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ON SOLVABILITY OF NEUMANN PROBLEM FOR
CORDESS TYPE QUASILINEAR ELLIPTIC
EQUATIONS

Abstract

In the paper the strong solvability of Neuman problem

n
0u wTra
Za” (z,u,ug) Smde. i _1V= b(x,u,uy)
i0%;j

=1
a.e. € D;
ou
= _0
on
in Sobolev space W22 (D), for some class of quasilinear elliptic equations with
parameter w, whose leading coefficents satisfy Cordess condition has been proved.

§1. Introduction.

Let D C E, be a bounded domain of n -dimensional Euclidean space of the
points z = (z1,x9,...,Zy), n > 2. The boundary 0D of the domain D belongs to
the class C?. Consider the second boundary value problem in the domaind:

n
T.a
Zaij (wauaux)uij—wgnilu:b(ac,u,um), (1)
ig=1
ou
| =0 (2)
LAFY))
. n ou
where w is a real number, Tra = Y aj; (z,u,ug), uy = (U1, ug, ..., Up), U = e
i=1 5
0%u L. ) . .
Uij = 55 b1 = 1,2, ..., n;lla;(z,2,0)| is a real symmetric matrix whose
0

elements are the functions measurable in x € D for any fixed z € Ey,0 € E,.
For almost every « € D functions (2,0) — a;; (z,2,6) and (2,0) — b(z,z,0) are
continuous in £ X E,. Moreover, it is assumed that

n
AXEP <D ay (,2,0) ¢, <XTEP, ae.x €D, 2€ By, 0 € B, ¢ € By, (3)
ij=1

2

n n 1
2
b) sup Z a;; (z,2,0) ;aij (z,2,0) | < e (4)

reEDz€FE,0€E, ij=1
J=
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e)|b(z,2,0)| <by(z)(1+10]"), by € Ly (D) forp>2, veE [0, Z((z_;;) , (5)
orp=2, v=0forany z € F, 0 € E, ae. x € D.

Here A € (0, 1] is a constant number. Condition (4) is said to be Cordes condition
and is understood in the sense of equivalence of the nondegenerate linear transfor-
mation; by means of the non degenerate linear substitution of variables equation
(1) is reduced to the form L'u = b, whose leading coefficients satisfy the condition
(4). We’ll assume that the function b(x, z, 0) is measurable with respect to z in the
domain D for any fixed z € F1,0 € E,,. The goal of the paper is to prove the strong
solvability of problems (1), (2) in the Sobolev spaces W2 (D). Related problems for
linear equations were studied in [1].

The questions of classic solvability of Neumann problem for linear equations with
smooth coefficients were studied by several authors as M. Schecter, Ya. Lopatinskii,
Z.Shapiro, S.Agmon, A.Duglis, L.Nierenberg (see ref. in [1]). Concerning a strong
solvability of the mentioned problem for linear equations with continuous coefficients
we note O.A. Ladyzhenskaya’s papers (see ref. of [1], and [2]). On solvability of
Dirichlet problem for elliptic and parabolic equations with discontinuous coefficients
satisfying Cordes condition we note the papers by I.Talenti [3], Yu.Alkhutov and
I.T. Mamedov [4], [5]. For elliptic equations with leading coefficients from the class
VMO the corresponding results were obtained in the papers by C.Vitanza [6], [7]
and D.Palagachev [8]. We also note the recent papers by M.Tain [9] and J.Wen [10]
devoted to a strong solvability of a mixed boundary value problem for some class of
non-linear parabolic equations satisfying the condition close to (3).

Let 1 < p < oo, W, (D) and W} (D) be Banach space of the functions u (z) €
L, (D) having partial derivatives u; and w;; in the sense of distributions theory in
D belonging to Ly (D) respectively. The norm of spaces W, (D) and W (D) are
given by the forms

1/p

Hu”Wpl(D) = / <|U|p + Z |Uij|p> dz
D i=1

and
1/p

n n
gy = | [ 1+ Db+ 3 fugl | do
D i=1 ij=1
respectively. For brievity of denotation we shall write the norms of the spaces
W, (D), W2(D) and Ly(D) as ully, ||u~||27p and [lu|,,, respectively. We'll say that
the function u (z) € W2 (D) belongs to W2, if for any function n (z) € W4 (D) it is

fulfilled the identity
n
/nAuda: = —/ (Zmuz> dz, (6)
i=1

D D
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where A is a Laplace operator in FE,. It is clear that WQQ (D) is a space of func-
tions from W2 (D) where all the functions u (z) € C* (D) are dense, for which
ou

an lop
main D. Everywhere in this paper by C, Cy, Cs, ... we’ll denote the constants whose

= 0. By mes, D we’ll denote n-dimensional Lebesque measure of the do-

values depend on n and constants in the conditions (1)-(4).

§2. Strong solvability of Neumann problem

o\ - = 9?
For linear equations let () = D x <0, W), L be an operator Z Qi (7) 5=
w ii=1 8$13$3

1 s a positive matrix of functions satisfying the conditions (3),
82

n
Z’?j = 1327 -~y 1, Tra = Zaii (III) Denote A = A—i_ﬁ
i=1

where {a;; (a:)}Z]:

(4), aij (z) = (o= 1ay; (2) ;)TZU (m);

2
Laplace operator of (n + 1) variables. For the function @ : D X <0, W] — R! we
w

9 9 o 9 ou 0u 0“u
denote uz, = g Ugjs Uy = g uj where ug, uiy and uy mean o anor M 5
S . )
7,5=1 =1

respectively. Let v denote a mean value of the function v (z,¢) on the domain Q:

1
= t) dxdt.
Q

Let
1/2

" n—1 2
0 = sup <a~- T —(5~)
zeD mzl Tra Z]( ) ]

By condition (4) we get 6 < 1, in fact,

n

62 = sup ZM 2 (x) _in&.

a +
veD \ [T (TTCL)Q tj — Tra ij
n
+Y 6 <n—1-2(n-1)+n=1, (7)
ij=1
. I, = ja
where §;; is a Kronecker symbol, §;; = L it

Auxilary problem 1. Let f(:z:, t) € Ly (Q) be an arbitrary function. Find such
a function v (z,t) € W3 (Q) ,vg = 0 that for any ¢ (z,1) € W3 (Q), ¢g = 0 it holds
the integral identity

/ / (Lu+utt) Apdzdt = / / f (z,t) Apdadt. (8)
Q Q
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Proposition 1. Let the conditions (3)-(4) be fulfilled for the coefficients {a;; () };
i,7=1,2,...,n. Then for any function f (z,t) € Ly (Q) the problem 1 has a unique
solution v (,t) € W3 (Q), vg = 0 and for the solution the estimation

||V||2,2 > (9)
is valid, where
D\ 7 D\ wit
C:Cl\/1+00 <mes” ) +C2 <mes” ) . (10)
w w
Cy,C1 > 0 depend on n, A, J.
Proof. Consider the bilinear form
B(v,p) = // (fﬂ/ + utt> Apdadt,
in W2 (Q) x W3 (Q), where Yo € W2 (Q), o =0,vg =0.
Problem 1 will be written in the form
B(v,¢) = //f(:}:,t) Apdadt. (11)
Q

V@EWQQ(Q), VEWQQ, vg =0, pg = 0.
Apply the Lax-Millgram principle to the solvability of problem 1.
The form B (v, ) is continuous. Really,

i< ], ], <

1/2

HA(pH //[ <L1/ +u§t> dxdt] drdt | . (12)

By Hélder inequality and (4)
2 \2 " a;
() < (3B S <o S -,

5,j=1 1,j=1 1,7=1

By this inequality we get from (12)
B, 9) < V2 —1) | Ag| 1Mz < V202 =T el IVllpz- (13)

The coerciveness of the form B (v, p):

B(v,v) // [me + I/tt] Avdzdt =
Q
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// [( ln:laij ($)5z‘j) vijAv
NS
// (&v)” dudi- //( <”_1aij (x)5ij>2) " (ﬁ:ygj) UQ‘Au‘dmdt.

1,j=1

Avdzdt > (14)

By condition (7) we get from (14)

/ /
B(y,u)z//<Ay)2dxdt—5 //(Au)dedt N //uil,d:vdt 12. (15)
Q Q Q

Now use the estimation

// (V2 + 202, + v} dodt < // (AV)Q dzdt (16)
Q Q

for the functions v (,t) € W (Q) proved in the paper [1]. Then we’ll get from (15),

(16) ( )2
B(v,v) > (1—9) Av) dzdt >
/Q/

1—5// e (5) <o

In the last inequality we used the fact that for the functions v (z,t) € W3 (Q), vg =
0 it is valid the estimation

oo <€ [ [ (0 202 407 do,

1-—
dedi> =0 WE, (6

where C' > 0 is a constant from (10). Really, integrating the identity

o 2
Av = 20A 2 2
v VAV + 7/ + (815)

on Q, allowing for v € W3 (Q) we get

// [VAZ/ + 02+ 1/%] dzdt = 0.
Q

Whence by Hélder inequality

1/2

1/2
// [1/% + 1/?] dxdt < //1/2 (z,t) dedt // (AV)Q dxdt . (17
Q Q Q
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By Poincare inequality (see [11, theorem 4.2]) and that vg = 0 we have

1 1/2

/
//1/2 (z,t) dzdt 2 = //(1/ - VQ)2da:dt <
Q Q

n—1 —
2(n+1) ntl

2(n+1)
< //|I/—VQ| n=1 dxdt mesy4+1Q
Q

ov 2 21\ n+1
<C // V%—i—(at) dzdt <mesan) .
Q
1/2

2 R
<C // l/i—l-(al/) dxzdt (mesnDZW> H,
ot w
Q

IN

the constant Cy > 0 depends only on n. By (18) we get from (17)
Q

1
oy ~ N2
< Cy <mesnD27r> o //(AI/) dxdt
w
Q

By (18) it follows

1/2

ov\?
V2 4+ <8t> ] dzdt <

1/2

1/2 1/2
2
2 n+1 ~ 2
//Vidﬂ)dt <C? <mesnD7r> //(AI/) dzdt
w
Q Q

We get from (16), (19) and (20)

vl < C||Av

27

where
Coy > 0 depends only on n, Q.E.D.
By f (z,t) € Ly (Q) the functional

/ / f (z,t) Apdzdt
Q

(18)

(19)

(20')
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belongs to <W22>* :

/Q/f (z,t) Apdzdt| <

1/2 1/2
< /Q/‘f(z,t)rd:r:dt /Q/‘Agordxdt <
<V H 1| ] llellps- (21)

Now, after that we established the continuity and coerciveness of the form
B (v,p) we can apply the Lax-Millgram principle to the solvability of problem 1.
Then for any f (x,t) € Ly (Q) we'll get the existence of a unique function v (z,t) €
W3 (Q), vg = 0 satisfying the integral identity (11) for any Yo € W3 (Q), g =0.
By (16’) and (21) for ¢ = v from (11) we get the estimation

Whs < 1 osv/20r 1|

where C > 0 is the same that in (12). Proposition 1 is proved.

)
2

Let the operator

N 02
L= Zaij (@) Ox;0x;

ij=1
Consider the problem
T,
L'u— wQ%u = f(z),z €D, (22)
9u =0. (23)
onlgp

Definition. Let f(z) € Lo (D). The function u(z) € W (D) satisfying equa-
tion (22) a.e. x € D is said to be the solution of problem (22), (23).

Theorem 1. Let the system of function {a;; (x)};ij = 1,2,...,n satisfy the
conditions (3) and (4). Then for any f(z) € Lo (D),w # 0 problem (22), (23)
has a unique solution from the space W22 (Q). And for the solution it is valid the
estimation

[ullze < Cliflly (24)

_2 _4
) \/1 Gy <mesnD) Al Lo (mesnD) n+1’ (25)
w w

Cy, C1 > 0 are the constants dependent on J,n, A.

where
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Proof. Let the denotation given before proposition 1 be fulfilled. Let v be the

solution of problem 1 for f = f (z) nT coswt from the space W3 (Q), vg = 0.
a

T

Then for any ¢ € W2 (Q) g = 0 we'll have

/ / [I;u Y vy — f| Apdzdt = 0. (25")
g

Assume that U is an arbitrary function from Ls (Q) provided ¥ = 0. Choose
the function ¢ in identity (25’) as the solution of the following Neumann problem

AQO =, (Iat) € Qa
(26)
on 20

Problem (26) is uniquely solvable in the class W3 (Q) in view of the condition
¥y = 0 on the function ¥ and 9D C C? on the boundary of the domain D (see
[12]). Then it follows from (25’)

// (Jiu Yoy — f) U (z,t) = 0. (27)
G

If ¥ € Ly (Q) is an arbitrary function for which Ug # 0 then assuming ¥ — ¥q
instead of ¥ we get from (27)

// (iu Ty — f) Udadt = g (z,1) // (Eu Ty — f) drdt.
“ Q

Whence
// (Jiy Yoy —f— 01) Wdzdt = 0, (28)
G

1 - -
= L —f = .
4 m63n+1Q/Q/ ( v+uvy—f Cl> dxdt

From (28) by the arbitrariness of the function ¥ € L (Q) we get

where

La +ay — f = Ch. (29)
. . . . 27
Multiply equation (29) by coswt and integrate with respect to | 0, — |:
w

2w fw 27 fw 2w Jw

/f/(l/coswt)dt—i— /Uttcoswtdt— /fcoswtdtzo,

0 0 0
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integrating by parts in the second summand we get

2m Jw
fr—wt=? / f cos wtdt, (30)
0y
w27r/w
a.e. © € D, where z (z) = = [ v (=z,t) coswtdt.
T 0

. ~1 .
Allowing for the form f (z,t) = f(z) (nT ) coswt of the function f (z,t) we

ra
get from (28)
~ -1
Lz—w?z = n
Tra

f(z) ae. z€D. (31)

T,
Multiplying by ral equation (31) we get that the function z (z) is the so-
n—

lution of equation (22). Obviously, z(z) € W3 (Q), thereby we prove the ex-

istence of the solution of problem (22), (23). Using the representation z(z) =
27w
@ [ v(z,t)coswtdt and a priori estimation (9) for v (z,t) we show (24). Obvi-
T o
ously,
27 Jw

w
zij (T) = p / vij (x,t) coswtdt a.e z € D.
0

Integrating this identity with respect to D by means of Minkovskii inequality we

get i.e.
27w

w
leilly = [ leoswt] s (. )l de <
0

27 jw 1/2 2w 1/2
w 2
< — cos” wtdt ||1/U ||2 =
s
=2\l < /20 |7, =
1/2

27w
—1\?2
) cos® wtdzdt =
T

e[ ot
1/2 ,
—C éﬂ (z) dz "n; :

ie. ||zjll, < Clflly- The similar estimations are valid also for z;, z;4,7 = 1,2,...,n.
Then

1zlla.2 < ClIflly (32)
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where C' > 0 is dependent only on n, A, §. Estimation (32) yields the uniqueness of
problem (22), (23) for any w # 0, f (z) € Lo (D).
Passage to the limit. In estimation (32) the constant C is of the form

4 4
C 9\ it o2\ 7t
C = 1 15\/1 + C’é (mesnDW> + C3 <mesnD7r) ,
- w w

whence it follows that it depends on Ly (D), moreover C' — oo as w — 0. Below we’ll
refine some constants for the Ly (D) norm of functions u, and u,,. By estimations
[1, theorem 2] for u € W (D) we have

/uzmdx < /(Au)2 dzr < C/LuAud:I;. (33)
D

D D

Let u (z) € W2 (D) be the solution of the equation

2

Lu — w?u = fu,

then
LulAu — w?ulu = fAu,
1/2
/INJuAuda; —|—w2/ugdw = /f2d$ /(Au)gdx,
D D D D
1/2 1/2
/f/uAudx < /fzda: /(Au)2 dz , (34)
D D D

whence
1/2 1/2

/u de < C /fd:z: /uimdw ,

D

/ ul dr < C / fidz, (35)
D

D

where C > 0 is independent on w.
On the other hand, by u € W3 (D) we have

/uiwdm - /uAudx = /Au (up — u) dzx —uD/Aud;c < / |lu — up| |Aul dz.
D D D D D

By Poincare inequality hence and (35) we have

1/2 1/2

/uidw < /|u—up|2 dx /(Au)2dw <

D D D
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1/2 1/2
<C / uldz / f2dx ,
D

D
/uida: < C/dex, (36)
D D
here again C' > 0 is independent on w. We get from (35), (36)
/ (u2 +u2,) dz < C/dex. (37)
D D

Denote by {u“ (z)} a family of solutions of the problem
Lu® — w*u¥ = f, (38)
By estimation (37) a family of functions
{g” () = v”(z) —up, 0 <w <wo}
have a uniformly bounded norm,

19%l2.0 < C 2 (39)

where C' > 0 is independent on w, since, g%, = 0 by Poincare inequality and (37) we
have

9“1l = lg” — gblla < CNIfll, -

Then from {g“} we can select a subsequence weakly convergent in W3 (D), i.e
g“* — g in W (D) for wy — 0.

From (38) we get Yo € W2 (D)
/f/ukagodx — w%/u“”fAtpda; = /fAnpda:,
D D D
integrating by parts
/f/u“’kAgodx + w%/Vuw’“Vgodx = /fA(de;, (40)
D D D

whence
/fjg“’kA@dx + wz/Vg“’ngodx = /fAcpd:z:,
D D D

passing to the limit by using the weak convergence

gt =g
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in W# (Q) and uniform boundedness of integrals

/ Vg Vods| < C Vg, IVell, < Cr 11l Vel
D

with respect to wy, we get
/(qujAwmzo,vweﬁgun (41)
D

whence as above,

fJg — f=const ae. z€D.

So, we proved that for any f(z) € Lo (D) the solution of a classic Neumann
problem (22) (w = 0) exists in the following sense: there will be found such a constant
C, the function g € W3 (D), gp = 0 that

Lg=f+C ae z€D.

Estimation (39) yields the estimation

lg 2.2 <C|fllys

for the function g, where C > 0 depends on A, n,d. It follows from the mentioned
estimation that the function g is defined uniquely according to the function f (z) €
Ly (D).

We proved the following theorem:

Theorem 2. Let conditions (3) and (4) be fulfilled with respect to the functions
{aijj (z)}, i, =1,2,...,n. Then for any f (z) € Ly (D) the Neumann problem (22),
(23) for w =0 has a unique solution in the following sense: there will be found such
a constant C and the function u € WQQ (D), up =0 that

Lu=f+C ae z€D.
Moreover, for the function w it is valid the estimation

lullze < Crllflly,

where the constant C7 > 0 is dependent on A, n,d, mes,D.
Remark 1. Let {u® (z)},s = 1,2, ... be a sequence of solutions of the problem

T,
Lgu® — w? Tal = f*(z) forae.z €D,
n—
(42)
8 s
u o,

on |gp
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where L, = Z aj; (z) Eyrw
ij=1 v

(3), (4) uniformly on s. Then it is easy to see from the proof of theorem 1 that, it

—w, moreover {af; (z)},1j = 1,2, ... satisfy conditions

holds the estimation
[u?lla.0 < Cllfsllas (43)

where C' > 0 depends only on A, n, 4.
§3. Strong solvability of Neuman problem for nonlinear equations.

Theorem 3. Let w # 0, conditions (3)-(5) be fulfilled for the data of problem
(1)-(2). Let v =1 (p=n) and the measure of the domain D be sufficiently small
or v#1 (p#mn) and the measure of the domain D be arbitrary. Then any there
exists the solution of problem (1)-(2) from the space W3 (D).

Proof. Apply Schauder principle on the existence of a fixed point at continuous
mapping of a convex compact onto its part in a Banach space. By A we denote the
set

{u(@) :u(z) € W (D) Wy (D), |lullyy < N}.

2
We'll select the numbers N, 1 < ¢ < n 5 later. By a compact embedding

2
theorem W3 (D) € W, for 1 < g < 7712 the set A is compact. The set A is also
n—
convex, really for uj,ug € A, A € (0,1], u = Auj + (1 — A) uz we have

[ullyg < Aluillyg + (1 = A) lugllyy SAK + (1= A) K= K, ie ueA

Let g € A, consider the subsidiary problem

Lgu — 1u:l~)(:v),ae.xED, (44)
n—
oul _y, (45)
on|sp
N ) 9 - o
where Lg = Zaij (.I) maaij (.Z') = Q5 (xagagx)a b({E) = b(xagagx)a ) =
i0Tj

i7j
1,2,...n. By means of conditions (3) and (4) we find

1/2 1/2

- /b2<z,g,gx)dx < /|(1+|gx|”>b1(x>|2dx <
D D

b

2

< 1Bl 111+ Lol 1127,y < (||1||;§?p_2) + lg*

e )nb ||
p/p2y) P
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-2
n (p for p > 2 by

2
compact imbedding theorem W3 (D) € W (D) <1 <qg< n2> we have
n

1/2

< C(D)lgllzp < C (D) N,
p/(p=2)

|19

where C' (D) — 0 when mes, D — 0, p > 2. As a result we get the estimation
HBH2 < C(D)N” forp > 2. (46)

The belongness b € Ly (D) follows from (46). The problem (44), (45) is uniquely
solvable in W# (D) and by remark 1 for its solution estimation (43) is valid. Consider
the mapping T : g € A — u € W3 (D) is the solution of problem (44), (45). Show
that the operator T transfers the function g € A to the function u € A . By (46)
and theorem 1 (and remark 1) we get

lully2 < €3], < ¢ (D) N".

If by € L, (D),p > n, then v > 1. If we select 0 < N < 1 sufficiently small we
can obtain
Clloll, C(D)N” < N, (47)

here the measure of the domain D is arbitrary. If by € L;,,1 <p < n, then 0 <v < 1.
We must select N > 1 sufficiently large in order that condition (47) be fulfilled; the
measure of the domain D is arbitrary. We should consider the case p = n, i.e v = 1.
Then we are to consider the domain D with sufficiently small Lebesque measure in
order (46) be hold.

We got ||T'g|l,, < N ie. T: A— A is established.

Now show the continuity of the mapping 7'. Let {g°}, s = 1,2, ... be the sequence
of functions convergent on the norm qu (D) to the function gg. Show that sequence
{Tgs} will converge to ug = T'gg. Obviously,

L, (us — uo) = Lou® — Lou® = (Lg — Ls) u® + Lou® — Lou® =

n
=b(2,9%,95) = b(2,6%9%) + D [aij (z,9° 65) — aij (x,9° 90)] ufj+
ig—1

T.a5 =T 0
mrd T AT 0= F*(z), z € D,

n—1
where o
T,a®
L.— . s s 2T
s ijz_lalﬂ (Ihg 791‘) axzaxj w n—1’

n
Tra’s = Zafz (‘T7gs7gas7) S = 07 1727
i,y=1
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On the basis of theorem 1 and remark 1 to theorem 1 we have

[u® = u’l],, < CIF?[l, <

a2

n
@‘$ﬂ2+ [aij (2, 9%, 92) — aij (2.9°, 92)] uiyll, +
ig—1

.

where b= b(z,¢% ¢5),5=0,1,2,..., C > 0 is independent on s, g*,u* (x). By

< |c

0
Tra® —Tra W0

n—1

2:| ’ (48)

8

l9° = 9°|,, as s — 0.

There exists a subsequence of the sequence {g°}, that we’ll denote as the sequence
itself {¢g°} and for which

g = 4% g5 = gae zeD.

Then

65—50H2—>()ass—>oo, (49)

by Vitali theorem. Really, by the continuity of functions b (z, z,0) on (z,0) € F1 x Fy
and that ¢° — ¢°, g5 — g% a.e. x € D we haven, = bs—by — 0ass — cc a.e. z € D.
On the other hand, the functions {12} have absolutely equicontinuous integrals, i.e.
for any compact e C D on the basis of condition (5) we have

[z < [% @ 0+ 1021 da
e e
Now, if p = 2 i.e. ¥ =0 then we have.

/ nidz < C / v? (z) d. (50)

If p > 2ie. v >0 by the Hélder inequality we get

p

/n?dx <Cy /bzf () dz (mesne)pl'%2

e

p—2

P

2
P
+Cay /b’l’ () dz /|g;|53’5 de | . (51)
e e

. 2
Now select summability exponent g of the space qu (D), so that LPZ < q.
p —

n(p—2)
p(n—2)

Hgs — gOHLq as s — 00.

This is possible by the fact that 0 < v < . From the convergence in D
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we’ll get
9%l < Nlg°ll1q + (52)

where € > 0 is an arbitrary number, the norms are calculated by the set e C D.
Then

/ 027 dz < / o0 do + e (53)
e €

at sufficiently large s independent of e. By the arbitrariness of ¢ we get from esti-
mations (51), (53)

/n?(a:)dx—)O

uniformly in s for mes,e — 0.
Now after that we established the absolute equicontinuity of integrals

[ @) ds

e

and that n, (z) — 0 a.e. x € D we can pass to the limit under the sign of integral

lim 773 (z)dx = 0. (54)
§—00
D
Now show
¢7 = |[laij (2,9°,93) — @i (2.9" g2) | uiyl|, > 0 as 5 = 0054, 5 = 1,2,...,m.

This statement follows from the Lebesque theorem:
aij (z,9°, g5) = aij (w,go,gg) a.e. £ €D as s — 00,
by the convergence a.e. z € D ¢° — g%, g5 — ¢% and continuity of the functions
a;j (z,z,0) by the arguments (z,0) € Ey x E,; 4,5 = 1,2,...,n. By condition (3)
ag (2,9%,92) — iy (9% 09)] Wby < =5 | @)
The right hand side is the function integrable in D. Therefore

lim ¢ = 0. (55)

§—00

Allowing for (54), (55) in (29) we get
1 s _ 0 =
Shm Hu u Hl’q 0. (56)

It is easy to see that

H (TTaS - Trao) uOHQ — 0 as s — o0,
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indeed, |T;a*| < ; by (3) and function {a;; (z,2,6)}, i = 1,2,...,n are continuous
by (2,0) € E; x E, for a.e. By x € D a.e. we'll get ¢° —¢° = 0, g5 —¢% — 0
a.e. z € D we'll get Tra® — T,a® — 0 a.e. £ € D. Tt remains to apply Lebesque’s
majorant theorem with regard to u® € Lo (D).

We got relation (56) for the subsequence {u*}. Show that in fact (56) holds for
all the sequence of the functions {u*}. Let for some subsequence {u% } it holds

lim |ju® — |, ,=é>0, (57)

55 —>00
then for corresponding subsequence of {g% } it holds

o, =0
1,q ’

Jm o o
Repeating the previous arguments with the sequence {g% } we’ll find its subse-
quence for which (56) is valid, that contradicts the supposition (57). The continuity
of the operator T : W (D) — W (D) is established. Now we are to apply Schauder
theorem.
Theorem 3 is proved.
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