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APPLIED PROBLEMS OF MATHEMATICS AND MECHANICS

Kaz�m G. HASANOV, Leyla K. HASANOVA
THE OPTIMAL CONTROL PROBLEM FORGOURSAT-DARBOUX LINEAR SYSTEM

AbstractIn the given work the optimal control problem in linear hyperbolic system isinvestigated by method of l -problem of moments.
By investigating various processes, such as sorption, drying and etc., optimalcontrol problems, described by a system of hyperbolic equations [2, 4, 8, 9] arise.Let the controlled process be described by the equation:

xts = A1 (t; s)xt +A2 (t; s)xs +A3 (t; s)x+ c (t; s)! (t; s) 2 D (1)
with conditions

xt (t; s0) = B1 (t)x (t; s0) + c1 (t)u; t0 � t � t1; (2)
xs (t0; s) = B2 (s)x (t0; s) + c2 (s) �; s0 � s � s1; (3)

x (t0; s0) = x0; (4)
where Ai (t; s) (i = 1; 2; 3) ; B1 (t) ; B2 (s) are n�n matrices, c (t; s) is n�m matrix,c1 (t) is n�m1 matrix, c2 (s) is n�m2 matrix, (! (t; s) u (t) ; � (s)) is m+m1+m2dimensional vector control, D = [t0; t1]� [s0; s1].In future, as feasible controls (! (t; s) ; u (t) ; � (s)) we'll consider the elements ofthe space Wp (D) = Lmp (D) � Lm1p [t0; t1] � Lm2p [s0; s1], where Lmp (D) is a space ofsuch measurable on D m-dimensional vector-functions ! (t; s), that

k!kp =
0
@ mX

i=1
ZZ
D

��!i (t; s)��p dsdt
1
A1=p

<1 as 1 � p <1;
and k!k1 = max1�i�m

�vraimaxD ��!i (t; s)��� <1 for p =1:
Let us note, that the space Wp (D) is a direct product of three Banach spacesLmp (D) ; Lm1p [t0; t1]; Lm2p [s0; s1]. This space is also a Banach space with norm [10,page 47]

k(!; u; �)kWp(D) = k!kLmp (D) + kukLm1p [t0;t1] + k�kLm2p [s0;s1] :
The space Wp (D) is adjoint to the space Wq (D) = Lmq (D) � Lm1q [t0; t1] �Lm2q [s0; s1] with norm [10, pp.47-48]

k(; �; �)kWq(D) = maxnkkLmq (D) ; k�kLm1q [t0;t1] ; k�kLm2q [s0;s1]o ;
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where 1p + 1q = 1; (; �; �) 2Wq (D) :

The duality between Wq (D) and Wp (D) is de�ned by the functional
L[(; �; �)] = ZZD  (t; s)! (t; s) dsdt+ t1Z

t0
� (t)u (t) dt+ s1Z

s0
� (s) � (s) ds: (5)

At that kLk = k(!; u; �)kWp(D).At the given control (! (t; s) ; u (t) ; � (s)) 2 Wp (D) the solution of problem(1)-(4) is n -dimensional vector-fucntion x (t; s), absolutely continuous [7, p.246]and satisfying equations (1)-(3) and condition (4) almost everywhere.Suppose, that the following conditions are ful�lled:
1. The matrices Ai (t; s) ; @Ai@t ; A2 (t; s) ; @A2@s ; A3 (t; s) ; B1 (t) ; B2 (s) aremeasurable and their norms are integrated by Lebesgue,2. The rows (c(t; s); c1(t); c2(s))j (j = 1; 2; :::; n) of the matrix (c(t; s); c1(t); c2(s))belong to the space Wq (D).Under indicated conditions, the existence and uniqueness of the solutions ofproblem (1)-(4) can be proved by the ordinary successive approximations method[8, 9].For �nding the correlation, expressing the solution of system (1)-(4), we'll in-troduce n�n-matrices �0 (t; s) (t0 � t � t1; s0 � s � s1) ; �1 (t; s; �) ; (t0 � t � t1;s0 � s � s1; t0 � � � t) ; �2 (t; s;�) (t0 � t � t1; s0 � s � s1; s0 � � � s) ;�3 (t; s; � ; �) (t0 � t � t; s0 � s � s1; t0 � � � t; s0 � � � s), de�ned as solutionof the system

@2�@t@s = A1 (t; s) @�@t +A2 (t; s) @�@s +A3 (t; s) � (6)
satisfying the conditions

@�0 (t; s0)@t = B1 (t) �0 (t; s0) ; @�0 (t0; s)@s = B2 (s) �0 (t0; s) ;
�0 (t0; s0) = I; @�1 (t; s; t)@s = A1 (t; s) �1 (t; s; t) ; (7)
@�1 (t; s0; �)@t = B1 (t) �1 (t; s0; �) ;�1 (t; s0; t) = I;

@�2 (t; s; s)@t = A2 (t; s) �2 (t; s; s) ; @�2 (t0; s;�)@s = B2 (s) �2 (t0; s;�) ;
�2 (t; s; s) = I; @�3 (t; s; � ; s)@t = A2 (t; s) �3 (t; s; � ; s) ;
@�3 (t; s; t; �)@s = A1 (t; s) �3 (t; s; t; �) ;�3 (t; s; t; s) = I:

I is a unique n� n -matrix.
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Let x (t; s) be a unique absolutely continuous solution of problem (1)-(4) at thecontrol (! (t; s) ; u (t) ; � (s)) 2Wp (D). Then x (t; s) is represented by the formula

x (t; s) = �0 (t; s)x0 +
tZ
t0
�1 (t; s; �) c1 (�)u (�) d�+

+ sZ
s0
�2 (t; s;�) c2 (�) � (�) d� + tZ

t0
tZ
s0
�3 (t; s; � ; �) c (� ; �)! (� ; �) d�d�; (8)

where �0 (t; s) ;�1 (t; s; �) ;�2 (t; s;�) ;�3 (t; s; � ; �) are de�ned from conditions (6),(7).The following problem is stated: it is required to �nd such a control (! (t; s) ; u (t) ;� (s)) 2 Wp (D), that its corresponding solution x (t; s) of system (1)-(4) satis�esthe condition x (t1; s1) = x� (9)
and has, at that, the least norm.

k(!; u; �)kWp(D) ;
where x� 2 R is the given point.Let the solution x (t; s) of problem (1)-(4) at the control (! (t; s) ; u (t) ; � (s))satisfy condition (9). Then from (8) we obtain, that for such a control the equality

ZZ
D f (t; s)! (t; s) dsdt+ t1Z

t0
g (t)u (t) dt+ s1Z

s0
h (s) � (s) ds = a (10)

where a = x� � �0 (t1; s1)x0; f (t; s) = �3 (t1; s1; t; s) c (t; s) ;
g (t) = �1 (t1; s1; t) c1 (t) ; h (s) = �2 (t1; s1; s) c2 (s) (11)

is ful�lled.The ful�lment of equality (10) is the necessary and su�cient condition in orderthat the solution x (t; s) of problem (1)-(4), corresponding to the control (! (t; s) ;u (t) ; � (s)) satisfy condition (9). Equality (10) expresses the problem of moments,noted in vector-matrix form [1; 3; 5; 6]. Using equalities (5) and (10) the problem of l-problem of moments it is possible to formulate in the following form. It is requiredto �nd such a linear functional L, de�ned on elements of the space W (D), that
L[(f; g; h)j ] = aj ; j = 1; 2; :::; n; (12)

kLk � l (l > 0) ; (13)
be ful�lled, where (f; g; h)j is the j -th row of the matrix f (t; s) ; g(t); h (s) and ajis the j -th component of the vector a.
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Taking into account, kLk = k(!; u; �)kWp(D), we obtain, that for solution of thestated problem it is required to �nd the linear functional L, which is a solution of l-problem of moments (12), (13), at that l is the least number.Lemma. Let the rows (f; g; h)j (j = 1; 2; 3; :::; n) of the matrix (f (t; s) ;g (t) ; h (s)) be linear independent and a 6= 0.
Then the problem � = max� �a; (14)

k� (f; g; h)kWq(D) = 1; (15)
has a solution, where � is an n -dimensional vector-row.Proof. First of all let us note, that the dual to problem (14), (15) is the followingequivalent problem (see [6])

1� = min� k� (f; g; h)kWq(D) (16)
provided �a = 1: (17)

Under the conditions of lemma the set � (f (t; s) ; g (t) ; h (s)) forms n -dimensionalspace En, stretched on the rows of the matrix (f (t; s) ; g (t) ; h (s)), where � is anyn -dimensional vector-row. In the space En the norm is de�ned as in the spaceWq (D).Let f�kg be a minimizing sequence of vector-rows, i.e.
1� = min� k� (f; g; h)kWq(D) = limk!1

�k (f; g; h)Wq(D) ;
�a = 1; �ka = 1; k = 1; 2; :::.

Hence it follows, that the sequence f�k (f; g; h)g is uniformly bounded in En.Therefore, from this sequence it is possible to choose such a sequence (we'll againde�ne it by f�k (f; g; h)g), for which the limit exists:
limk!1�k (f; g; h) = �� (f; g; h) :

Hence, we have
k�� (f; g; h)kWq(D) = limk!1

�k (f; g; h)Wq(D) = 1�;
�� = limk!1�k; ��a = 1:

The lemma is proved.Theorem 1. Let the conditions of the lemma be ful�lled. Then for the existence
of the solution of problem (12), (13) it is necessary and su�cient, that the condition� � l, where � is a solution of problem (14), (15), be ful�lled.Proof of necessity. Let there exist the linear functional L, de�ned on elementsof the space Wq (D), which will give the solution of the problem of moments (12),(13).
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From equalities (12) we have

L[� (f; g; h)] = �a:
From here, taking into account inequality (13) we obtain

j�aj = jL[� (f; g; h)]j � kLk k� (f; g; h)kWq(D) �
� l k� (f; g; h)kWq(D) :With regard to (17) we have
k� (f; g; h)kWq(D) � 1l :

Consequently, and minimal value k� (f; g; h)kWq(D) under all �, satisfying equal-ity (17), is no less than 1=l, i.e.
min� k� (f; g; h)kWq(D) = 1� � 1l ; �a = 1:

From here, l � �. The necessity is proved. To prove the su�ciency we'll assume,that the condition l � � is ful�lled. Let's de�ne on n dimensional linear space Enthe linear functional L0 in the following form L0[� (f; g; h)] = �a with the normkL0k = �, where � is a solution of problem (14), (15).By Khan-Banach theorem on extension of linear functional, with norm preserva-tion, there exists the linear functional L de�ned on the elements of the spaceWq (D),such that L[(; �; �)] = L0[(; �; �)] for (; �; �) 2 En and kLk = kL0k = � (see:[10], p.97).The linear functional L, de�ned on the space Wq (D) has form (5) and kLk =k(!; u; �)kWp(D).Thus, L is the required functional, which gives us the solution of problem (12),(13).The theorem is proved.Theorem 2. Under the lemma's condition, there exists the solution of problem
(1)-(4), (9).Proof. Let the number � be de�ned as a solution of problem (14), (15). ByTheorem 1 there exists the control (! (t; s) ; u (t) ; � (s)) 2Wp (D) such, that for the
functional L[(; �; �)] = Z Z

D  (t; s)! (t; s) dsdt + t1Z
t0
� (t)u (t) dt + s1Z

s0
� (s) � (s) ds

equality (10) is ful�lled and kLk = k(!; u; �)kWp(D) = �.From here, it follows, that (! (t; s) ; u (t) ; � (s)) 2 Wp (D) is an optimal control.The theorem is proved.Let's suppose, that 1 < p < 1 and consider the sequence of solutions of theoptimization problem by method of moments:1. De�ne the number �� and the vector �� as a solution of the problem
�� = ��a = max� �a (18)

provided k�� (f; g; h)kWq(D) = 1; (19)
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where (f (t; s) ; g (t) ; h (s)) is de�ned by formula (11),

k�� (f; g; h)kWq(D) = maxnk��fkLmq (D) ; k��gkLmq (t0;t1) ; k��hkLm2q [s0;s1]o :
2. From condition (19) it follows, that at least one of the equalities

k��fkLmq (D) = 1; k��gkLm1q [t0;t1] = 1; k��hkLm2q [s0;s1] = 1
is ful�lled.If just the �rst equality is ful�lled, then the optimal control (!� (t; s) ; u� (t) ; �� (s)) 2Wp (D) is de�ned in the following form:

!�k (t; s) = �� ���(��f (t; s))k���q�1 sign (��f (t; s))k ; k = 1; 2; :::m;
u� (t) = 0; �� (s) = 0 where (��f (t; s))k is the k -th component of the vector��f (t; s).At that k(!�; u�; ��)kWp(D) = ��:

Other cases is analyzed in a similar way
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