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THE REMOVABLE SETS OF THE SOLUTIONS OF
DEGENERATE PARABOLIC EQUATIONS

Abstract

In the paper, the necessary and sufficient condition of removability of a com-
pact with regard to a first boundary-value problem for second order degemerate
divergent parabolic equations in the space of bounded functions is established.

Introduction. Let E, and R,1; be FEuclidian spaces of the points
x = (r1,...,2y) and (z,t) = (z1,..., 2y, t), respectively. Q C E, be a bounded
domain with boundary 0f2.

Qr is a cylindrical domain Q x (0,7), lying in the Euclidian space R"'!,
St =00 x[0,T], Qo = {(z,t) : € Q,t = 0}. Let’s consider in Qr the parabolic
equation

n
Lu:?:—zai<aij(x,t)8amuj>:f(x,t), (1)

1,j=1

ulpiop) =0, (2)

where I' (Q7) is a parabolic boundary consisting of lateral surface Sy and lower
base. Concerning to coefficients we assume, that ||a;;|| () is a real symmetrical
matrix with the measurable elements in Q7 and for all (z,t) € Qr and ¢ € E,, the
following condition is fulfilled

VY N2, t) & <> ay (2, 4)§& < v Ni(w,1) €, (3)
i—1 i—1

1,7=1

o n _
where v € (0,1] is a constant, X;(z,t) = <|x|a+\/|t|) Jzl, = D0 =™,
i=1
2

T2t o’ n—1
Concerning the right-hand side we assume, that f (z,t) € Lo (Qr).

ay a=(a,.,ap), ¢; >0, i=1,...,n,and 0 < o < ,i=1,...,n.

Denote by o~ = min{ay, ..., }, ot = max{ay,...,a,}. Denote by A (Qr) the
set of smooth functions u (z,t) € C*° (QT) for which it is possible to find the domain
Q (u) such that Q (u) C Q and suppu € Q (u) x [0,T]. Let’s denote by VV21060 (Qr)

and Wi; (Qr) the completion of A (Q1) by norms

1/2

n 2
ou
_ - 2 .
||u||‘;V21’,2(QT) = vcgfor,rTl]ax/u dz + ;1/)\Z (z,t) <8:1:Z) dzxdt
Q TTQr
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and
1/2
- ou ou\?
”“”VV;ﬁ(QT) = / w4 Z/AZ (z,1) (3@) (81&) daxdt
Qr =lor
respectively.
Then denote by u; = =9 1,...,n.

a0 Ui = 5, =
ot 0x;
The set of all bounded functions iri Q7 we’ll denote by M (Qr).

The function v (z,t) € ngg (Qr) is called a generalized solution of problem
(1)-(2), if for any function 7 (z,t) € W;; (Qr) and for any ¢; € [0,T] the integral
identity is fulfilled

n
/u (z,t1)n (z,t1) de — /untdxdt+ / Zaij (z,t) uin;dzdt = /fr]dmdt, (4)

Q Qt, Qtll7'7:1 Qt,

where @y, = @ x (0,t;). Everywhere further the notation C (-) means, that the
positive constant C depends only on constants of the brackets. Let’s introduce the
spaces Wplg and Ly, (Q7). Let w(z,t) be a measurable function in @7, finite and
positive for a.e. (z,t) € Q7. Denote by L, (Q7) a Banach space of the functions
u (z,t), given on Qr, with the finite norm:

1/p

Jull, oo = | [ @ @0 u@ 0P dadt | 1<p<oc.
Qr

W,}£ (Qr) is a Banach space of the functions u (z, t), given on Q7, with the finite
norm:

1/p

n
llly1.00,) = /|u|pdzdt+2/(>\i (z,8))"/? juilP dadt|
Qr =1Qr
1 < p < oo. Now, similar to WQ{’O? (Qr) it is introduced the subspace I/iq},ﬁ (Qr)

« 1,0
for p € (1,00). The space adjoint to Wpl,’o(é) (Qr) we’ll denote by W, , (Qr). Let

E C Qr be some compact. Let’s denote by Ap (Qr) the totality of all functions
u(z,t) € C* (Qr) and for each of them there exists some neighbourhood of the
compact E, in which u (z,t) = 0. The function u (z,t) € W21£ (Qr \ E) is called a
generalized solution of the equation Lu = f (z) in Qr \ E, vanishing on I' (Q7), if
integral indentity (4) is fulfilled for any function 7 (z) € Ag (Q7).

The compact E is called removable with regard to first boundary-value problem
for the operator L in the space M (Qr), if any generalized solution of the equation
Lu = 0 in Q7 \ E, vanishing on I' (Q7) and belonging to the space M (Qr), is
identically equal to zero.
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The purpose of the present paper is finding necessary and sufficient condition of
removability of the compact E in above indicated sense.

The questions of removability for uniformly elliptic equations of divergent struc-
ture have been considered in the papers [1], [2], [3] for uniformly degenerate elliptic
equations in the papers [4], [5], for non uniformly degenerate elliptic equations in the
paper [6]. Let’s remind also the paper [7]. Removability of the compacts for solution
of parabolic equations is well studied in the class of bounded and Hélder functions
(8], [9], [10], [11]. At that the condition of removability is described subiect to the
type of equation in terms of equality to zero of corresponding Hausdorff capacities
and measures.

Let’s consider, that the coefficients of the operator L are continued in R,y \ Q1
with preservation of conditions (3). For this it is sufficient, for example, to suppose
a;j (z,t) = 045 (z,t) for (z,t) € Ryy1 \ Qr, 4,5 = 1,...,n, where §;; is a Kroneker’s
symbol. For 2z € E,, R > 0 and k > 0 we’ll denote by ER, k (xo) the ellipsoid

02
{:z: : Zil(%];ﬂ) < (kR)Z} -€ is such an ellipsoid, that Q7 C &, and B (€) is a set
of functions, satisfying the uniform € Lipshit’s condition in 0 and vanishing close to
o¢.

We'll say, that the function u (z,t) € W;S (€) is non negative on the set H C £
in the sense of functions W;S (€) such that {uy, (z,1)},m = 1,2,..., for ug, (z,t) €
B (&), ugmy (w,t) >0 for (z,t) € H and mlglrloo |t (2, 1) —u ($’t)||W21,’a0(8) = 0.

We'll say that the function u(z,t) € VOVQ{’S (Qr) is non negative on I' (Qr)

in the sense of WQI,’(B (Qr) if there exists sequence of the functions {u(y, (z,1)},

m = 1,2, ..., such, that uy) (v,t) € W (Qr), Uy (2,1) > 0 for (z,1) E T'(Qr)
and liin |t (2, t) — u (z, )||W1 0Qr) = = 0. Slmllarly it is possible to define the
inequalities u (z,t) > const, u(z,t) > v (z,t), u(z,t) <0 and also u (z,t) = 1 on

7
the set H in the sense of W;a (&€).

Let h(z,t) € Wyo(Qr), f°(z,t) € L2(Qr), fi(z,t) € Ly 1 (Qr),
1 = 1,...,n, be given functions. Let’s consider the first boundary-value problem

Lu—fo z,t) +Zaf;xw t)’ (z,t) € Qr, (5)
(u (@, t) — h(z,1)) € Wyn (Qr) - (6)

The function u (z,t) € Wi’ao (Qr) is called a generalized solution of problem (5)-
(6) if for any function 7 (z) € Wi’g (Qr) the integral identity (4) is fulfilled with
corresponding right-side, i.e. in (4) the right-hand side will be in the form:

i=1

Qry
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Lemma 1. If with respect to coefficients of the operator L conditions (3)
are fulfilled, then the first boundary-value problem has a unique generalized solu-
tion u(z,t) € Wy, (Qr) for h(z) € Wy (Q@r), f*(x) € La(Qr), f'(x) €

2)\_ 1 (Qr), i=1,...,n

Proof. We'll show the scheme of the proof. First of all we prove the estimation

for u (z,t) € Wy (Qr)

/ w?dzdt < Cy (o, T) /ZA z,t) uZdadt, (7)

Qtl Qtl
as t1 € [0,7T]. This estimation is obtained from representation of u (x,t) in the form
of the integral:

x1

u(z1,2',1') = /u1 (r,2',t') dr, where 2’ = (z3,...,z,), t' € (0,11).
—R

Then we’ll apply Hélder’s inequality and estimate the integrals with weight,
using condition on the weight a;

1 1

/ dr < / dr /
A (7,2, t) “ |T|2a1/ (1+a1)

LTI L VT e ™

R
aq dr
and as ) < 1, then _IRW S CQ (O(, R)

To prove the existence and uniqueness of the solution we first of all pass to the
smooth domains and smooth coefficients. We use the weight estimations of type (7)
and then passing to the limit in the norm Wzl’g (Qr) we obtain the required.

For example, let’s show the uniqueness of the solution. Let’s assume, that there
exist two solutions u(!) (z,¢) and u(? (z,t) of our problem. Let u (z,t) = u() (z, ) —
u® (z,t). Then for any function 7 (z,t) € W213 (Qr) which vanishes to zero at t =T
the following identity is fulfilled:

/untdxdt—i- /ZGU 7, 1) windzdt = 0. (8)

Qr Qr7=1
Let’s fix an arbitrary § € (0,7p +T') and suppose, that 7 (x,t) vanishes at 0
1 t
and t < —Tp and ¢t > T — 6. Denote for h € (0,0] nj, (z,1) f (z,t) dr and
t—h

substitute in (8) n = ;. We'll obtain

/ (n7), dacdt—i—/Za” z,t) wi (np,); dzdt = 0. 9)

Qr Q=1
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Taking into account (n3,), = (n,)5, (n5); = (n]) and that

_/U(Wt)h drdt = — / upndrdt = / (up), ndzdt,

Qr Qr-s Qr-s
/Zaw x,t) uy 77] dzdt = / Z a;j (z,t) u; hn]da;dt
QT 2,]= 1 7.7 1

from (9) we have

n

/ (un), ndadt + / S (g (@ £) ui), nyddt =0, (10)
Qr Q™1
1t+h
here uy, (z,1) f . From the paper [12] it follows, that (10) is true for any

function 7 (:z:,t) € WQ,a (Qr—s). Thus, substituting to (10) n(z,t) = up (z,t) and
tending h to zero, we’ll obtain

1 n
2/u2 (z, T —9)dz + Z a;j (z,t) ujujdzdt = 0.
Q Qr—s"I=!

From condition (3) we’ll obtain

/u2 (z,T —0)dz = 0.
Q
As § is arbitrary from (0,7p + T'), we’ll obtain [ u? (z,t) dzdt = 0 ie. u(z,t) =

Qr
0 almost everywhere. The uniqueness is proved.

The lemma is proved.

Lemma 2. Let with respect to coefficients of the operator L conditions (3) be
fulfilled and Er, (0) x (0,T) C Qr. Then for any generalized solution u(z,t) €
Wzl,g (Qr) of equation (1) in Qr the inequality of Harnack’s type is true

Sup u < Cl (7a «, 77) inf U, (11)
Er1(0)x(0,T) Er,1(0)x(0,T)
and if at that (y,t) € 0Ers (0) x (0,T) and Er (y) x (0,T) C Qr, then inequality
of type (11) is true in Er; (y) x (0,T).

The proof of this lemma carried out closer to ideas of the paper [13] taking

into account the features of the weight \; (z,t). For example, for a function from

Ag (Qr), where E = Eg1(0) x (t1,t2) and 0 = 2k — 1 at Ry such, that R < Ry,
the inequality is true
1/o
fu%dxdt < (Ci| max }{ u?dz+
t1<t<ts

E er,1(0)
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n
+R2?{ZAZ~ (z,t) uidzdt

o i=1

here j{u%dmdt =
E
B+1
w2 as f#0,—1and n(z,t) = —Ilnu, as = —1.

Further estimations are done similar to [13].

Judzdt. Then to the integral identity we substitute 7 (z,t) =
mesE

Lemma 3. Let with respect to coefficients of the operator L conditions (3) be ful-
filled. Then there exists pg (o, n) such, that if p > pg, h(z) € W,};,B (Qr), fO(z,t) €
Ly, (Qr), fi(z,t) € LP:Ai_l (Qr), then any generalized solution u (x,t) € I;Vgl”g (Qr)
of equation (1) is continuous by Hélder in each strictly inner subdomain Qr.

This lemma is a corollary of lemma 2. And the proof is standard.

Lemma 4. Let with respect to coefficients L conditions (3) be fulfilled, and
u(z,t) € Wzlﬁ (Qr) be generalized solution of first boundary-value problem (5)-(6)
at fi(z,t) =0, i =0,....,n. Then, if h(x) is bounded on I (Qr) in the sense of
W217’£ (Qr), then for the solution u (x,t) the following mazimum principle is true

inf h <infu <supu < sup h,
F(QT) QT QT F(QT)

where F%gf )h (suph) is the least upper (lower) bound of such numbers a, for which
T Qr

h(z) >a (h(z) <a) on I'(Qr) in the sense of W217’3 (Qr).
The lemma, is proved similarly to the maximum principle for parabolic equations.
Let’s suppose, that the coefficients of the operator L are smooth in Q7 and the
function V' (z,t) is finite by norm of the space WQI,ﬁ (Rp+1 \ II) such, that

LV =0in Rppr \ 1L, Vg =0, V|ieg =0, VI, \m =1

where II is a step domain with a smooth boundary (i.e. with smooth boundaries of
the bases of components of it’s cylinders). The existence of such a function follows
from lemma 1 and [12]. The number

capy, (I) = / (2‘: — V cos (n,t)) ds,
Y

where 7y is an arbitrary closed piece-wise smooth surface, containing inside of itself
I1, is called L capacity II. In this definition the integral doesn’t depend on y and
as v we’ll take OII. If instead of R, we’ll take the ellipsoid &7 = Eg k (0) x (0,T")
and IT C &r is some compact, then cap(LgT) (IT) is similarly defined, which is called
L capacity of the compact I with regard to Er.

Lemma 5. There exist constants Cy and Cs, dependent on v, a, Q such that

C1 (7, @, Q) capr, () < capr, (I) < C2 (v, @, Q) capy, ().
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Proof. Let w and v be solutions of the equations Liw = 0 and Lyv = 0.

Then 0/v means a conormal derivative for corresponding operator, v; is direction

consine of the normal with axist ¢, equaled to 1, if integration is taken by lower

cover, and equaled to —1, if integration is taken by upper cover of II. Let IT C Ilp,

Iy = {(t,z) : 0 <t < T}. To theidentity | (wLyv+vLiw)dzdt =0 we’ll apply
T\
Green’s formula and using properties w and v, we’ll obtain

ov  Ow
J (v,w) = / (81/2 + p le/t) ds,

oIl

J (v, w) = Z / (asjV2;wa; + bijve;wy,) dudt + /’U (z,T)w (z,T) dz,
i,jZIHT \ I R

here a;; and b;; are coefficients of the operators L; and L. Estimating J (v, w) from
below, we’ll obtain

—

J (an) > 5 (Cale (H) +capr, (H)) :

Using condition (3) and Hélder’s inequality, estimating J (v, w) from above, we’ll
obtain the estimation

capr, (H) + capy, (H) < 4’72 \/CG‘le (H) TCapp, (H)

this proves the lemma.

The lemma is proved.

Let ;1 be a measure, given on &r. We'll say, that the function u (z,t) € Ly (Er) is
a weak solution of the equation Lu = —pu, equaled to zero on I' (E7), if any function
o (z,t) € W%ao (Er)NC (Er), Ly (z,t) € C () the integral identity is fulfilled

/u (x,t) Ly (2,t) dedt = /tpdu.
Er Er
« 1,0
By lemma 1 at h = 0 the exists continuous linear operator H from W, , (é1)
into I;Vi’g (&) such that for each T' € ﬁ/;:(; (&) the function w = H (T') is a unique
in Wi’ao (Er) generalized solution of the equation Lu = T.

The operator H is called Green operator. By lemma 3 this operator at p >
« 1,0

po reduces W, (6r) into C (7). The function u (z,t) is a weak solution of the
equation Lu = —pu, equal to zero on I' (E7), if and only if, for any function v (z,t) €
C (ET) the identity is fulfilled

/u (,t) ¢ (x,t) dedt = /H (v) dp. (12)
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Similarly in [2] it is proved, that for every measure p on Ep there exists a unique

weak solution of the equation Lu = —u equal to zero on I' (&7).
* —
We’ll say, that the measure p € W%:g (Er) if there exists the vector f (z,t) =

(f* (@) 1 (@, 1) s [T (2,) [0 (1) € Lo(Er), f'(z,t) € Ly -1 (Er) i =
1,...,n, for any function ¢ (z,t) € WQI”(S (Er) N C (Er) the integral identity is true

ne(o0) = [odu= [ <f° (58 (5,8) = S F (1) soZ) dudt,
&r &r =1
Hence we get

/‘Pdﬂ <C (f) ||<P||W21,£(5T) .
Er
Lemma 6. The weak solution u (z,t) of the equation Lu = —pu, equaled to zero
on I' (&), belongs to WQI,S (&r) if and only if p € WQI,S (&r).
Proof. First of all we’ll show, that if the function u (z,t) € W;S (Er) satisfies
the integral identity

/ugotdxdt + / Z aij (7,t) up;drdt = —/(pd,u (13)
ET gTZ’]:1 ET

for any function ¢ (z,t) € W;g (Er)NC (E7), then it is a weak solution of the equa-
tion Lu = —p, equaled to zero on I' (§7). Really, assuming ¢ = H (¢), ¢ (x,t) €
C (E1) we obtain

/ H () dp = / oy = — / zn: aij (0, 8) wip;dvdt — / wipdzdt —

Er Er EptI=1 Er
n
= /u Z (aij (z, 1) ‘Pj)z- dzdt — /ucptdxdt =
gp W71 Er
= /uL(pdwdt = /u (z,t) Ppdzxdt,
Er Er

and now using identity (12) we’ll obtain the required. The proof of u € VOVQI:O? (&)

is similar to the paper [6], vice versa, if u (z,t) is a weak solution of the equation
1,0

Lu = —p equaled to zero on T' (§7) and p € Wgza (E7), then there exist f°, f* such

that
n
/ <f0<P - Zfi%) dxdt = /(,Dd,u = /uLgpda:dt =
e i=1 e 2

n

- /u Z (aij (2,1) 803')1- — ;| dzdt =
Er $,7=1
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n
= / - Z aij (z,t) uip; + upy | drdt,
ep L 0=l
for any function ¢ (z,t) € W;g (Er)NC(Er), Lo (z,t) € C (Er). Then by lemma
1 we obtain, that u (z,t) € W;S (&r).

The lemma, is proved.

Let 0 (z,t) be a Dirac’s measure, concentrated at the point (0,0), (y,t) be on
arbitrary fixed point Er.

The weak solution g (z,y,t) of the equation Lg = —¢ (x — y, t), equaled to zero
on I' (£7), is called Green function of the operator L in Ep.

In the case & = R,4+1 the corresponding function is called fundamental so-
lution of the operator L and is denoted by G (x,t). According to above stated,
if ¢ (z,t) is an arbitrary function belonging C (ET), then the generalized solu-
tion ¢ (z,t) € 1/1/21060 (&r) of equation hgp = —V, can be represented in the form
o(y) = [9(z,y,t) ¥ (z,t) dzdt. It is possible to show, that g (z,y, t) is non-negative

£

T
in & x Er, such that g (z,y,t) = g (y,z,1).
Lemma 7. For any charge of the boundary variation u on Er the following

integral
u(@.t)= [g(@p0du)
Er
exists, is finite a.e. in Er and is a weak solution of the equation Lu = —pu, equaled

to zero on T (E7).

Proof. Let u be measure in & and 1 (z,t) € C (7). ¥ (z,t) > 0 in ep. De-
note by ¢ (z,t) € Wi’g (Er) a generalized solution of the equation Ly = — (z,1).
Then ¢ (z,t) € C(Er) according to Lemma 3 and ¢ (z,t) > 0 by Lemma 4

and ¢ (y) = [g(z,y,t)9 (z,t) dzdy. By Fubini theorem hence we conclude, that
Er

Jg(z,y,t)dp (y) exists almost for all (z,t) € Er and

Er

/ H () du (y) = / o () dp () = / / g (2,9, 1) ) () ddtdps () =
Er

& STXET

= /1/) (x,t)u(z,t) dzdt. (14)
Er

Equality (14) is fulfilled for any non-negative and continuous in £7 function
1 (z,t). Now taking into account (12) we obtain the required statement.

The lemma is proved.

Let’s consider the L -capacity potential u (z,t) of the compact II with respect
to &r. By Schwartz theorem [14] there exists the measure p on IT such that

—/untd:ﬁdt + / Z aij (w,t) uin;dzdt = /ndu. (15)

Ep ETZ"YZI Er
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Asu(z,t) =1 on IT in the sense ng,’(g (Er), then the support of the measure p is
located on I' (II). The measure p is called L -capacity distribution of the compact
II.

By Lemma 7 the L capacity potential u (z,%) is a weak solution of the equation

Lu = —pu, equaled to zero on I' (67) and can be represented in the form
u(@t) = [t du(e). (16)
Er

On the other hand, there exists the sequence of the function {n(™ (z,t)},m =
1,2,..., such that o™ (z,t) € B(&r), n™ (z,t) = 1 for (z,t) € II and
lim Hn(m) — UHWI’O = 0. Supposing (15) n(™ (z,t), instead of 5 (z,t) we obtain,
m—0o0 2,a
that its right-hand side is equal to u (II) at any natural m, when the left-hand side

tends to cap(LgT) (IT) as m — oo. So

cap$s™ (I1) = pu (I1). (17)

Lemma 8. Let conditions (3) be fulfilled, (y,t) € T (Er2(0) x (0,T)), Era (y) X
(0,T) C Qr,(z,t) € I'(Era (y) x (0,1)). Then for Green’s function g(z,y,t) the
estimations are true

O (roam) [eapE) €y () x (0.7)] < g(ey.t) <

< o (o) [cap®™ Era () % 0.1))] (18)
I Ex.1 (0) % (0,T) C Q. (3,£) € T (€1 (0) X (0,7)), then

Cl ('Yaaan) [CGP(LST) (ER,I (0) X (OaT))i| - < g (:L‘, Ovt) <

< o () [eap™ Ens (0) x 0,1)] (19)

Proof. First of all, assume that the coefficients of the operator L are sufficiently
smooth in E7.
The general case is obtained from this by the passage to the limit. Then at = # y
the function g (z,y,t) is continuous on z and y, and
limg (z,y,t) = oo. (20)
I*)y
Let’s take the positive number a, which will be chosen later, K, = {z : g (z,y,t) >
a}, where (y,t) is an arbitrary fixed point on I' (§g2 (0) x (0,7")). From (20) it fol-
lows, that (y,t) is an inner point of the compact K. Then L -capacity potential
K represented in the form (16) is continuous at the point (y,t), and it means it

equals unit at this point. So 1 = [g¢(z,y,t)dp, (z), where p,,is the L -capacity
Er
distribution of the compact K.
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If will take into account, that the support of the measure y is located on ' (K,),
and use (17), then we’ll obtain

(Er) 1

e (Ka) = capy, (Ka) = o (21)
Now choosing a = inf g (z,y,t), by maximum principle Eg 1 (y) X
(2,t)€T(ER,1(0)x(0,T))
(0,T) C K,. Then from (21) we obtain
— 1
capy™ (Era () x (0,7)) < capy™ (Ka) = . (22)
If put b= sup g(z,y,2), then Eg1 (y) x (0,7) D K ie.
(z,t)eT (ER,1(0)%(0,T))
_ 1
capiy™) (Era (v) x (0.7)) 2 cap™ (Ky) = 7. (23)
From (22) and (23) we obtain, that
_ -1
inf 9(2,9,8) < [eapl™ (Era (v) x (0,7))] " <
(z,t)€T(ER1(0)x(0,T))
< sup g(z,2,t). (24)

(z,t) €T (ER,1(0)x (0,T))

Taking into account estimation (11) of Lemma 2 and (24) we obtain the requared
estimation (18). Estimation (19) is proved similarly.

The lemma is proved.

Corollary. Under the lemma’s conditions let y € T (Epa (0) x (0,T)), Er1 (y) x
(OaT) C QTa (m,y) el (gR,l (y) X (OaT)) or y =0, ER,I (0) X (OaT) C QTa (LI?,?J) €
I' (Er,1 (0) x (0,T)). Then for the fundamental solution of G (z,y,t) the estimation

Ci [capr, (Er (y) x (O,T))]i1 < G (z,y,t) <

< € [eapy, (Era (v) x (0,7))]

18 true.

Theorem 1. Let with respect to coefficients of the operator L conditions (3)
be fulfilled. Then for removability of the compact E C Qr with respect to first
boundary-value problem for the operator L in the space M (Qr) it is necessary and
sufficient, that

capr, (E) = 0. (25)

Proof. Sufficiency. If condition (25) is fulfilled, then by above stated
cap(LgT) (E)=0. (26)

First of all not losing generality, we’ll consider the case, when the coefficients
L are infinitely differentiable in £7. Fix the arbitrary e > 0 and M? = (aco,to) €
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Q7 \E. By virtue of (26) there exists the neighbourhood II of the compact E such,
that
cap(LgT) (I) <e. (27)

It is possible to take ¢ so small, that
_ 1
dist (M°,11) > 5 dist (M°,E) . (28)

Denote by vy (z,t) and py the L capacity potential of the compact IT with
respect to &r and L capacity distribution II, respectively. According to the above
proved

on(w.0) = [ 900 dn ),
Er
and the function v (z,t) is a generalized solution of the equation Lv = 0 in 7\II,
vanishing on 0 in I'(&7) and 1 in I'(&7) in sense WZI’(S (&r). Consider u(z,t) €
M (Qr) is solution of the equation Lu = 0 in Q7\E vanishing on I' (Q7) and
denote M = sup |u|. The function vy (z,t) we’ll be non-negative on I' (Q7) in the

T
sense of W21,2 (Q7). Hence we obtain that the function u (z,t) — Mvy (z,t) being a
generalized solution of the equation Lu = 0 in Q7 \Il, is non-positive on I' (Q7\II).
Then by maximum principle, by lemma 4, u (z,t) — Mvy (z,t) < 0 in Q7 and, in

particular
u(M®) < Mog (M°) < sup g (2,8, y) py (1) =
(y,t)er(1)
=M sup g (xo, to,y) cap(LgT) (1:[) ) (29)

(y,t)el(ID)
By virtue of the function g (z,y,t) at  # y and inequality (28) we have
sup ¢ (a:o,to,y) < (s (7, a,n,MO,E) .
(y,t)€T(TD)

So, from (27) and (29) we obtain u (M°) < M-Cs-c. As ¢ is arbitrary, hence we
obtain u (M°) < 0. By the similar arguments with the function u (z,t)+Muvr (z,t),
we obtain that u (M 0) > 0. From the last two inequalities, by virtue of arbitrariness
of the point MY, we obtain, that u (z,t) = 0 in Q7\E. And thus the sufficiency of
condition (25) is proved.

Necessity. Assume, that capy, (E) > 0. Denote by &£} such a set, that Eép Cér,

E C &p. Assume Qp = &L, Also by the above stated capgng) (E) > 0. Let ug (z,t)
and v be L -capacity potential of the compact E with respect to ElT and L -capacity
distribution E, respectively.

Similarly to [15], we’ll give the equivalent defination of L -capacity of the compact
E with respect to £7.. Let g (z,t) be Green’s function of the operator L in £7.. Let’s
call the measure y on E L feasible, if suppy C E and

U5($,t) :/g(xy,tT)d,u(yT) < 1 for z € suppp. (30)

Er
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(é)

The quantity supp (E) = cap; "’ (E), where the least upper bound is taken by
all L -feasible measures is called L capacity of the compact E with respect to .
The L capacity capy, (E) is defined similarly. At that [15] it is shown, that there
exists a unique measure on which the least upper bound p (E) by set of all L feasible
measures 4 is reached. This measure is L capacity distribution of the compact E.
By the above proved the function up (z,t) is a generalized solution of the equation
Lup = 0 in &\ E, equaled to zero on I' (§7). Besides from the maximum principle
of Lemma 4, and from (30) it follows, that ug (z,t) € M (€}). On the other hand
ug (x,t) 0, since vy (E) > 0.

The theorem is proved.
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