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WEAK SOLVABILITY OF THE FIRST BOUNDARY
VALUE PROBLEM FOR GILBARG-SERRIN
PARABOLIC EQUATION IN CYLINDRICAL

DOMAINS
Abstract

In the paper the �rst boundary value problem for Gilbarg-Serrin parabolicequation is considered. Its unique weak solvability in corresponding Sobolevweight spaces is established.
Introduction. The paper is devoted to the investigation of solvability of the�rst boundary value problem for parabolic equation of the form

Lu = �u+ � nX
i;j=1

xixjjxj2 � @2u@xi@xj � @u@t = f + nX
i;j=1

@fk@xk ; (0:1)
where � is Laplace operator and � > �1. It is easy to see that at � > �1 operatorL is uniformly parabolic. We`ll keep the following notation: En and Rn+1 areEuclidean spaces of the points x = (x1; :::; xn) and (t; x) = (t; x1; :::; xn) respectively;
 is bounded domain in En with the boundary @
 belonging to C; QT = 
� (0; T )is a cylinder, ST is its lateral surface in @
� [0; T ] ; � (QT ) = 
 [ ST ; 0 < T <1.C10 (QT ) is a space of all in�nitely di�erentiable in QT functions vanishing nearthe parabolic boundary.Let  satisfy the following condition

 2 ���n�(n�2)
1+� ; 2� n� ; if � > n� 2

 2 �2� n; ��n�(n�2)
1+� � ; if � 1 < � < n� 2

9>>>=>>>; (0:2)
A10 (QT ) is a subspace of all in�nitely di�erentiable �nite functions for which theexpression Z

QT

jxj�2 u2dxdt+ ZQT

jxj u2xdxdt+ ZQT

jxj+2 u2tdxdt
is �nite.~A10 (QT ) is a subspace A10 (QT ) vanishing on the upper cover of the cylinderQT .
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Further, let L2; (QT ) be Banach space of measurable functions u (x; t) given onQT with the �nite norm

kukL2;(QT ) =
0B@ZQT

jxj u2dxdt
1CA

1=2

W 1;0
2; (QT ) and W 1;1

2; (QT ) are Banach spaces of measurable functions u (x; t) givenon QT with �nite norms
kukW 1;0

2; (QT ) =
0B@ZQT

jxj �u2 + u2x� dxdt
1CA

1=2
;

kukW 1;1
2; (QT ) =

0B@ZQT

jxj �u2 + u2x + u2t � dxdt
1CA

1=2

respectively, �W 1;0
2; (QT ) and �fW 1;1

2; (QT ) are subspaces of W 1;0
2; (QT ) and W 1;1

2; (QT )respectively whose dense set are A10 (QT ), ~A10 (QT ) respectively.The �rst boundary value problem
Lu = �u+ � nX

i;j=1
xixjjxj2 � @2u@xi@xj � @u@t = f + nX

k=1
@fk@xk ; (0:3)

uj�(QT ) = 0; (0:4)
is considered in the domain, where f 2 L2; (QT ) ; fk 2 L2; (QT ) ; k = 1; n:.De�nition. The function u (x; t) 2 �W 1;0

2; (QT ) is called a weak solution of

problem (0.3)-(0.4) in the domain QT if at any function � (x; t) 2 �fW 1;1
2; (QT ) the

integral identityZ
QT

jxj
0@ nX

i;k=1
��ik + �xixkjxj2

�1Auk�idxdt+ ((1 + �)  + � (n� 1))�
�ZQT

jxj�2 � nX
i=1xiuidxdt+

Z
QT

jxj u�tdxdt = �ZQT

jxj f�dxdt+
+ZQT

jxj nX
i=1�if idxdt� ZQT

jxj�2 � nX
i=1xif idxdt (0:5)

is ful�lled.
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2. Main a priori estimationLet's represent the Gilbarg-Serrin parabolic operator in the form of divergentoperator with unbounded minor coe�cients.We have

Lu = �u+ � nX
i;j=1

�xixjjxj2 uj
�
i � (n� 1)� nX

i=1
xijxj2ui � ut: (2:1)

For any function u (x; t) 2 A10 (QT ) we have
�ZQT

jxj uLudxdt = �ZQT

jxj u
8<:

nX
i=1uii + � nX

i;j=1
�xixjjxj2 uj

�
i�

� (n� 1)� nX
i=1

xijxj2ui � ut
) dxdt = �ZQT

jxj u nX
i=1uiidxdt�

��ZQT

jxj u nX
i;j=1

�xixjjxj uj
�
i dxdt+ (n� 1)�ZQT

jxj u nX
i=1

xijxj2uidxdt+
+ZQT

jxj u � utdxdt: (2:2)
J1 = �ZQT

jxj u nX
i=1uiidxdt =

Z
QT

nX
i=1ui (jxj u)i dxdt =

Z
QT

nX
i=1 jxj u2i dxdt+

+ZQT

jxj�2 nX
i=1xiuiudxdt =

Z
QT

jxj u2xdxdt+ 2
Z
QT

jxj�2 nX
i=1xi

�u2� dxdt =
= Z

QT

jxj u2xdxdt� 2
Z
QT

u2 nX
i=1
�xi jxj�2�i dxdt =

Z
QT

jxj u2xdxdt�
�n2

Z
QT

u2 jxj�2 dxdt�  ( � 2)2
Z
QT

u2 jxj�2 dxdt = Z
QT

jxj u2xdxdt�
� (n+  � 2)2

Z
QT

u2 jxj�2 dxdt: (2:3)
Besides,
J2 = ��ZQT

jxj u nX
i;j=1

�xixjjxj2 uj
�
i dxdt = �ZQT

nX
i;j=1 (jxj u)i xixjjxj2 ujdxdt =
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= �ZQT

jxj nX
i;j=1

xixjjxj2 uiujdxdt+ �ZQT

jxj�2 u nX
i;j=1

x2ixjjxj2 ujudxdt =
= �ZQT

jxj nX
i;j=1

xixjjxj2 uiujdxdt+ �2
Z
QT

jxj�2 nX
j=1xj

�u2�j dxdt =
= �ZQT

jxj nX
i;j=1

xixjjxj2 uiujdxdt� �2
Z
QT

nX
j=1
�jxj�2 xj�j u2dxdt =

= �ZQT

jxj nX
i;j=1

xixjjxj2 uiujdxdt� �n2
Z
QT

jxj�2 u2dxdt�
�� ( � 2)2

Z
QT

jxj�2 u2dxdt = �ZQT

jxj nX
i;j=1

xixjjxj2 uiujdxdt�
��2 + � (n� 2)2

Z
QT

jxj�2 u2dxdt: (2:4)
J3 = (n� 1)�ZQT

jxj u nX
i=1

xijxj2uidxdt = (n� 1)�2
Z
QT

jxj�2 nX
i=1xi

�u2�i dxdt =
= �(n� 1)�2

Z
QT

u2 nX
i=1
�jxj�2 xi�i dxdt = �(n� 1)�n2

Z
QT

jxj�2 u2dxdt�
�( � 2) (n� 1)2

Z
QT

jxj�2 u2dxdt =
= �(n� 1)�n+ ( � 2) (n� 1)�2

Z
QT

jxj�2 u2dxdt (2:5)
J4 = Z

QT

jxj u � utdxdt = 12
Z
QT

jxj �u2�t dxdt = 12
Z



jxj u2 (T; x) dx: (2:6)
From (2.1)-(2.6) we obtain

12
Z



jxj u2 (T; x) dx+ ZQT

jxj
0@u2x + � nX

i;j=1
xixjjxj2 uiuj

1A dxdt =
= (1 + �)  + [(2n� 3)�+ (n� 2)]�+ (n� 2) (n� 1)�2

Z
QT

jxj�2 u2dxdt�
�ZQT

jxj uLudxdt: (2:7)
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From (2.7) we obtain

Z
QT

jxj
0@u2x + � nX

i;j=1
xixjjxj2 uiuj

1A dxdt �
� (1 + �)  + [(2n� 3)�+ (n� 2)]�+ (n� 2) (n� 1)�2 �

�ZQT

jxj�2 u2dxdt� ZQT

jxj uLudxdt: (2:8)
Investigate the sign of square trinomial

(1 + �) 2 + ((2n� 3)�+ n� 2)  + (n� 2) (n� 1)� (2:9)
relatively to .Solving the equation we have

1 = 2� n; 2 = � (1� n)1 + � (2:10)
It is easy to see, that at � > n � 2 �(1�n)

1+� < 2 � n and at �1 < � <n� 2 �(1�n)
1+� > 2� nAt � = n� 2 �(1�n)

1+� = 2� nThus1) at � > n� 2;  2 ��(1�n)1+� ; 2� n� ; and at � < n� 2  2 �2� n; �(1�n)1+� �
the inequality

(1 + �) 2 + ((2n� 3)�+ n� 2)  + (n� 2) (n� 1)  � 0:
is ful�lled.2) at � > n�2; 2 h�(1�n)1+� ; 2� ni or � < n�2; 2 h2� n; �(1�n)1+� i the inequality

(1 + �) 2 + ((2n� 3)�+ n� 2)  + (n� 2) (n� 1)  > 0
is ful�lled.For the �rst case from (2.8) we obtain

Z
QT

jxj
0@u2x + � nX

i;j=1
xixjjxj2 uiuj

1A dxdt � �ZQT

jxj uLudxdt: (2:11)
Note that for any function u (x; t) 2 A10 (QT ) at  6= 2�n it holds the inequalityZ

QT

jxj�2 u2dxdt � 4(n+  � 2)2
Z
QT

jxj nX
i;j=1

xixjjxj2 uiujdxdt: (2:12)
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Using the last estimation in (2.8) we obtain

Z
QT

jxj
0@u2x + � nX

i;j=1
xixjjxj2 uiuj

1A dxdt �
� 2 �(1 + �) 2 + ((2n� 3)�+ n� 2)  + (n� 2) (n� 1)��(n+  � 2)2 �

�ZQT

jxj nX
i;j=1

xixjjxj2 uiujdxdt�
Z
QT

jxj uLudxdt: (2:13)
Solving the inequality

2 �(1 + �) 2 + ((2n� 3)�+ n� 2)  + (n� 2) (n� 1)��(n+  � 2)2 < 1 + �
we �nd that it is ful�lled at

 2 ���n� (n� 2)1 + � ; � (1� n)1 + �
� ; if � > n� 2;

and at  2 ��� (1� n)1 + � ; ��n� (n� 2)1 + �
� ; if � 1 < � < n� 2:

Let  be chosen by the abovementioned method. Then there exists such "1 > 0that2 �(1 + �) 2 + ((2n� 3)�+ n� 2)  + (n� 2) (n� 1)��(n+  � 2)2 � 1 + �� "1: (2:14)
We can assume that 0 < "1 < 1. Allowing for (2.14) in (2.13) we obtain

"1ZQT

jxj u2xdxdt � �ZQT

jxj uLudxdt: (2:15)
Since

� nX
i;j=1

xixjjxj2 uiuj = � nX
i=1

xijxjui
!2 � 0; at � � 0

and � nX
i;j=1

xixjjxj2 uiuj � �u2x; at � 1 < � < 0:
then subject to (2.10) we conclude that estimation (2.15) holds at any 2 ���n�(n�2)

1+� ; 2� n� if � > n� 2, and at  2 � 2� n;��n�(n�2)
1+� � if � < n� 2.Further, applying the Friedrichs inequality we obtainZ

QT

jxj �u2 + u2x� dxdt � "ZQT

jxj uLudxdt; (2:16)
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where " > 0.Theorem. Let QT = 
 � (0; T ) ; 0 2 
; @
 2 C and numerical parameter 
satisfy condition (0.2). Then for any function u (x; t) 2 �W 1;0

2; (QT ) the inequality

kukW 1;0
2; (QT ) � C (�; n; ; diam
) kLukL2;(QT ) (2:17)

is ful�lled.
3. Unique solvability of the �rst boundary value problemTheorem. Let  satisfy condition (0.2). Then problem (0.3)-(0.4) is uniquely

solvable in the space �W 1;0
2; (QT ).The theorem is proved by the scheme described in [5].
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