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ON THE BEHAVIOR SOLUTION OF THE FIRST
BOUNDARY VALUE PROBLEM FOR THE SECOND
ORDER DIVERGENT PARABOLIC EQUATIONS

Abstract

An article deals with the first boundary value problem for the second order
divergent parabolic equations. The regularity of boundary point is considered
in supposition that in some neighborhood of this point boundary of domain has
some special symmetric.

Investigations for reqularity of boundary point for the second order parabolic
equations begins from well-known work of Petrowski [1], in which unclosing with
one other necessary and sufficient conditions of regularity for one-dimensional
heat equation for domains restricted by straights t = t', t = t*> and curves
x =@ (t), © = @, (t) have been established. In works of Landis [2], [3] have
been received the criteria of regularity for many-dimensional heat equation. In
work [4] Evans and Gariepy established the necessary and sufficient condition
for heat equation in terms of divergence of series from heat capacity. Further
these results have been used for more large class of parabolic equations in works
[5], [6], [7], [8]. Also note the work of Garafolo and Lancanelli.

Setting of the problem. Let D be bounded domain in R, 1,9D and I' (D)
are its Kuclidean and parabolic domains respectively. We consider in D the first

boundary value problem

n

0 ou ou

t,j=1

ulrpy = ¢; ¢ € C(I'(D)), (2)
where |la;; (z,t)]| is real symmetric matrix with bounded in D elements, and for
(z,t) € D and & = E, the next condition is fulfilled

n

8 |§|2 < Z aij (z,t) §;§; < y1 |§|2; v € (0,1] — const (3)
1,7=1

Now we give the definition of generalized solution of the problem (1)-(2).
Through VV21 " (D) we denote the Banach space of functions u (x,t), which have

at D, the finite norm

" ou\? ou '\ 2
_ 2
el i1y = /(u +§“:<ax,»> +<8t> dedt |,

D
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and let W' (D)- subdomain W,"' (D), the sense set in which is unity of all functions
u(z,t) € C* (D), vanishes at ' (D).

Let C’gﬁ (aco) - cylinder {(w,t) : ‘:1: —xo‘ <R, th<t< tz}, where 20 € E,,
R > 0; Bg (:vo) open n dimensional ball of radius R with center in point z°.

We denote through v~ (D) set of all points (x,t) € v (D), for any of which there
is h > 0 such that

Ch't(z) ¢ D, CI M (z) € Ryt \D .

Let S(D) = T'(D)\v~ (D), A(D) - unity of u(z,t) € C* (D), vanishes at
S (D).

At first we suppose that boundary fucntion ¢ (z,t) of boundary value problem
(1)-(2) permits continuous ® (z,t) in D such that & (z,t) € W,"' (D). Fucntion
u(z,t) € WQ1 1 (D) is called the generalized solution of the first boundary value
problem (1)-(2), if (u — ®) € W, (D) and for any fucntion ¢ (z,t) € W,"' (D) the

following integral identity is true

n

/ Zaij(x,t)% 8—¢+8—uzp dzdt =0 .

= Ox; Or; Ot
D \LI=

In case when boundary fucntion is continuous, it is necessary to approximate in
metric C (I (D)) fucntion ¢ (z,t) by sequel of smooth functions ¢, (z,t), permitting
continuity ®,, (z,t) in D from space W21’1 (D). Let u™ (z,t) be sequel of solutions
of value problems Lu™ (z,t) = 0; (z,t) € D, u™|r(p)y = @p,-

According to results of Nash and Moser functions v (z,t) are continuous by
Holder in every strictly interior subdomain of domain D. Pointwise limit of sequel
u™ (z,t) by m — oo is called generated solution of boundary value problem (1)-(2).

Let (:1:0, to) € I' (D). This point is called regular according first boundary value
problem (1)-(2), if for any ¢ (z,t) € C (T' (D)) for generalized solution u (x,t) the

following limit equality is true

lim  u(z,t) = ¢ (2°,2°)
(:U,t)—>(:t0,t0)
(z,t)eD
The aim of this work is to find necessary and sufficient conditions of regularity
(xo, to) under condition that boundary of considered domain in some neighborhood
of this point has some special symmetric.
Further recording C (...) means that positive constant C' depends only from con-

tains of brackets.
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Now we show some auxiliary results. We note that first three lemmas are well-
known results, which we use during of the proof necessary conditions of regularity
of boundary point.

Let for kK > 0

k|z|?

t_%exp [—T}, Zf t>0
Gy (z,t) =
0, if t<0

Lemma 1. If according to coefficients of operator L the condition (3) is ful-
filled, then there is fundamental solution F (x,y;t,T) of equation (1), and there are
constants ki (y,n), k2 (v,n), C1 (y,n) and C (y,n) such that

Clel (‘T _yat_T) < F(CII,y;t,T) < CQGkQ (.T —Y,t— T) . (4)

The proof of lemma 1 is shown in work [10], and this lemma gives estimation of
fundamental solution of equation (1).

Note. It is easy to see k1 > ko.

Let E be compact in Ry,+;. Measure p at E is called k-feasible if

/Gk(:c—y,t—’r)du(y,T)gl for (z,t) ¢ E .
E

Number Py (E) = supp (E) where exact upper bound takes by all k-feasible
measures is called k-capacity of compact E.

By the same way we define capacity created by fundamental solution F' (x,y; t, 7).
It is will be denote through Pr (E).

In case of k = 1 capacity denote through P (E) and called heat capacity.

Lemma 2. For any compact E C R,.1 the following estimations are true
Cs(k,n)P(E) < P, (E)<C,P(FE) . (5)

Lemma 2 is proved in work [12].

Corollary 1. For any compact E C R,+1 such inequalities are true
Cs (y,n) P (E) < Pr (E) < Cs (v,n) P (E) . (6)

In future we denote functions G, and Gy, through Gt and G~ respectively and
capacities Py, (E) and Py, (E) through P (E) respectively.
We called domain D C R,, ;1 step domain if there are numbers t° < t! < --- < ¥

k —
and domains €2;; 4 = 1,--- , k; such that D is set of inner points of unity 'U1Pi where
1=

P, =Q; x (ti_l,ti) ;o1 =1,...,k;
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Lemma 3. Let D-step domain with sufficient smooth boundaries of bases of its

cylinders. Then for any k > 0 there is measure pu at D such that if

Uz, t) = /G,r€ (z —y,t—71)du(y,7) then Ulp-(py=1and
D

1 (D) = Py (D) where T (D) =9dD\y (D).

Lemma 3 is proved in work [12].

Note. The same result also is true for potentials created by fundamental solution
F (z,y;t,7).

We suppose that point ({L‘O, to) coincide with point of origin and in some neigh-
borhood of point (0,0) D will be showed as

{(:p,t) o) < —ta(—t), —d<t< o} :

where d sufficiently small is positive number, « (z) is positive nonincreasing fucntion

(0,d] and

K 2n
‘O/ (Z)‘ S ?7 K < kT; EAS (Oad]a (7)
Moreover we suppose that there is finite or infinite limit
J = lim |o/ (z)‘zln1 (8)
2—0+ z7
4 4 ;
and if J = —, d(z) = | (2)] = ——, then /d+ (2)dz < 0o where dt (2) =
k1 ki1zIn 5
0

max {d (z),0}.

Let for natural m

Ai:{(yaT):eTSGi(_ya_T)Se 2 } )
HE=A:\D.

We denote through z,, nodule of temporary coordinate points of intersection 0D

with surface of level

{(y7T) G (_y7 _T) = 6%} )

8n
2n — k‘lK7
denote through z,, the exact lower edge of these modules).

which belong to interval (e‘ﬂm, e_m) where 8 = (For the ambiguity we

It is easy to see that set A will be

2n e M1 2n
== e <|lyPP <= (-r)ln—}.
Az ={wn e <P P
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Then z,, is root of equation
d(zm) = —In—. (9)

We need to show that for sufficiently big m root z, of equation (9) at the
(eﬁm,e_m) exist. Let

2n . e ™
f(z)=a(z)— k—lln7.
It is clear that f (e™™) = a (e ™) > 0. But
f (e;fim> =« (6;{8"’> — Zn(il_l)m . (10)

From (7) we conclude that for #! < ¢

2 t2
1 9 / dz t2
a(th) —a(t®)=—[d(2)dz <K ;:Klnﬁ‘ (11)
! L

In particular

K4 2
(—ﬁm>< +R?
ale, <a(d)+Khnd+ Kpm < a(d)+ Kpm < 5 Bm

and for validity f (efﬂm) < 0 according to (10) will be enough that

K+ 2 2
= B-1
I5] % 4dn

B-1 " K+2Z  kK-ton
1 k1K+2n 1 <2n—k1K
0 4dn

4
finally 8 > T E K because of choosing . So root z,, of equation (9) at the
n — K
given interval exists. We show that z,,+1 < z,. Really we suppose reverse, that is

Zm+1 > Zm- Then according to (9)

o k
f = ¢ Texp |~ ma ()|

SO
Zm

o =X [—;11 (a(zm) — « (zmﬂ))] >

k 5
> eexp L g My eexp |In m ,
2n Zm, Zm+1
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Kk
where 0 = Tnl < 1. (We used (11)).

Now
P P [ 2 1-6
Zm+1 Zm+1 Zm+1

1
> eT=3 > 1, which contradict to our supposition.

S0, Zm+1 < Zm. Moreover because of

Zm

P eexp [—5711 (a(zm) — a (Zm+1))] > e,

that is z, > € zpm 1.

But

k k 4
" gexp [l(a(zmm—a(zm))] < cexp [lKln m ] =e( m ) ,
Zm41 2n 2n Zm+1 Zm41

and follows

1—

Zm 0 . 1

<e, that is zym <eT=8zpy1 .
Zm+1

k
Let now V,,, = Fm We have V,,, = exp [—la (zm)] So
e~m 2n

V‘T;;_l = exp [_572 (@ (zmy1) — (zm))] <1

because of z41 < 2. So the following is proved

Lemma 4. For sufficiently big m the following estimations are true

€Zma1 < zZm < e Zm, (12)
2
where 61 = ﬁ So there is nonnegative limit Vy = hm Vin.
n —
Lemma 5. For suﬁﬁczently big m the following estzmatzon 18 true
1 n/2
P (H) < C7(v,n) (zm In ) . (14)
Vi

Proof. We need to find that value of 20, for which ”"width” of surface of level

{(y, ) GY (—y,—7) = e%} will be increased. For this we find maximum of fucn-
—m

2
tion —nz In e—. We have
1 z
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Then 2° = e~™~!. We consider only the most interesting case, when V; = 0.
Then for sufficiently big m z, < 2". So
Hf cCc e (0).

2n 1
* Zm In v

n 1 .
For the same reason z,, < k—zm In — and we obtain
1 m

7%27,1 In L,O

Hy CcC L

1
* 2Zm In

Otherwise according to theorem of Landis [3]

P <C§R2’O (0)) = Cs (n) R"

2, n/2 1 n/2
+ < .
P(H}) <Cs (/ﬂ ) (Zm In Vm) )

So

and lemma is proved.

Lemma 6. For sufficiently big m the following estimation is true

n/2
P (H1) < Co (v, n)""? (zm In 1) . (15)
Vin

Let T, = HEN{(y,7) : —2m <7 < —2Zmt1}-

Lemma 7. For sufficiently big m the following estimation is true

1 n/2
P (T,) > Ci3(v,n) <zm In V> .

1
Proof. We act as in proof of previous lemma and see that measure C—dS (y,7)
12
is k1-admissible at T;,. So

1 _mes (Th,) _ 5 (Tm)
P(T,, )>012/d5'(y,7)— ey — (16)

Tm

where T),-projection T}, at the hyper plane 7 = 0. It is easy to see that T}, is ball

B zm 1n / 2” TEm1 In m+1
mes Ty, = (k1> Wn (zm In Vm> — <zm+1 In Vm+1> =

layer

So
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(Y g [ (e L) (2 L)
k1 A Vin Zm Vm+1 .

We use lemma 1 and obtain
~ o, n/2 1 n/2 p n/2 1 n/2
> (252 n/2 L _ m+1 _
mes Ty, > <k1 ) wn (2m) <ln Vm) < o In Vi
]. n/2 Zm+1 1 Vm n/Q
In — — In — >
<nvm> < Zm an Vm+1) B
1 n/2 it 1 Voo n/2
In — — In— +1 =
<nvm> < Zm <nvm+nvm+1>)
n/2
() -
Vin
z 1 2n n/2
_ < e <lnv + Inexp [kl (a (zms1) — a(zm))])>
m m

oan\ "2 1\"? z 1 kK z n/2
> (25 n/2 L . m—+1 L 1 m _
> </€1 ) wn, (2m) [(ln Vm> ( o In v + o In —

z n/2
9 n/2 1 n/2 k Kln =
(2 wp | Zm In — 1-— Fmi1 1—1—71 mt1
k1 "\, Zm 2n 1 1
n7
m
Because of —" <é?, V,, — 0 when m — oo, so for sufficiently big m
Zm+1
Zm
z K M
?;“ 1+217 —E L <e P14+ 0(1) < Cun) <1.
m In —
Vin
So ) )
5 9 n/2 1 n/2
mes Ty, > </~:1L> Wn, (zm In V) [1 — 0?4/2] .
m

Now the statement of lemma follows from (16).

Now we will prove one of the main lemmas, which used under proved of suff-
ciently conditions of regularity of boundary point. This lemma is about increasing
of positive solutions.

Lemma 8. (about increasing of positive solutions) Let D, = D N
{(y,7) : —2m < 7 <0} and in D, defined the positive solution u(z,t) of equation
(1), continuous in Dy, and in vanishes at P (D) = D N {(y,7): —zm < 7 < 0}.
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Then there is C15 (7y,n) such that if 1(m) > m + Ci5Inb then for sufficiently big
m

supu > (1 +nez P (H;g)) sup u , (17)
D, Dm+lm

where n =mn(y,n) .
Lemma 9. Let for natural i =3 m; = [4C15ilnlni] + 1. Then for sufficiently
big 1
mip1 —my; > Cislnlnm; .

Proof. We have
Mmi1 — My = [4015 (’L + 1) Inln (Z + 1)] — [4015’i lnlnz’] >

> 4C5 (’L + 1) Inln (’L + 1) —4C5tInlne — 1 =
=4Ci5 (’[, + 1) Inlni —4C 15t Inlni — 1 =4C 5Inlni — 1

and we need to show that for sufficiently big ¢
4C15Inlni — 1> CisInln{[4C5iInln i) + 1} .
But 4C151Inlni — 1 > 3C 5 Inln4, that is will be enough to show
3Inlni > Inln {[4C14iInlns] + 1}
or3Inlné > Inln {6C5ilnlni},
3lnlni > Inlni 4+ Inln5C45 + Inlnlnlns ,

and the lemma is proved.
Corollary. If the conditions of lemma 8 are fulfilled then for sufficiently big 1

supu > (1 + ne%P (H;;l)) sup u .

Dmi mit1

We will prove the sufficient condition of regularity.

Theorem 1. If relative to coefficients of operator L the condition (3) is fulfilled,
then for reqularity of point (0,0) relative to boundary value problem (1)-(2) will be
enough that

o0

S L P (HE) = (18)

A Inlnm

m=

Proof. At first we show that if condition (30) is fulfilled, then

i e P(H}) =0 (19)

m=3
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Because of for any continuous and monotonously decreasing at [1,00) positive

fucntion f (z), tending to zero, when z — oo, for any natural i > 1

2

¢ i1
f () < /f(z)dz <,
1 k=2

k=2

then for sufficiently big natural ¢

q ‘ g+1 )
S CEP(H) 2 Courm) [P (B )iz )
=3 3

zZn (z+1)n
where m (z) = 4C15zInln z, H{J;} = {(y,T) re2 <G(—y,—7)<e 2 }/D

But otherwise after changing

1
4Ci5zInlnz = t; 4C152 <lnlnz + 1) dz = dt;

nz

dt 1 dt 1 dt
>

dz = >
* = 5C1sInlnz — 5Cis Inlnt

4Ci5Inlnz + i
Inz

(because of z < t) we obtain

il X 4C15(g+1) Inln(g+1) J
mie)n . tn 3 9t
[ 2 [ (i) gy 2

3 1201511111’13

1 [4C15(¢+1) Inln(g+1)]

]. mn
—— e2 P(H/,) .
5C15 Z Inlnm© ’ ( {t})
m:[12015ln1n3]+2

>

Now it is easy to see that from (18) follows (19).

In order to prove regularity of point (0,0) will be enough to show following:
for any €1 > 0 and €2 > 0 there is V' > 0 such that for any L-subparabolic in
D fucntion u (z,t) < 1, vanishes at 9D N {(z,t) : —e; <t <0}, for (z,t) € DN
{(z,t) : V <t <0} the following inequality is fulfilled u (z,t) < e3. From the j we
denote least natural number, for which z;,; < e; and let natural number k& > j + 1

will be such that in D,,, will be point (:L‘O, to), in which
U (mo,to) > €9 .

We respectively use corollary from lemma 9 and obtain

k—1
1> My, > T (14 ne™ 5P (1) ) 2, ive.

1=j
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k—1
Z In (1 + ne™is P (H,;l)) < ln;2 .
ij=1
It is easy to see that P (H ) < Ca (7,n).
Let
Cso (v,n) = te{ig}ag}ln (1:_ nt) .
Then

L 11
>P(H! )< —In—.
;e ( ml)_C?)o " e
But because of (19) the last inequality is true only when k = kg (e1,€2,7,n).
Now will be enough to choose V' = 2, 41 and theorem is proved.
Lemma 10. If respectively to domain D the conditions (7)-(8) are fulfilled, then
from
0
Y e P(H)) =00 (21)
m=1
follows condition (18).
4
Proof. We put more mild condition to « (z), than (8): if J = T then

z ki

d+(z):{‘0/(z)‘zln1_4}+ K m

only when z is sufficiently small.

4

Let at first J = T We will show that there is constant C3; (n) such that for
1

sufficiently big m

Fm = CSlmn/2 (ln m)2/n+1 (22)
Then
/ 4 / dt
a(z)—a(d)—/o/(t)dt<a(d) / :
k1 tln —
z z t
; d 4 1 4 1
—i—Kl/lt =a(d)+ k—lnlnf - k—lnlng—i—
p tln;lnln; ! i !

1 1 4 1 1
+Kilnlnln- — Kylnlnln=- < a(d)+ —Inln -+ Ky Inlnln — .
z d kq z z

From the proof of lemma 4 we conclude that will be enough to show the validity
of the inequality
Czie ™ M e ™mr (lnm)%Jrl
«Q 2
mn

- < —In
)5“ k1 Czre™™ ’

n (Inm
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or
Czie™™ 2n 2 2n 1 2n2+n .
al———— | <-——lhm+-—In—+— Inlnm, <.e.
ma (Inm)» ! kin ki Cs1 k1 n
Cire™™ 4 2 1 2(2
a 231;2 <—lnm+—nln—+wlnlnm. (23)
ma (Inm)» "t ki ki Cs k1
Otherwise

2 2
—m 4 M (Inm)n !
oz(.cgle.) <a(d)+k—lnlne m (Inm) -+
1

mn (lnm)%+1 Cs1
eMmn (lnm)%Jrl 4 4 2
+KiInlnln Con :a(d)—i-k—llnerk—lln <nlnm>+

4 1 4 2 4 4 2
—Inln —+ —Inln —+1)1 d)+ —1 —In—
+k1nnC31+k1nn(n+ )nm—i-goéoz()—i-k1 nm—i—k1 n_+

4 4 1 4 2
+—Inlnm+ —Inln — + —Inln{ —+1 | Inm+ KiInlnm+ 60 (Inlnm) . (24)
k1 k1 Uk n

2(2
@+n)
1

Now from (23) follows that for validity of (22) will be enough that

4 2
o + K that is Kj < k—n, which is fulfilled according to (8). So
1 1

C
Vm 2 2 R 2 3 1.€.
ma (Inm)n»
1 Cs1 mn (lmm)%Jrl 1
Vinln — > —; 3o C > O35 (n) —; T
m  mn (Inm)n 31 mn (Inm)=»

only when m is sufficiently big. From here follows that

But otherwise

o

1 mn o 1 1)
Z mlnm® P (H) 2 Cu Z;glnlnm <lean> -

m=3 m=

> 330734 Z —————— = 00,

— mlnmlnlnm
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and lemma is proved in case of J = T
1
By the same way will be shown that both conditions (21) and (18) are fulfilled

4 4
when J < P Let now J > P Then there is J', J > J' > % such that
1 1

1 1 1
d(z)>a(d)+J Inln = — J’lnlng =J'Inln = — C35 () .
z z
So
k1 ky 1
= _— < e _ =
Vin = exp [ 2noz(zm)] < exp [an Inln Zm] Csg (a,n)
kqJ'
1) 2 kyJ'
= (ln ) Cs6 < Cs7 (a,m)m™ 2n | d.e.
Zm

Zm > e P™_ From here we conclude

1 kyJ’ 1 kyJ kyJ'
Vin 1 < Cs7m 2n In <Cm2n> < Csg (a,n)m™ 2n Inm

n—
Vi 37
Then
1 n/2 kyJ'! n
Vin In — < Cs9 (a,m)m™ 7 (Inm)?
Vin
kyJ' s
because of > 1, from here follows that both conditions (21) and (18) are
fulfilled.

Lemma is proved.

Corollary. For the regularity of point (0,0) according to boundary value problem
(1)-(2) will be enough that fulfilled condition (18).

Now we will prove the necessary condition of regularity.

Theorem 2. If according to coefficients of operator L will be fulfilled condition
(8), then for regularity of point (0,0) respectively to boundary value problem (1)-(2)
will be necessary that

00
Y e P(H,) =0 (25)
m=1

Proof. Let condition (24) is not fulfilled. We denote through m; the least
natural number for which

N mn 1
m;me > P (H,) < xR
We choose continuous boundary function ¢ (z,t) of first boundary value problem

(1)-(2) such that ¢ (0,0) =1, ¢ (z,t) =0 whent < inf {7}, 0<p(z,t) <1.
(y,7)€Hm,
According to lemma 3 for any natural m > m; when g, > 0 there is step domain
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Qm O H,, with sufficiently smooth boundaries bases of its component cylinders

and measure 1, with support in Q,, such that if

Um ($7t): /F(.’I,y;t,T)d/Jm (yaT) ’

Qm
then
Um|I‘—(Qm) =1, (26)
m (Qm) < Pp (H,,) +em - (27)

From lemma 1 and 2 follows that if condition (24) is not fulfilled then

We put &, =

oo
= Z Un (:L‘,t) )
m=mi
We denote D! = D\ U Qm. It is clear that fucntion u(z,t) — V (z,t) is
m=m1
solution of equation (1) in D' and (u — U) Ir(p1) < 0 (according to (25)). According
to principle of maximum u (z,t) < U (z,t) in D' and in particular
I= 1lim wu(zt) <U(0,0) < CyV (0,0) =

(z,t)—(0,0)
(z,t)e D1

o

=Cy Y G (—y,—7)dpiy, (y,7) -

m=mi

We could suppose that Qr, C {(y, )G (—y, ) < e } So

oo
mn

I < Che” Z €2 Ly, (Qm) < Coe™ > e (Pp (H,,) +em) <

m=mi m=mi

> 1

< Coe™ Y e Pp(H,)+ 1

m=mj
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We used (26). Otherwise according to (6)

SN mn 1
ISCQB“C@Z€2PF(Hm)+ZS§.

m=mi

So the point (0,0) is irregular and theorem is proved.
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