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ON UNIFORM APPROXIMATIONS OF
GENERALIZED ANALYTICAL FUNCTIONS BY
GENERALIZED POLYNOMIALS

Abstract

The possibility of uniform approzimation of analytical functions by gener-
alized polynomials is proved, and the approzimations were estimated subject to

the degree of polynomial and the boundary of domain.

As is known that the polynomials were introduced by Faber in 1903 which later
had been called Faber polynomials (see for example [2], p.114).

Let G be a bounded continuum containing more than one point and G4, such
of adjacent domains which belongs to the point z = co. This is a simply-connected
domain of extended surface whose domain I is the part of continuum G. Let’s map
conformally w = 0 on the exterior of circle with the center at the point w = ¢ (2)

by virtue of the function w = ® (z). We require that the following two conditions

® (00) =00 and lim 2(2)

Z2—00 2

=1 1)

will be satisfied.
Hence it follows that in the neighborhood of the point z = co
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The polynomials

O, (2) = 2"+ o™ 24 4V (2)

n—

representing the totality of members with non-negative degrees z in Laurent exten-
sion of functions [® (2)]" are called Faber polynomials generated by the continuum
G.

Every function f (z) regular on the bounded, closed set G whose complement is
a simply connected domain can be expanded in series by Faber polynomials (see [2]
p.118)

F(2) =) an®n(2), z€G, (3)
n=0
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where

1 dw 1 [f(2)®(2)dz
an_%i/f(q'b(w))wk'i'l_m W

|lw|=R Cr

Here ¢ (w) = ®~1 (w), Oy is a circular image (level line), i.e., the pre-image of
the circle |w| = R at mapping w = ¢ (z) The Faber polynomials are generalized for
the case of generalized analytical functions.

Consider the class of generalized analytical functions U, 2 (A, B, G) in the sense

of LN. Vekua, i.e., the class of regular solutions of the equation (see [1], p.156)

(Z?F (2)+ A(2) F(2) + B(2) F (2) =0, (4)

where A (2), B(z) € L, (G), p>2, 0= 3 (a%—i-ia%).

If the generalized analytical function in the extended surface has a unique pole
z = oo then we’ll call it the generalized polynomial (see [1], p.167). In such case
the order of pole we’ll call the degree of generalized polynomial. In [1] (p.202)

the construciton of a generalized polynomial is given. It was proved there that if
F (z) € Up2 (A, B,G) and F (z) € C (G) (continuous in G), then (see [1], p.194)

211
r

F(z) =K (f,G) = - / 0 (2.1) f (£) dt — D (2. t) F (O, (5)

where Q1 (2,t) and €9 (2z,t) are normed kernels of the class Uy (A4, B, G), and
1 [F(t)dt
£ =5 [T (6)

2 t—=z
N

is analytical in G’ and continuous on G (I' = 9G).
Now let {®, (z)} be Faber polynomials be generated by the continuum G.
Let’s to the system {®, (2)} by formula (5) take the system {®j (z)} by the

following form
Dop (2) = K (Pk (2),G), DPogr1(2) = K (1P, G) (7)

Note that ®9; (z) and Pox 1 (2) are generalized polynomials of degree k.

The polynorms ®;(z) we’ll call Faber generalized polynomial for the class

Upz (A, B,G) generated by G.

In particular at A = B = 0, F (z) turn into analytical in G functions, and
polynomials {® (z)} coincide with Faber polynomials [®f (z)].

Theorem 1. Let F(z) € Up2(A,B,G) and F(z) € C(G). Then we can

represent it in the form of uniformly convergent in G series

F(z2) =Y Co®ap (2) + Cort1Popr1 (2), (8)
k=0
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where
L P,
2 i whkt1
|lw|=R

Proof. Note that by formula (6) on the boundary F () = f (¢) almost every-
where, since f (t) is represented by the Cauchy formula (I' is closed and f (z) is

Cop +iCopq1 = w.

analytical in G' and continuous on G).

Consider the following expression
ZCQk(I)Qk + Co11Pop41 (2)

It is clear that Py, (z) is a generalized polynomial of degree n. Now we’ll establish
that P, (2) = K (fn, G) , where

2) = kP (2)
k=0

We hayve:

K (@) = 5 [000) S anu () = 9 (1) Y an (93 =
k=0

- k=0

n

= 1/91 (z,t) Yy (Cop +iC41) Oy () —

2mi —
T k=0

n

—Qy (2,1) Z (Cop + iCoprr) By (8)dt =

n

71'2

91 (z,) D () dt — Qo (2, 1) Fy, (¢ )dt] Cop+
k=

27
k=0

s {1/91 2.1) (i (1)) di — 95 (2.1) (1T (1) dF )d)] Cot1 =
r

= Zczk%k (2) + Cop1Pop+1 (2) = P (2) .
k=0

Now let’s consider the difference F (z) — P, (2) and estimate it

om0 (f ()= > ax®i (1) dt) -

© k=0

|F'(2) = Pu (2)| = {

(2, 1) (f () =S axdy <t>) dt] <
k=0
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1
2/ |Ql Zt|+|QQ Zt ‘ Zakék
r

|di

since

‘f(t)—Zak% (1) = ‘f(t)—zak@k (0 and  |df = |d].
k=0 k=0

By virtue of the fact that at z € K, K C G isacompact, (|| + |Q2]) is bounded
(see [1], p.205) and | f (2) — Zak%( )

— 0 as n — oo then we have:

|F'(2) =Pn(2)] >0 as n— oo

ie. .
= oo (2) + Cops1Pop11 (2)
The theorem is proved.

Now let F (2) € Up2 (A4, B,G) and F (z) € C (G)
Then by formula (5)

F(2) = g [0 (ot) £ (0 dt = 0 (o,0) FTOE
T
where L [F(di
£G) =5 [ )
I

is analytical in G and continuous on G.

Theorem 2. Let G =T be a smooth curve. F (z) € Up2 (A, B,G) and F (z) €
C (C_?) If the function f (z) determined by formula (9) at some s € (0,1) satisfies
the condition f (1/) (eio)) € Lipy S then at each natural n = 1,2, ... there exist the
generalized polynomials P, (z) of degree < n that at all z € G the inequalities

N-M

nS

[F'(2) = P (2)] <

are satisfied, where N is a constant not depending on F, n® and z.

Proof. Since analytical in G continuous on G function f () satisfies the condi-
tions of V.K. Dzyadik, Yo.l. Volkov and G.A. Alibekov theorem (see [3], p.460) there
exists the polynomial P, (z) of degree < n, such that at all z € G the inequality

A-M

ns

1/ (z) = Pa (2)] <

(10)

is fulfilled.
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Denote by P, (z) the coefficient of polynomial a,, and introduce the following

notion

Con +1Con41 =an, n=0,1,2,..

[o.e]
-
k=0

Counstruct the generalized polynomials of the form
oo
=Y Cor®ay (2) + Copy1Pop1,

where @, (z) are generalized Faber polynomials determined above.

We were convinced that
Pn(2) = K (fn,G), where fy(z)= Zakzk
k=0

Representing the function F (z) € Up2 (A, B,G) in the form

1 -
F(2) = g [0 (ot) £ (0t = 9 (o, 0) FTOGE
)
r
and considering the difference F (z) — P, (z) estimating it as above we finally have:
1
I (2) = Po ()] < - / 941+ 9]) 1f (1) Pa (1) ]
r

Allowing for |f (z) — P, (2)| < 2 by virtue of (10) and

/(|Ql| + |Q2]) |dt| < Ml-/|dt| =M, l,z€k, K CG isa compact
r

where [ is the length of I" we have:
1 _
[F(2) =Pu(z) SN-M—, Vze@

The theorem is proved.
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