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THE OPTIMAL CONTROL PROBLEM FOR
GOURSAT-DARBOUX LINEAR SYSTEM

Abstract

In the given work the optimal control problem in linear hyperbolic system is
investigated by method of | -problem of moments.

By investigating various processes, such as sorption, drying and etc., optimal
control problems, described by a system of hyperbolic equations [2, 4, 8, 9] arise.
Let the controlled process be described by the equation:

xps = A1 (t,s) mp + Ag (t,8) 25 + Az (t,8) v+ c(t,s)w(t,s) € D (1)

with conditions

T (t, 30) =B (t) x (t, 80) + 1 (t) u, tg <t <ty (2)
Zs (to, s) = Ba(8) x (tg,8) + ca(s)v, so < s < 81, (3)
z (tg, o) = z°, (4)

where A; (t,8) (i = 1,2,3), By (t), Ba(s) are n x n matrices, ¢ (t, ) is n X m matrix,
c1 (t) is m X my matrix, co (s) is n X mg matrix, (w (¢, s) (¢ ) , v(8))is m—+my+mg
dimensional vector control, D = [tg,t1] X [so, $1]-

In future, as feasible controls (w (t,s), u () ,U (s)) we’ll consider the elements of
the space W, (D) = L' (D) x Ly [to, t1] x L*[s0, s1], where L7* (D) is a space of
such measurable on D m—dlmensmnal vector- functlons w (t, s), that

1/p
lwll, = Z//‘w ts‘pdsdt <o asl<p<oo,
1=1"p
and

|wl,, = lrgniag)r(n {vmz’mgx |’ (t, s)‘} < oo for p=oo.

Let us note, that the space W), (D) is a direct product of three Banach spaces
Lyt (D), Ly [to, t1], Lyp™[so, s1]. This space is also a Banach space with norm [10,
page 47]

||(Wauav)||wp(D) = ||W||L;;L(D) + HUHL;”[tg,tl] + ||U||L;n2[so,s1] :

The space W), (D) is adjoint to the space W, (D) = Lg* (D) x Ly"[to, t1] X
L**[s0, 51] with norm [10, pp.47-48]

167 Dl oy = max {117l ooy Ntz g 181 220000
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1 1
where » + rie L, (y,a,8) € Wy (D).
The duality between W, (D) and W), (D) is defined by the functional

t1 S1
L{(y,a,0)] = //fy (t,8) w(t,s)dsdt + /a (t)u (t) dt + /ﬁ (s)v(s)ds. (5)
D to 50

At that | L)) = [[@, 5,0y, (o)

At the given control (w(t,s), u(t), v(s)) € W, (D) the solution of problem
(1)-(4) is n -dimensional vector-fucntion z (t,s), absolutely continuous [7, p.246]
and satisfying equations (1)-(3) and condition (4) almost everywhere.

Suppose, that the following conditions are fulfilled:

1. The matrices A; (t,s), a—?, As (t,8), 87112’ As (t,s), Bi(t), By(s) are
measurable and their norms are integrated by Lebesgue,

2. Therows (c(t,5),c1(t), ca(s))’ (4 = 1,2, ...,n) of the matrix (c(¢, s), ¢1(t), c2(s))
belong to the space W, (D).

Under indicated conditions, the existence and uniqueness of the solutions of
problem (1)-(4) can be proved by the ordinary successive approximations method
8, 9].

For finding the correlation, expressing the solution of system (1)-(4), we’ll in-
troduce n x n-matrices @q (t,s) (to <t <t1, sg < s<s1), P1(t,8,7), (to <t < ty,
so<s<si, o <T<t),  Pats;0) (o <t<t,80<s<s1, so<0<s),
O3 (t,5:7,0) (tg <t <t, sop<s<sp, tg <7<t s <7<s), defined as solution
of the system

e 09 09
Ot0s =4 (tvs)E+A2 (t,S)%—i-Ag) (t,S)‘I’ (6)

satisfying the conditions

0% (t, s 0Py (g, s
030) gy )@y 1,30), 2200 () 26 (10, 9),
0Py (t,s;t
@0 (t0,50) = 1; LD _ 4y @ (ts), g
PLT) gy 1) @ (1 077) @ (10, 1) = 1
022(:535) _ 4, (1,5) @ (1,5:5), 22210 59) _ () @, (19, 510,
ot 0s
@ .
@2(75,8;8) :Ia 83(%:’7-’8) :AQ(t,S)(I)g(t,S;T,S),
W = Ay (t,s) @3 (t,s;t,0),Ps3(t,s5t,8) = 1.
S

I is a unique n X n -matrix.
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Let z (¢, s) be a unique absolutely continuous solution of problem (1)-(4) at the
control (w (t,s),u(t),v(s)) € W, (D). Then z (t,s) is represented by the formula

t
5 (L 5) = By (1, 5) 2 + /@1 (t,5:7) ey (7)u (7) drt
to

s t t
+/(I)2 (t,s;0) o (o) v (0)do + //@3 (t,s;7,0)c(T,0)w(T,0)dodr, (8)
50 to so

where @ (t,s), Py (t,s;7), P2 (t,5;0),P3 (¢, s;7,0) are defined from conditions (6),
(7).

The following problem is stated: it is required to find such a control (w (¢, s) ,u (¢),
v (s)) € Wy (D), that its corresponding solution z (¢, s) of system (1)-(4) satisfies
the condition

x (t1,81) = z* 9)

and has, at that, the least norm.

”(wa u, U)HWP(D) 9

where 2* € R is the given point.
Let the solution z (¢, s) of problem (1)-(4) at the control (w(t,s), u(t), v(s))
satisfy condition (9). Then from (8) we obtain, that for such a control the equality

t S1

//f(t,s)w(t,s)dsdt—i—/lg(t)u(t)dt—i—/h(s)v(s)ds=a (10)
D

to 50

where
a=1z"— q>0 (tlasl)xoaf (ta 5) = '1)3 (tlasl;t’s) C(t,S) )

g (t) = (I)l (tl,sl;t) (4] (t), h (S) = (I)Q (tl,sl;s) C2 (S) (11)

is fulfilled.

The fulfilment of equality (10) is the necessary and sufficient condition in order
that the solution z (¢, s) of problem (1)-(4), corresponding to the control (w (¢, s),
u (t),v (s)) satisfy condition (9). Equality (10) expresses the problem of moments,
noted in vector-matrix form [1, 3, 5, 6]. Using equalities (5) and (10) the problem of [
-problem of moments it is possible to formulate in the following form. It is required
to find such a linear functional L, defined on elements of the space W (D), that

Li(f,9: 0] =/, j=1,2,....m, (12)

1L <1 (>0), (13)

be fulfilled, where (f, g, h)j is the j -th row of the matrix f (¢,5),9(t),h (s) and o’
is the j -th component of the vector a.
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Taking into account, ||L|| = ||(w,u,v)||Wp(D), we obtain, that for solution of the
stated problem it is required to find the linear functional L, which is a solution of [
-problem of moments (12), (13), at that [ is the least number.

Lemma. Let the rows (f,g,h)’ (j=1,2,3,....n) of the matriz (f (t,s),
g (t), h(s)) be linear independent and a # 0.

Then the problem

A= mgaxfa, (14)

||£ (fagah')HWq(D) = ]'7 (15)

has a solution, where & is an n -dimensional vector-row.
Proof. First of all let us note, that the dual to problem (14), (15) is the following
equivalent problem (see [6])

1 )
5 = min [ (£.9. W)l o (16)

provided
na = 1. (17)

Under the conditions of lemma the set 7 (f (¢,s), 9 (¢), h (s)) forms n -dimensional
space E,, stretched on the rows of the matrix (f (¢,s),g(t),h(s)), where n is any
n -dimensional vector-row. In the space FE, the norm is defined as in the space
W, (D).

Let {#*} be a minimizing sequence of vector-rows, i.e.

1 B ) ERT k
3= mnln IE7 (fagah)HWq(D) - klggo Hn (f.9, h)HWq(D) ’

na =1, nka =1, k=12, ..

Hence it follows, that the sequence {n* (f, g,h)} is uniformly bounded in E,.
Therefore, from this sequence it is possible to choose such a sequence (we’ll again
define it by {n* (f,g,h)}), for which the limit exists:

Jim n* (f,g.h) =n°(f,9.h).
—00

Hence, we have

I (79, P)lwyoy = Jim [l (oo B =5

n° = lim n*,n% = 1.
k—o00

The lemma, is proved.

Theorem 1. Let the conditions of the lemma be fulfilled. Then for the existence
of the solution of problem (12), (13) it is necessary and sufficient, that the condition
A <, where X is a solution of problem (14), (15), be fulfilled.

Proof of necessity. Let there exist the linear functional L, defined on elements
of the space W, (D), which will give the solution of the problem of moments (12),
(13).
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From equalities (12) we have

Ln (f,g,h)] = na.

From here, taking into account inequality (13) we obtain

inal = Ll (£,9, 1| < IZ1 lln (£.9.1)lw, () <

<l ||77 (faga h)HWq(D) '
With regard to (17) we have

N\)—A

In (f, 9, M)llw,(py =

Consequently, and minimal value ||n (f, g, h) ||Wq( py under all 7, satisfying equal-
ity (17), is no less than 1/1, i.e.

1
>7a
l

na =1.

>/\'—‘

mninlln (f,9, W), py =

From here, [ > \. The necessity is proved. To prove the sufficiency we’ll assume,
that the condition [ > A is fulfilled. Let’s define on n dimensional linear space E,
the linear functional Lg in the following form Ly[n(f,g,h)] = na with the norm
ILo|| = A, where A is a solution of problem (14), (15).

By Khan-Banach theorem on extension of linear functional, with norm preserva-
tion, there exists the linear functional L defined on the elements of the space W, (D),
such that L{(,a, #)] = Lol(v, @, 8)] for (v,a,8) € By and |[L]| = | Lol = A (sce:
[10], p.97).

The linear functional L, defined on the space W, (D) has form (5) and ||L| =
1w,y 0)lly, (.

Thus, L is the required functional, which gives us the solution of problem (12),
(13).

The theorem is proved.

Theorem 2. Under the lemma’s condition, there exists the solution of problem
(1)-(4), (9).

Proof. Let the number A be defined as a solution of problem (14), (15). By
Theorem 1 there exists the control (w (¢, s),u (t), ( )) € W, (D) such, that for the

functional L[(v, a, 3)] // (t,s)w (t,s)dsdt +/ t)dt + /ﬂ

equality (10) is fulfilled and ||L|| = ||(w,u,v)||Wp )\

From here, it follows, that (w (¢, s),u (t),v (s)) € W, (D) is an optimal control.
The theorem is proved.

Let’s suppose, that 1 < p < oo and consider the sequence of solutions of the
optimization problem by method of moments:

1. Define the number A* and the vector £* as a solution of the problem

A =¢a= m?xﬁa (18)

provided
1€ (£,9, W)l (o) = 1. (19)
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where (f (t,8), g(t), h(s)) is defined by formula (11),

1€ (F,9 Ml oy = max L 1€ Pl gy 1€ 0N oy » 16 P2 00000} -

2. From condition (19) it follows, that at least one of the equalities

16"l oy = 1o 1€° 80015 ey = Lo €A 2 gy = 1

is fulfilled.
If just the first equality is fulfilled, then the optimal control (w* (¢,s), u* (t),v* (s)) €
W, (D) is defined in the following form:

-1

wi (t,8) = A" sign (§°f (t,9))", k=1,2,..m,

(€ (ts)'|

) = 0, v*(s) = 0 where (¢*f(¢,5))" is the k -th component of the vector
t

1", 0y () = A

Other cases is analyzed in a similar way
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