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ON SOLVABILITY OF ONE BOUNDARY-VALUE
PROBLEM FOR A SECOND ORDER

OPERATOR-DIFFERENTIAL EQUATION ON A
BAND
Abstract

The su�cient conditions, providing the regular solvability of some boundary-value problem for second order operator-di�erential equation on the band areobtained. These conditions are expressed in terms of coe�cients of the givenoperator-di�erential equation.
Let H be a separable Hilbert space, A be a normal reversible operator in H.Then A has a polar expansion A = U jAj, where U is a unitary operator in H; andjAj is a positive de�nite selfadjoint operator in H.Let us denote by H� the scale of Hilbert spaces generated by the operator A i.e.,H� = D (jAj�) ; ('; )� = (jAj� '; jAj�  ) ; ';  2 D (jAj�) .Let x 2 R1 = (�1;1) ; t 2 (0; 1). Consider in the band Q = (0; 1) � R1 theboundary-value problem

�@2u@t2 � @2u@x2 +A2u+A1;0@u@t +A0;1@u@x +A0;0u = f; (t; x) 2 Q; (1)
u (0; x) = u (1; x) = 0; (2)

where f (t; x) 2 L2 (Q;H) ; u (t; x) 2 W 22;2 (Q;H), and the operator coe�cientssatisfy the following conditions:1) A is a normal reversible operator, whose spectrum is contained in the cornersector S" = f� : jarg �j � "g; 0 � " < �2 :2) The operators B1;0 = A1;0A�1; B0;1 = A0;1A�1; B0;0 = A0;0A�2 are boundedin H.Let's note, that
L2 (Q;H) =

8<:f : kfkL2(Q;H) = 1Z
0
1Z
�1 kf (t; x)k2 dtdx <1

9=; ;
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and W 22;2 (Q;H) is a Hilbert space of vector-functions, obtained by completion ofin�nitely-di�erentiable functions with values from H2, which have the compact sup-ports in Q with the norm kukW 22;2(Q;H) =

=  



@2u@t2




2L2(Q;H) +





 @2f@x@y




2L2(Q;H) +





@2u@x2




2L2(Q;H) + 

A2u

2L2(Q;H)

!1=2 :
Denote by

�W 22 (Q;H) = �u ��u 2W 22 (Q;H) ; u (0; x) = u (1; x) = 0	 :
Then we'll de�ne spaces [1]

W 22 ((0; 1) ;H) = f� : � 00 2 L2 ((0; 1) ;H) ; A2� 2 L2 ((0; 1) ;H)g;
and �W 22 ((0; 1) ;H) = f� : � 2W 22 ((0; 1) ;H) ; � (0) = � (1) = 0g
with the norm

k�kW 22 ((0;1);H) = �

� 00

2L2((0;1);H) + 

A2�

2L2((0;1);H)�1=2 :
De�nition 1. If at any f (t; x) 2 L2 (Q;H) there exists the vector-functionu (t; x) 2W 22;2 (Q;H) which satis�es equation (1) almost everywhere in Q, boundary

condition (2) in the sense

limt!0 ku (t; x)k3=2 = 0; limt!1 ku (t; x)k3=2 = 0
and inequality kukW 22;2(Q;H) � const kfkL2(Q;H) ;
then problem (1), (2) we'll call a regular solvable.In the given paper we'll �nd the conditions for regular solvability of problem (1),(2).Let's note, that in one-dimensional case the analogical problem is considered inthe paper [2].Let P0u = �@2u@t2 � @2u@x2 +A2u; u 2W 22;2 (Q;H) ; (3)

P1u = A1;0@u@t +A0;1@u@x +A0;0u; u 2W 22;2 (Q;H) : (4)
Lemma 1. Let condition (1) be ful�lled. Then for � 2 R the operator

L0 (�) = �@2�@t2 + ��2E +A2� �; � 2 �W 22 ((0; 1) ;H) (5)
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maps the space �W 22 ((0; 1) ;H) onto L2 ((0; 1) ;H).Proof. For � 2 R the spectrum of the normal operator ��2E +A2�1=2 is con-tained in the corner sector S" = f� : jarg �j � "g; 0 � " < �2 . The general solutionof the equation L0 (�) � = 0 from the space W 22 ((0; 1) ;H) has the form

�0 (t) = e�(�2E+A2)1=2'0 + e(�2E+A2)1=2(t�1)'1;
where '0; '1 2 H3=2. From the condition �0 (t) 2 �W 22 ((0; 1) ;H) if follows, that

'0 + e�(�2E+A2)1=2'1 = 0;
e�(�2E+A2)1=2'0 + '1 = 0:

Hence, we obtain that '0 = '1 = 0, i.e. �0 (t) = 0. But at any g (t) 2L2 ((0; 1) ;H) the equation L0 (�) � = g has a solution from the space �W 22 ((0; 1) ;H).Really,
�1 (t; �) = 12�

1Z
�1
��2E + �2E +A2��1 1Z

0 g (s) ei�(t�s)dsdt; t 2 Rsatis�es the equation L0 (�) � = g almost everywhere. From the Plansharel theorem,it is easy to obtain, that �1 (t; �) 2 L2 (R;H).Really,
k�1k2W 22 (R;H) + 

A2�1

2W 22 (R;H) = 


�2 ��2E + �2E +A2��1 ĝ (�)


2L2(R;H)+
+


A2 ��2E +A2��1 ĝ (�)


2L2(R;H) � sup�2R




�2 ��2E + �2E +A2��1


2 kgk2L2 +
+sup�2R




A2 ��2E + �2E +A2��1


2 kgk2L2 :
From the spectral expansion of the operator A it follows, that
sup�2R




A2 ��2E + �2E +A2��1


 � c0 (") ; sup�2R



�2 ��2E + �2E +A2��1


 c0 (") ;

where
c0 (") =

8>>><>>>:
1; 0 � " � �4 ;

1p2 cos "; �4 � " < �2 :So, �1 (t; �) 2 L2 (R;H). Denote contraction of the vector-function �1 (t; �) on[0; 1] by �1 (t; �). Then the general solution of the equation L0 (�) � = g from thespace �W 22 ((0; 1) ;H) has the form:
� (t; �) = �1 (t; �) + e�(�2E+A2)1=2t'0 + e(�2E+A2)1=2(t�1)'1;
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where the vectors '0; '1 2 H3=2 are to be de�ned. From the condition� (0) = � (1) = 0 it follows, that8>><>>:

'0 + e�(�2E+A2)1=2t'1 = ��1 (0; �) ;
e�(�2E+A2)1=2t + '1 = ��2 (0; �) :

:
Solving this system and using the fact that �1 (0; �) ; �2 (0; �) 2 H3=2 we'lluniquely de�ne '0; '1 2 H3=2, hence and � (t; �). The statement of the lemmafollows from the Banach theorem on the inverse operator.Lemma 2. At any � 2 R and � 2 �W 22 ((0; 1) ;H) there hold the inequalities

1) kL0 (�) �k2L2((0;1);H) � 

��2E +A2� �

2L2((0;1);H)+
+2 cos 2"


��2E +A2�1=2 � 0


2L2((0;1);H) ; (6)

2) 

A2�

L2((0;1);H) � c20 (") kL0 (�)k2L2((0;1);H) (7)
3) 



A@�@t





L2((0;1);H) � c1=20 (") c1 (") c1 (") kL0 (�) �kL2((0;1);H) ; (8)
4) k�A�kL2((0;1);H) � c0 (") c1 (") kL0 (�) �kL2((0;1);H) (9)

where

c0 (") =
8><>:

1; 0 � " � �41p2 cos "; �4 � " < �2 : (10)
c1 (") = 12 cos "; " 2 h0; �2� : (11)

Proof. For � 2 R; � 2 �W 22 ((0; 1) ;H)
kL0 (�) �k2L2((0;1);H) = 

��2E +A2� �

2L2((0;1);H) + 

� 00

2L2((0;1);H)�

�2Re ���2E +A2� �; � 00�L2((0;1);H) :But taking into account, that � (0) = � (1) = 0 and the spectrum of the operator��2E +A2�1=2 is contained in the corner spectrum S", after integration by partswe'll obtain: �2Re ���2E +A2� �; � 00�L2((0;1);H) =
= 2Re���2E +A2�1=2 � 0; ��2E +A�2�1=2 � 0�L2((0;1);H) �
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� 2 cos 2" 


��2E +A2�1=2


2L2((0;1);H) :Therefore, inequality (6) is true.Let's prove the rest inequalities. At any � 2 R the operator ��2E +A2�1=2 we'llrepresent in the form U (�) �����2E +A2�1=2���, where U (�) is a unitary operator, and�����2E +A2�1=2��� is a positive operator in H. Then for u 2 �W 22 ((0; 1) ;H) it holdsthe inequality




��2E +A2�1=2 � 0


2L2((0;1);H) =
1Z
0
������2E +A2�1=2��� � 0; �����2E +A2�1=2��� � 0� dt =

= � 1Z
0
����2E +A2�� �; � 00� dt � 

���2E +A2�� �

L2((0;1);H) 

� 00

L2((0;1);H) �

� 12 �

��2E +A2� �

2L2((0;1);H) + 

� 00

2L2((0;1);H)� :Taking into account this inequality in (6) we have


��2E +A2�1=2 � 0


2L2((0;1);H) � 12 (1 + cos 2") kL0 (�) �k2L2((0;1);H) =
= 14 cos2 " kL0 (�) �k2L2((0;1);H) :Hence, it follows that


��2E +A2�1=2 � 0


2L2((0;1);H) � 12 (1 + cos 2") kL0 (�) �k2L2((0;1);H) =
= 14 cos2 " kL0 (�) �k2L2((0;1);H)i.e. 


��2E +A2�1=2 � 0


L2((0;1);H) � 12 cos " kL0 (�) �kL2((0;1);H) : (12)

On the other hand

A� 0

L2((0;1);H) � sup�2R



A ��2E +A2��1=2


 � 


��2E +A2�1=2 � 0


L2((0;1);H) :

Since 


A ��2 +A2��1=2


 � sup�>0;j'j�"
���� ��2e2i' + �2��1=2��� =

= sup�>0
���� ��4 + �4 + 2�2�2 cos 2"��1=4��� � c1=20 (") ;

where c0 (") is de�ned from equality (10). Thus,

A� 0

L2((0;1);H) � c1=20 (") c1 (") kL0 (�) �kL2((0;1);H) :
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Inequality (8) is proved. Then from inequality (6) we obtain, that for 0 � " � �4

�A2 + �2E� �

L2((0;1);H) � kL0 (�) �kL2((0;1);H) ; (13)

and for �4 � " < �2 from inequality (6) allowing for inequality (12) we obtain


�A2 + �2E� �

L2((0;1);H) � 12 cos2 " kL0 (�) �k2L2((0;1);H) : (14)

From (13) and (14) it follows, that

�A2 + �2E� �

L2((0;1);H) � c0 (") kL0 (�) �kL2((0;1);H) :
Then

A2�

L2((0;1);H) � sup�2R




A �A2 + �2E��1


 � 

�A2 + �2E� �

L2((0;1);H) �
� c20 (") kL0 (�) �kL2((0;1);H) :Inequality (7) is also proved. We'll prove inequality (9).Since

k�A�kL2((0;1);H) � sup�2R



�A ��2E +A2��1




��2E +A2� �

L2((0;1);H) �

� sup�2R sup�>0;j'j�"
����� ��2e2i' + �2��1��� � 

��2E +A2� �

L2((0;1);H) �

� c1 (") 

��2E +A2��

L2((0;1);H) � c1 (") c0 (") kL0 (�) �kL2((0;1);H) :Lemma 2 is proved.Theorem 1. The operator P0 : �W 22 (Q;H)! L2 (Q;H) is an isomorphism.Proof. After Fourier transformation on the variable x from the equation P0u = fwe obtain L0 (�) û (t; �) = f̂ (t; �). At f̂ (t; �) � 0, the equation L0 (�) û (t; �) = 0has only zero solution, i.e. û (t; �) = 0. Hence, the equation P0u = 0 has only zeroregular solution. On the other hand the equation P0u = f has a regular solutionat any f 2 L2 (Q;H), since the equation L0 (�) û (t; �) = f̂ (t; x) is solvable at anyf̂ (t; �) 2 L2 ((0; 1) ;H) ; � 2 R. Then we can �nd u (t; x).The theorem is proved.Theorem 2. Let the conditions 1) and 2) be ful�lled, at that

� (") = c1=20 (") c1 (") kB1;0k+ c0 (") c1 (") kB0;1k+ c20 (") kB0;0k < 1:
Then problem (1), (2) is regular solvable.Proof. We'll write equations (1) in the form

P0u+ P1u = f; u 2 �W 22 (Q;H) ; f 2 L2 (Q;H) :
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By theorem 1 the operator P0 has the bounded inverse. Then after substitutionu = P�10 ! we obtain the equation �E + P1P�10 �! = f in the space L2 (Q;H).Since 

P1P�10 !

L2(Q;H) = kP1ukL2(Q;H) �

� kB1;0k 



A@u@t




L2(Q;H) + kB0;1k 



A@u@x





L2(Q;H) + kB0;0k 

A2u

L2(Q;H) : (15)
Using Plansharel theorem from Lemma 2 we get



A@u@t





L2(Q;H) =




A@û (t; �)@t





L2(Q;H) � c1=20 (") � c1 (") kL2 (�) û (t; �)kL(Q;H) =
= c1=20 (") � c1 (") kP0ukL2(Q;H) = c1=20 (") � c1 (") k!kL2(Q;H) : (16)

Similarly, there hold the inequalities



A@u@x




L2(Q;H) � c0 (") � c1 (") k!kL2(Q;H) (17)

and 

A2u

L2(Q;H) � c20 (") k!kL2(Q;H) : (18)
From inequalities (15), (16), (17) and (18) it follows, that

P1P�10 

L2(Q;H) � � (") < 1:
Then u = P�10 �E + P1P�10 ��1 f:
The theorem is proved.

References
[1]. Lions J.L., Majenes E. Non-homogeneous boundary-value problems and their

applications. M.: "Mir", 1971, 371 p. (Russian)[2]. Mirzoev S.S. To the theory of solvability of second order operator-di�erential

equations in Hilbert space. Materials of the Scienti�c conference, in functional anal-ysis and equations of math.physics devoted to 80 anniversary of BSU. 1999, pp.307-317. (Russian)



94 [I.J.Jafarov] Transactions of NAS of Azerbaijan
Ilgar J. JafarovInstitute of Mathematics and Mechanics of NAS of Azerbaijan.9, F.Agayev str., AZ1141, Baku, Azerbaijan.Tel.: (99412) 439 47 20 (o�.).
Received June 11, 2004; Revised September 30, 2004.Translated by Mamedova Sh.N.


