbers cli’k,cgi,k (k=0,£1,£2,...) for Imw # 0 alternate:
e <O < < g < < g < CGoppr <o
and for Imw = 0 satisfy the inequalities

SO S Gy S S Gy SC gy SC gy S

moreover, if two sequential terms of the sequence {cfk} <{c2ik}> are equal, then

the term of the sequence {cgik} ({clik}> coinciding with these two terms differ

from other terms of the sequence {Cik} ({ci,&)

3)
|ck| 2 2wl (10)

where ¢ = dj (vy) — 2r,

4 o 00 (c;k — z) (cjk — z)
wa=ten 1o ) 1)
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vy are the zeros of the function dy (z) —de (2); j = 1,2;
4) ok =0if |ex| = 2|w|, and o = £1 otherwise, and there exists such a natural
number N that o =1 for |k| > N.

Proof. Necessity. Let {clik} , {c%k} and {0}, w be spectral data of bound-

ary value problems D (w, 3,7), D (w,f35,7). The necessity of the first and second
conditions was established in [6]. By relation (2), (3) and (4) we have

ok = dj (i) = 2r = Vi (vg) = |w[” s1 (g, ™) — €2 (i, ™) = ye1 (Vg ) =

1
2

=|w| s (v, )+ ——— .
| | ( ) S1 (Vk?aﬂ—)

Hence, the validity of inequality (10) is easily obtained.
If |cx| = 2 |w|, then V2 () = 4 |w|*. Then by (6) V_ (v}) = 0 holds.
Taking formula (8) into account we get

op = sign (1 — |ws1 (vg, m)|) = (=) signV_ (v;,) = 0.

Let |ck| # 2 |w|. Then, it is clear that oy attains -1 or 1. Using the representation
of the fucntion s; (A, ) (see [3]) and taking into account the asymptotic formula

o0
v =k + %arcctg v+ my, Z m? < oo and the inequality lw*> < 4% + 1 we get
k=—o00
|w]

V1+92
Consequently, o = 1 at sufficiently large values of |k|.
Sufficiency. Similar to the lemma in [7] it is easily proved that for the fucntion
d; (z) constructed by formula (11) it holds the representation

that as |k| = oo 1—|wsy (vg, )| = 1—|wsin (arcctg y)|4+o0(1) = 1— +o(1).

d; (z) = bjcosmz — ajsinmz + 2r + fj, (12)
where f; (z) = /fj (t) e dt, fj (t) € Ly [—m, m]. Since the fucntion

dy (2) — da (2)

o(z) = 13
¥ =55 1)
by formula (12) has the form o (z) = cos 7z — ysinnz + ]"1(;)—?(2), then by [2]
17— P2
its zeros vy satisfy the asymptotic formulae

1 x
=k + —arcct i : 14
Vi +7rarccg’y+7k, kZOOTk<OO (14)

Construct the fucntion
d — Bod

B1 =B



164 Transactions of NAS of Azerbaijan
[I.M.Nabiev]

By (12) we have

Vi(z) = 3 L 5 [8, (b2 cosmz — agsinmz) — By (by cosmz — ay sinmz) +
1= D2
612 (2) — Baf1 (2)] =
i B1(Ba =) — B2 (B1 — ) _ Braz — Byar . B1f2 (2) — Baf1(2) _
- Bi = fa T T =, T T BBy
= —ycosmz — (1 + |w|2> sinmz + f3 (2), (16)

where £, () = [ fa(t)e“dt, fu(t) € Lol-m.).

By (11) and (13) it follows from the second and third conditions of the theorem
that &o (c;k) >0, éo (c;“k) <0, éo (c;k+1) > 0,..., where ¢ = —1 or £ = 1.

Therefore the arrangement of sequences clik , {vr} are defined by the inequality

_ _ " " _ _
.. < Cik < Cok <y, < Clk < Cok < vopy1 < Cy gt < Co kbt < (17)

where v,, < Vpp1, m=0,+1,+2... .

By formula (13) it holds d; (vx) = d2 (vk). Then we get from (15) Vi (vg) =
dj (vy) — 2r = ¢;. By inequality (10) ¢ > 2|w| or ¢ < —2|w|. Hence and from
inequalities (17) it follows that the signs of the terms of the sequence {c} alternate.
Using representation (16) and asymptotic formula (14), for sufficiently great values
of |k| we have

Cl, = —7YCOS V), — (1 + |w|2) sinvy + f3 (V)
= (=1)* [y cos (arcctg ) cos T, — v sin (arcctg ) sin w75+

+ (1 + |w|2> sin (arcctg 7y) cos Ty, + (1 + |w|2> cos (arcctg «y) sin )+

1+ 792+ |w]? >
hs ) = (1 Bl S e (18)

\% 1 +72 k=—00

Consequently, there exists such a number h; that

e =2(=1)"" w| ch hy. (19)
It is clear that
\/ci—4|w|2=2|w sh hy| . (20)
Assume
Vo (2) = —ycosmz — (1 - |w|2) sinmz + 6 (z), (21)
where
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Or = ycosTvy + (1 — |w|2> sin vy, + 2 (—I)IH'1 ok |w sh hg| .

Using relations (14), (18), (20) and estimate V1 +z = 1+ O (z) (z — 0) we

—1 k 00
get 0 = e (72—1—1 —|w|? = o ‘72—1—1— |w|2‘> + g, Z r? < oo. Since

\% 1+ 72 k=—oc

o0
< 42 +1 and o, = 1 for sufficiently great values of |k| then Z 07 < oo.

k=—o00

ol

Therefore the function € (z) admits the representation

0(z) = / 0 (t)e**dt, 0 (t) € Ly [—m, ] (22)

—7

(according to theorem 28 of the paper [8] and Paley-Wiener theorem [8, p.47]). It
is easily seen that 0 (v) = 0, consequently

Vo (vi) = 2(=1)" " oy jw sh hy| - (23)

Introduce the function

5(z) = 2|i| Vi (2) — Vo (2)] - (24)

By (16), (21) and (22) for this fucntion it holds the representation
s(z) = —sinmz + /1/1 (t) e#dt, 4 (t) € Ly [—m, 7] .

Hence, by the paper [3] we get that the zeros Ay (k = 0,+1, £2,...) of the fucntion
s (z) satisfy the asymptotic formula

o
A =k + o, Z as < 00 (25)

k=—o00

assuming z = A\ in (24) and taking into account (19), (23)

s (vg) = |:| Vi (vg) — Va ()] =

1
=5t [2 (—1)* | ch hy — 2 (1) oy |w sh || =

and since |th hy| < 1, then sign s (vz) = (—1)**'. Consequently, the zeros of the
fucntion o (z) and s(z) alternate. Besides, the sequences {v;} and {\;} satisfy
asymptotic formulae (14) and (25). Then by the paper [2] there exists a unique
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matrix-fucntion ( {;g; j[ff;) > (where p (z), ¢ (z) € L2[0, w])such that the se-
quences {vi} and {A;} are the spectra of boundary value problems generated on
[0, 7] by equation (1) (with this matrix-fucntion) and boundary conditions (7) and
y1 (0) =yp (m) = 0.

We can easily be convinced that the characteristic fucntion of the constructed
boundary value problem D (w, Bj, 'y) coincides with the fucntion d; (z). The theorem

is proved.
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