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ON SOLVABILITY OF ONE BOUNDARY-VALUE
PROBLEM FOR A SECOND ORDER
OPERATOR-DIFFERENTIAL EQUATION ON A
BAND

Abstract

The sufficient conditions, providing the regular solvability of some boundary-
value problem for second order operator-differential equation on the band are
obtained. These conditions are expressed in terms of coefficients of the given

operator-differential equation.

Let H be a separable Hilbert space, A be a normal reversible operator in H.
Then A has a polar expansion A = U |A|, where U is a unitary operator in H, and
|A| is a positive definite selfadjoint operator in H.

Let us denote by H,, the scale of Hilbert spaces generated by the operator A i.e.,
Hy =D (AI%), (6,9), = (A 0. |AI %), 0,4 € D (A" .

Let € R! = (—00,00), t € (0,1). Consider in the band Q = (0,1) x R! the

boundary-value problem

Pu 0% ou ou
o2 82+AU+A108 +A018 +Agou=f, (t,z) € Q, (1)
U(O,.’L‘) =u (I,ZE) = 0’ (2)

where f(t,2) € Ly (Q,H), u(t,x) € W5y (Q, H), and the operator coefficients
satisfy the following conditions:
1) A is a normal reversible operator, whose spectrum is contained in the corner

sector

S. = {\:|arg\| < e}, oge<g.

2) The operators By g = ALOA*l, By = Ao,lAfl, Byo = A070A*2 are bounded
in H.
Let’s note, that

1 o
L2(QH) = § gy = [ [ 1F ()| dtdo < o .
0 —oo
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and W2272 (Q, H) is a Hilbert space of vector-functions, obtained by completion of
infinitely-differentiable functions with values from Hs, which have the compact sup-

ports in () with the norm

=
(1760 o #2521 m)
—\ g2 ) + ||A%u ' .
O || Loqurry 1920y ||y @umry 11022 ||y L2(QsH)
Denote by

W3 (Q:H) = {ulue Wi(Q;H), u(0,2) =u(l,z)=0}.
Then we’ll define spaces [1]
W ((0,1):H) = {v:v" € Ly ((0,1); H), A’v € L2 ((0,1); H)},
and
W3 ((0,1): H) = {v:v e WF((0,1);H). v(0) =r (1) =0}

with the norm

) 1/2
Wz o = (17 1o + 14271 som)

Definition 1. If at any f(t,z) € Lo (Q;H) there exists the vector-function
u(t,z) € W22,2 (Q; H) which satisfies equation (1) almost everywhere in Q, boundary

condition (2) in the sense
lim 1 (t.2) [ = 0. lim 1 (8.2 = 0

and inequality
lellwg @iy < constl|fll,qum -

then problem (1), (2) we’ll call a regular solvable.

In the given paper we’ll find the conditions for regular solvability of problem (1),
(2).

Let’s note, that in one-dimensional case the analogical problem is considered in
the paper [2].

Let

0’u  O%u
Pou:—ﬁ—ﬁ—}-flzu,uEWiZ(Q;H), (3)
ou ou
Aloa -i-z‘lol(9 + Ao ,ou, UGWM(Q, H). (4)
Lemma 1. Let condition (1) be fulfilled. Then for & € R the operator
82
Ly (f):—7+(§2E+A2)V v € Wy ((0,1); H) (5)



Transactions of NAS of Azerbaijan 89
[On solvability of one boundary-value problem]

maps the space W22 ((0,1); H) onto Lo ((0,1); H).

Proof. For ¢ € R the spectrum of the normal operator (§2E + AQ)I/2 is con-
tained in the corner sector S; = {A: |Jarg\| < ¢}, 0<e < g The general solution
of the equation Lg (¢) v = 0 from the space W2 ((0,1); H) has the form

. 2)1/: . 2\1/:
1204} (t) = 67(€2E+A2)1 2‘700 + 6(€2E+A2)1 Z(til)gpl’

where ¢, p; € Hy/o. From the condition vg (t) € W22 ((0,1); H) if follows, that

1/2

(2 2
(5 E+A) (101:0a

(,00+6

- 2\1/
e (BT o =0,

Hence, we obtain that ¢, = ¢; = 0, i.e. vo(t) = 0. But at any g (¢) €
L5 ((0,1); H) the equation Ly (§) v = ¢ has a solution from the space W2 ((0,1); H).
Really,

00 1

vy (t,€) = ;ﬂ/ (EE +n*E + A?) 1/9 M) dsdt, t € R
—00 0
satisfies the equation Lg (¢) v = g almost everywhere. From the Plansharel theorem,
it is easy to obtain, that vq (¢,&) € Lo (R; H).
Really,

1 2

§(7)]

2
||V1||I2/V22(R;H) + HA2V1HW22(R;H) = Hng ("B + §°E + A%) Lo(R;H)

2 112
< su H 2(’E + ¢%E + A? H 2 4
Loy = SR |1 (n ¢ ) lgllz,

+||42 (2B + 4%) ()]

112
sup||42 (2B + €28 + 4%) 7| g7,
neR

From the spectral expansion of the operator A it follows, that

1

supHA2 2E+§2E—1—A2 H <c(e supHn 2E+§2E+A2) o (€),
neR neER
where x
1,0<e< —
7 f— 8 f— 4’
co (e) =
1 T T
V2cose 4~ 2

So, v1 (t,€) € Ly (R; H). Denote contraction of the vector-function v (¢,£) on
[0,1] by 71 (£,€). Then the general solution of the equation Ly (¢) v = g from the
space W22 ((0,1) ; H) has the form:

v(t,&) =71 (t,€) + 67(52E+A2)1/2t oo+ e(ézEJrAg)l/z(til)

P1,
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where the vectors ¢y, € Hsz/p, are to be defined. From the condition
v (0) =v (1) =0 it follows, that

o\1/2
Po + 6_(E2E+A2) t(‘pl =—-U (07 5) ;

_(£2 2)1/2¢ _
e (7E+A7) + ¢ =—12(0,¢).

Solving this system and using the fact that 71 (0,£), 72(0,§) € Hyjp we'll
uniquely define g, p; € Hs/p, hence and v (£,£). The statement of the lemma
follows from the Banach theorem on the inverse operator.

Lemma 2. At any £ € R and v € WZQ ((0,1); H) there hold the inequalities

2
D 1o (&) vl 7y 0.0y = || (62 E + A%) V|| 01y T

2 n1/2 4|
+2cos 2¢ H ({ E+ A ) v La((O.1):H) (6)
2 142 0.y < 6 (€) 1L (N 0,1),m) @)
ov
3) HA& < " () ex (&) e1 (&) Lo (€) ¥l oo, ®)
La((0,);H)
€AV 1y 0.ymry < 0 (0) 1 (&) 120 () Yl ooy ©)
where s
1,0 <e<L Z
wE) =4 1 &_ = (10
, —<e< =
V2cose 4 2
1 T
c(e) = 2cose’ [0’ 5) ()

Proof. For ¢ € R, v e W2((0,1); H)

2 2
1Zo (&) I17,(0,00:m) = || (€ + A%) vl ooy 1V ooy —
—2Re ((*E + A?) v, u")h((ml);H) :

But taking into account, that v (0) = v (1) = 0 and the spectrum of the operator
(§2E + A2)1/ % is contained in the corner spectrum S, after integration by parts
we’ll obtain:

—2Re ((§2E + A2) v, V”)Lg((o,l);H) =

B 5 N1/2 , (p0 «2\1/2 s
_2Re((§E+A) Vv (CE+ A7) V)LQ((OJ);H)Z
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2
22cos2eH(§zE+A2)1/2‘ :
La((0,1);H)

Therefore, inequality (6) is true.

Let’s prove the rest inequalities. At any £ € R the operator (§2E + AQ)
represent in the form U (&) ‘(§2E + AQ)1 2 ,
(€E + 42)"7
the inequality

V2 el

(¢) is a unitary operator, and

is a positive operator in H. Then for u € W2 ((0,1); H) it holds

1
/ fQE +A2 12 7

0

|28+ 42" 1/' (€E + 42"

1/) dt =

1
—/ (|€*E + A%| v, dt < |||¢°E + A°
0

<

H) HV”HLZ((OJ);H)

1 2
<3 (” (£E + 4%) VHLQ((O,I);H) + HV”Hiz((O,l);H)> '

Taking into account this inequality in (6) we have

2 1
2p 4 A2\V2 < _ - L 2 =
H(f +A%) Ty Ly((0,1);H) — 2 (1 + cos 2¢) 120 (€) v lra 0.0

1
" 4cos?e
Hence, it follows that

1L (&) Y117, (0.1y:m) -

1

2E A2 1/2 I TG— 2 —
H(f + ) Lo((0,1);H) — 2 (1 + cos2e) %o (g)VHLQ((O’l);H)

_ 1
" 4cos?e

1L () V117, (0,101
ie.

1
<
Lo((0,1);H) — 2cose

H(§2E+ A2y

1 Lo (&) vl 1y (0,1);1) - (12)

On the other hand

, 9 o\ —1/2 2 n1/2
| Av HLQ((OJ);H) < EEEHA (¢PE + A%) H : H(f E+ A%y La((0,1);H)

Since

HA ({2 + A2)71/2H <  sup
1>0,]p]<e

1 (;ﬂe?“" + 52)*1/2‘ _

—sup‘,u 7 +§4+2§2,u2c0325 /4 ‘ < 1/2( ),
where ¢ (¢) is defined from equality (10). Thus,

1491 0.1y < €07 () €1 () 120 (&) ¥l 0,170 -
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N

Inequality (8) is proved. Then from inequality (6) we obtain, that for 0 < e <

(4% + EE) vl 011000y < 10 (O Vo015t (13)

and for % <e< g from inequality (6) allowing for inequality (12) we obtain

1
1(4% + EE) v ||, 01y < 1Lo (&) ¥ 17 0,1y:m) (14)

~ 2cos?¢

From (13) and (14) it follows, that

H (A2 + SZE) yHLg((O,l) H) < co (5) ||L0 (f) V”LZ((O,I);H) .

)

Then
~1
147 .2y < 500 |+ e |- 142+ €B) vl 0 <
<3 (e) 100 (&) VIl py((.1yemr) -

Inequality (7) is also proved. We’ll prove inequality (9).

Since

€AV 1, 0,1);0) < cen HfA (€°E + AQ)AH 1B + A7) v|| 0y <

<sup sup |[ép(pPe*V + 52)71‘ NEE+A) V]| 01y <

EER p>0,fp|<e
< e () [|(€E + A0) ||, 0.0y < €1 (€) o (&) Lo () vl 0,10, -

Lemma 2 is proved.

Theorem 1. The operator P, : W22 (Q; H) — Lo (Q; H) is an isomorphism.

Proof. After Fourier transformation on the variable z from the equation Pyu = f
we obtain Lo (&) 4 (£, &) = f(t,€). At f(¢,€) = 0, the equation L (£) 4 (¢,€) = 0
has only zero solution, i.e. 4 (¢,£) = 0. Hence, the equation Pyu = 0 has only zero
regular solution. On the other hand the equation Pyu = f has a regular solution
at any f € Lo (Q; H), since the equation Lo (§) 4 (t,&) = f(t,m) is solvable at any
f(t,€) € Ly ((0,1); H) ,¢ € R. Then we can find u (¢, z).

The theorem is proved.

Theorem 2. Let the conditions 1) and 2) be fulfilled, at that

<L

a(e) = co/* (e) e1 (¢) | Buoll + co (€) e (€) | Boll + 2 (€) | Boo

Then problem (1), (2) is reqular solvable.

Proof. We'll write equations (1) in the form

Pou+Pru=f, u€ Wi(Q;H), feLy(Q; H).
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By theorem 1 the operator Py has the bounded inverse. Then after substitution

u = Pglw we obtain the equation (E + PlPofl) w = f in the space Ly (Q; H).

Since
HPlP()_leLz(Q;H) = ||P1U||L2(Q;H) S
ou ou
< 1Brol HA T 11Boy ‘A 1Bl |47, oy (15)
Ot |l 1p(qs) O || 1y (sm) Ly(Q:H)

Using Plansharel theorem from Lemma 2 we get

ou H o (t,€) 1/2 .
A— = || A—5— <y () -er(e) 12 (§) a @, &) =
H ot L»(Q;H) ot Ly(Q;H) " P
= c(l]/2 (5) ol (6) ||P0u||L2(Q;H) = 0(1)/2 (5) - C (8) ||w||L2(Q;H) . (16)
Similarly, there hold the inequalities
ou
A <o () e (e) [wllpy g, (17)
H 92| 1, (i) L2(Q;H)
and
(18)

HAQUHLQ(Q;H) < C% (E) HWHLZ(Q;H) :
From inequalities (15), (16), (17) and (18) it follows, that

1P P M| gy < () < L.

Then
w=P (E+PP") /.

The theorem is proved.
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