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VANISHING OF THE SECOND VARIATION OF A
FUNCTIONAL AS NECESSARY CONDITION OF SIN-
GULAR CONTROLS OPTIMALITY

Abstract

The necessary second order equality type optimality condition of is obtained
being the source of series of the known optimality conditions.

In the present paper using the method from [1]considering the general case
of generation (an arbitrary rank of Legandre-Clebsh matriz) the necessary op-
timality condition of equality type in new formulation is obtained.

1. The construction of problem and some necessary informations.
Consider the following system

z(t) = f(z,u,t),z(to) = zo, T € [t1,t1], (1)

where z = (x1,...,2,)  is n-vector of phase coordinates, u = (u, ..., u,)’ is r -vector
of control actions, and the prime means the sign of transposition

Let U be an open set of r-dimensional Euclidean space E". Each piecewise
continuous function u (¢) taking the value from U

u(t)eU, teT, (2)

we’ll call admissible control.
Problem. Minimize the functional

S(u) =@ (z(t)), (3)

on trajectory of system (1) generated by the admissible controls (2).

Introduce the following assumptions: 1) the continuous mapping f (z,u,t) :
E™ x E" x T — E™ has the continuous partial derivatives by = and wu till the
second order inclusively and the continuous functional ¢ (z) : E" — (—o00,+00) is
twice continuously-differentiable; 2) each of admissible control u (¢) corresponds the
unique absolutely continuous solution of system (1).

The admissible control u (¢) being a solution of the problem (1)-(3) we’ll call
optimal control.

It is known (see for example [2,p53]) that if the optimal control u (¢) in problem
(1)-(3) exists then it necessarily satisfies the conditions:

5US (u; du) = — / HY (#)6u (£) dt = 0, You(t) € C (T, E"), ()
to
t1
628 (u;du) = —/ [6u' () Huu (t) 6u (t) 4 262" (£) Haw () Su (t) +

+0x’ (t) Hyg (t) 0z (8)] dt+02" (t1) gy (z (t1)) 0z (t1) > 0, Vou(t) € C(T,E"). (5)
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Here 615 (+) is the first, and 625 (-) is the second variations of the functional
S (u); du (t) is a variation of optimal control u (t); dz (t) is corresponding variation
of the trajectory z (t) of system (1) being the solution of the system:

0k (t) = fau (t) 0z (t) + fu (t) du(t), 0z (to) =0, teT, (6)

H(p,z,u,t) =4'f (z,u,t), Hy(t)=H, (4 (t),z(t),u(t),t),
Jo () = fo(z(t),u(t),t), Hu (t) =Hu (Y (8),z(t),u(t),t), pve{z,u},

1 (t) is a solution of conjugate system

P (t)=—Hy (1), ¥ (t1) = —p, (z (1)),

C (T, E") is a class of piecewise-continuous vector-functions g : T — E".
Form (4), (5) it easily follows the classical necessary optimality conditions (analo-
gies of Euler and Legandre-Clebsh equation)

H,(t) =0, w'Hy (t) <0, VteT, Yue E". (7)

Definition 1. The admissible control u (t) satisfying (7) we’ll call singular (in
classical sense) on T, if

rangHy, (t) =r1 <r, t€T.

Let u (t) = (v (¢),w (t)) where v (t) = (V1 () 5 .oey U (£))", w () = (w1 (£) 5.0 wr, (1))
ro+ry = r. Not losing generality [2, p.138] we’ll assume that the singularity of control
u (t) delivers the vector component v € E™, i.e.

Hyy (1) =0, teT. (8)

2. The second functional on new variation control (variation of global
type). Let u (t) = (v (t),w (t))" be singular control on T satisfying condition (8).
Consider the following variation of control:

0, tE[to,a), 0e E",
ou (tl) = (Uao)la t e [9,9+6) cT, v 6@7‘07 o€ E™, (9)
65ﬁ(t), t e [9—|—et1], 571(75) EC(T,ET),

Using Cauchy formula for solution 6z () of system (6) corresponding to varia-
tion (9) we can get the representation

07 tE[—OO,@),
dz(t) =< X(O,t) fL(O)v(t—0)+o(et), t€[0,0+¢), (10)
e[A0,1) fo (O) v + 02 (;0)] +o(5), t € [0+, 1],

where A (s,t), top < s <t

IN

t; is a solution of the system
At = (s,t) = fa () A(s,t), A(s,s) =E (E is a unique n X n matrix);
and 0z (t,z) is determined by the following way:

t
5@(1:;3):/A(T,t)fu(T)aa(T), fo<s<t<th, (1)

8§
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Subject to (8) and properties 6z (t) ~ €, t € [to, t1] (see (10)) the second variation
628 (u; du) (see (5)) on variation (9) we can write in the form

O+e t1
628 (u;ou) = =2 | 62’ (t) Hyp (t) vdt — [ 6 (t) Hyyp (t) 02 (t) dt—
l 046
—€ / (62" (t) Hyy () 000 (t) + 6@ (t) Hyy (t) 6z ()] dt—e? / [04 (t) Huu (t) 01 (t) dt+
O+ 0+e¢

+0z' (t1) ©pp ( (t1)) 0z (t1) + 0 (62) .

Hence by virtue of (10), (11) after the elementary transformations we’ll obtain

028 (u;0u) = —€* {v' [£}, (0) Haw (0) + £, (0) ¥ (6) fu ()] v+

+20' 1, (0) N (6; 6u) + M (6;60) } + o (¢7) (12)
where v € E™, 6i(t) € C(T,E"), ¥ (t), t € T is a solution of system [2]:

V()= —fo () = U () fo (1)~ Hao (1), L€ [to,t1), U (1) =~y (@ (1)),

(13)
N (s;60) = 7 [N (s,t) Hya (t) 62 (t;5) + X (s, ) Hyy (t) 60 (2)] dt—
X (8,11) P (x (1)) 6F (t1; ), s € [to, 1), da(t) € C (T, E"), (14)
M (s;00) = 7 [0 (t; 8) Hyg (t) 6z (t; s + 63" (t;5) Hyy (t) 60 (t) +)
+61/ (st) Hyy (t) 63 (t;8) + 6@’ (t) Hyy (t) 60 ()] dt—
—0z' (t138) Oy (x (1)) 6z (t158), s €T, du(t) € C(T,E"). (15)

The immediate differentiation of (15) subject to (11), (14) and properties 0% (s;8) =
0, s € [to,t1] allows to show that the relations

dM (s;du)

s = —d0a' (s) f, (s) N (s;da) — [N' (8;0) fu (8) — 00’ (8) Hyy (s)] o (s),

(16)
M (t1;6@) =0, éa(s) € C(T,E"), seT.

hold. Further, it is evident that 07 (¢;t0) = 6% (¢), ¢ € T', where 0% (t) is a solution
of system (6) corresponding to du (t) € C (T, E").
Allowing for this property by virtue of (5) and (15) we have

628 (u;60) = —M (to; 0a) , Voa (t) € C (T, E"). (17)

3. Necessary optimality conditions. On the basis of formula (12) it is easily
obtained the following
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Theorem 1. For optimality of singular control u (t) satisfying (8) it is necessary
for all t,v,du (t) (t € [to,t1), v e E™, du(t) € C(T, ET)> the inequality

U [y (8) How (8) + £, (8) O (2) fo ()] v + 20" f}, (8) N (804 (t)) + M (¢;0) <0, (18)

be fulfilled, where W (-), N (-), M (-) are determined by (13), (14), (15) respectively.
Let’s prove the following theorem.
Theorem 2. Let along the singular control u (t) satisfying (8) the condition

Ry(t) + Ry (t) =0, teT, (19)

be fulfilled, where Ry (t) = f} (t) Hev (t) + fo, (1) W () fu (), t €T
Then for the optimality of control u (t) it is necessary for all v € C (T, E™) the

equality
628 (u; (69 (t) ,0)") =0
be fulfilled.
Proof. From (18) by virtue of (19) we obtain that inequality 2v'f;, (t) N (¢; 64
0 was fulfilled for all t € T, v € E", ¢4 (t) € C (T, E"). Hence subject to (14), (
it follows that
V'l (t) N (t;64) =0, V€ T, Yo € E™, Vou(t) € C(T,E"). (20)
Then 1) from (20) particularly we have
50 (t) £, &) N (t; (30 (t) ,0)') = 0, Vt € T, Vov (t) € C (T, E™),
2) by virtue of (8) the equality becames valid
(60 (t) ,0)" Hyy (t) (00 (t) ,0) = 0, Yt € T, Y60 (t) € C (T, E™).
Substituting them in system (16) we arrive at the relation
M (t; (6 (t) ,0)') = 0,Vt € T, Vo0 (t) € C (T, E™). (21)

So, equality (21) and properties (17) allows to complete the proof of theorem 2.

Note, that theorem 1 is generalization and strengthening of the result from [2,
p.230]. Theorem 2 is a source of series of the known necessary optimality conditions
of equality type. Further, one of the main applications of theorem 1 is the investi-
gation of optimality of singular controls on the basis of the third, fourth variation
of a functional.
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