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ON SOME QUALITY PROPERTIES OF SOLUTIONS
OF THE SECOND ORDER QUASILINEAR
EQUATIONS

Abstract

A quasilinear parabolic equation of the second order is considered. A lemma
on increase is proved for positive solutions of this equation. Sufficient conditions
for the regularity of boundary points are established.

Let Ry41 be (n + 1) dimensional Euclidean space of points (¢, z) = (¢, 21, ..., Tp) ;
D be a domain in R,41, D, and I' (D) be a boundary and parabolic boundary

of the domain D, respectively; Cfcbt% be a cylinder t; < t < to, ‘x —1‘0‘ < R;
Alm = {(T’ 5) |F$,ﬂ (t —T,T — é-) Z l;’l/s} ) Alm;”m = Almm{t S _Vm} ’ Almﬂjm = Almm

{t>-vm}, m=1,2,.; D°= Ry11\D; 7, 3 (E) be a parabolic (s, 3) - capacity of
the set £ C R,41, generated by the kernel

75 ex (—@) t>0
o) 5 ) for t>

Fs,ﬁ (t,x) =
0, for t<0.

In domain D we consider a quasilinear parabolic equation of the form

n

Lu = Z Qg (t,.T,U,’U,m) Uz — Ut :07 (1)
,j=1

_ . Ou L Pu s g
where uy; = (u1,...,un), u;i = ox;0 Wi = dz;0x; ' t,J =1,..,n, ||alj (t, 2, z,0) ||
is a real symmetric matrix whose elements are measurable in D for any fixed
z € By, v € E,, moreover

Sup  ag; (t,x,z,v) = Ml < o0, (2)

(t,x)eD

n
inf mi (2, 0) £ = oy > 0. 3
Beoff 2, 0 (b8 m ?

We’ll assume that the maximum principle is fulfilled for the operator L (see [1]).

The goal of the paper is the obtaining a lemma on increase of positive solutions of
second order equations and also obtaining a sufficient condition in terms of Wiener
type convergence of a series for My, aj-regularity of boundary point. The obtained
condition enables to establish My, ai-regularity of boundary points of wider domains
than in [2]. For heat equations analogous results in cylindrical domains were estab-
lished by F.N.Tikhonov [3], for a domain bounded by two straight lines parallel to
the axis z, and curves x = ¢, () and z = @, (t) sufficient and necessary conditions
very close to each other were obtained by I.G.Petrovskii [4]. In sequel, a regularity
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criterion of a boundary point for second order parabolic equations in terms of poten-
tial were obtained in the papers [5], [6]. In terms of parabolic capacity for divergent
structure parabolic equations a regularity criterion of a boundary point was obtained
in the papers [7], [8]. These criteria are complete analogies of a Wiener criterion
for Laplace equation. For non-divergent structure parabolic equations the necessary
and sufficient conditions for the regularity of a boundary point were obtained in [9].

1. Estimation of potential type function. Let the numbers s > 0, § > 0
and a > 5 be given. Consider the cylinders

Cn=C"" __ m=12 ...
" 0,2a4/ 221,
By S, we denote a lateral surface of the cylinder Cy,. Here and further we’ll
assume that the following conditions are fulfilled

! l
Ty 200, Lt < Vi < by m=1,2, ... (4)

Um Vm

Let (7,¢) be an arbitrary point belonging to E,, = A;, ,, \D. Fix this point,
the number m and consider the function

g(t,z)=Fepgt—7,2-8) .

Estimate

sup ¢ (t,7) .
(t,z)ESm

By the inequality |a — b| > ||a| — |b|| we have
C1e2
sup g (t,z) < (t—71)  exp (—M) <(t-7)"%x

(t,z)ESm

2
<2a B,y —2 Qﬁm>

xXexp | — B = (t—7)"exp <_

Sl (@ — 1)2>

e(t—r)

Sl (5 — Ly)?

ez

The function t % exp | — is an increasing function with respect to

zat 0 <z <l,,. Since 0 <t — 7 <, then
—8ly (a — 1) —1)?
sup g (t,z) <1-%exp —slm (a—1)") _ 15 exp _sla—1)" . (5)
(t,x)ESm
Now, estimate

inf t,xr) .
(t,l‘)Ecm+1g ( )

By the inequality |a — b| < |a| 4 |b| we have

it ()< () oxp - AL Ve (A =)
(a)eCmin” = 48(=7) B(=r) A7) ) =
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2 2 2
. lmsexp< € € 2 _2Jalle] )2

AB(—7) 4B(t—T) 4B(t—T) 4B(t—T)

s P11 | 2|z |¢]
ZlmeXP<45(—T_t—f)_4ﬁ(t—7)_4ﬂ(t—7)>Z

- € t ) 2|z| €]
>1.¢ = - - >
= meXp<4ﬂ (—r)(t—7) 4B(t—7) 4B(t-7))"
o s (465 (T) b2 (—lmy1) 40 Bslimi

< _ _
- m b 4,3 (—T) (—lm+1 + Vm) 46,8 (_lm+1 + Vm)
2a\/Bslm121/Bs (—7) In
_ >
26vVe (—lm+1 +vm) B
—'m p 1— lm+1 1 lm+1 Im+1 m p e ! ’
Vm € - Vm \/é 1= Vm
where
Im Im 2lm bnt1 1y o
b Myl 2ayen mingD
1 1— lm+1 1— lm+1 1— l’m+1
Vm Vm Vm

By condition (4) there exists such my, that for m > mg, J; < 1.
And thus
inf t,x) > 1% <. 6
(t,m)eCm+1g( ) > 1y (6)

Granting, that (7,¢) is an arbitrary point from E,, by (5) and (6) we have

s(a— 2
sup  Fyg(t—7,0—€) <Ipfe” T (7)
(T.8)€EEm
(t,2)ESm

sup Fi5(t—T1,2—§&) <l fe” <. (8)
(7,6)€Em
(t,2)ESm

Now, let E,, be a B-set and measure p be defined on it. The function
Uta) = [ Fuplt =72~ du(r.)
Em
is said to be a potential type function. Then we obtain from (7) and (8)

s(afl)2

sup U<l e < pu(Bn), (9)
(t,x)ESm
inf U>l e ep(Ey) . (10)

(ta$) eCval
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Remark. It follows from the ways stated above by means of which we get
inequalities (7) and (8), that these inequalities are true also in the case
Ipy1 , 1

" < K, gt <vm <lmy, m=1,2,...,
Vm Um,

where K is some positive number depending on s, 3 and a.

2. Lemma on increase. Introduce the following definition. Let s > 0 and
8 > 0 be given. Let E — B be a set in R, ;. Consider on E all possible measures
1 such that

/Fs,ﬂ(t—T,x—ﬁ)dp(T,f)gl for (t,z)¢ E . (*)

E

Assume
Vs, () =supp (E),

where the upper bound is taken on all possible measures satisfying the condition
(*).
Call the number v, 5 a parabolic (s, 3)-capacity of the set E.

Now let’s pass to the formulation and proof of the lemma on increase of positive
solutions of equation (1).

Lemma. Let the numbers s > 0, 8 > 0, a > 5 be given and the number m
be fized. Let C,, have the above indicated sense. Let D C Ry11 be a domain with
eigen boundary T and Cp11 N D # . Let Ty, be the part of the eigen boundary D
which s located strictly interior to Cp,. Let the operator L be strictly defined in D
and for this operator it is fulfilled the condition

M,
< d s> — 11
f<ar an 5255 (11)
where oy, My are the constants of inequalities (2),(3). Let u (t,z) be a subparabolic
function for this operator continuous in D, positive in D and vanishing in U'yy,. Then
if condition (4) is fulfilled, then

sup u > (1+ Nl Vs,3 (Ep)) sup u, (12)
DﬁCm Dmcm+1

where 1 > 0 is a constant dependent on s, and a.
Proof. Fix m and give an arbitrary € > 0 and let the measure p defined on E,,
be such that

Uta) = [ Fup(t =m0 - € dn(r.8) <1
Em
exterior to E,, and
1 (EBm) > 755 (Em) —€ .

Denote sup = M,, and introduce the subsidiary function
DNCy,

s(a—l)2

v(t, ) =My |1 -U(t,z)+1°e < p(Emn)
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By inequality (11) the function U is subparabolic and therefore v is subparabolic.
Everywhere on the eigen boundary of the domain D we have:

u(t,z') < lim wv(t,x) ,
( ) (t,x)—(¢ 2" ( )

In fact, the eigen boundary of the domain D consists of I',,, and points arranged
on S,, and in the lower basis of C,,.
Since U < 1 exterior to E,,, then

lim v (t,z) >0,

(trz)‘)(t’awl)EFm
when u|p, = 0 (u|r,, and so, by continuity u|p, = 0). Further, on the lower basis
of C), at the points of the boundary arranged at the positive distance from I, and
so at the positive distance from FE,,, the function U equals zero and thus, v > M,
when u < M,,. Finally, on S,, by inequality (9)

s(afl)2

U <iyie 1 (B

and so, v > M, but u < M,,.
Consequently by the maximum principle u < v in D

s(a—l)2
sup u< sup v <M, [1 — inf U+1e” < p (Em)]
DNChpi1 DNChpi1 DNCmy1

and by inequality (10)

sla— 2
sup u < My, [1 — 1,7 (e‘e _em > (Vs (Bm) — 6)] :

DNCrpt1

Since this is true for any e, then we finally get

sup u < [1 =0l g5 (Em)] sup u,
DﬁCm Dmcm+1

s s(a=1)° Lo :
where n =e”¢ —e”™ =~ ¢  whence the required inequality (12) follows.
The lemma is proved.
!

Remark. If in special case in the lemma on increase we take v, = %5,

ZTZ‘T“ = ¢ < 1 then we get the result indicated in [2].

3. A theorem on the regularity of a boundary point. Now let’s pass to
the definition of M, a;-regularity of the point.

Let D C Ry+1 be a domain and 0D its boundary. Let M; and a; be two positive
numbers. The point (to,mo) € 9D is said to be My, aj-regular if the following
conditions are fulfilled.

For any ¢; > 0 and e5 > 0 there will be found such a § > 0 that whatever is
the domain D' C D, wholly lying on a half-space t < tg, whatever is the uniform
parabolic operator L', defined in D’ for which M| < M;, o} > a1 whatever is the
subparabolic for this operator function v’ (¢,z) not exceeding a unit in D’ and not
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exceeding zero at the intersection of eigen boundary D’ and e1-vicinity of the point
(to, :L‘O) (if it is not empty), it is fulfilled the following inequality

u (t,z) < es.

Theorem 1. In order that the point (tO,IO) € 0D be My, a;-regular, it is
sufficient that

Z lm%q Ym = 0, (13)

where y,, = Vi g, (A1, v \D).
aq?

Proof. Without loss of generality, we can take the point (0,0) instead of the
point (to, ;1:0). We'll consider the cylinder

Cpp = C 7m0 m=1,2,..., a>5.

b
0.2ay/ 251,

Let e1 > 0 and g9 > 0. Let there be a subdomain D' C D disposed in a half-space
t > 0 and the operator L', constants M| and «} of inequalities (2), (3) for which

M{ SMla all Zal

are satisfied.
Let u' (¢,z) be a subparabolic function and for it

u (t,z) <1 in D’

and

' (t, ) [rno., 0,0) < 0,
where T is the eigen boundary of D', and O, (0,0) is e1-vicinity of the point (0, 0)
in R,,1. We are to show that there exists § > 0 dependent on &1, &9, My and a,
on the domain D, but independent of neither D’, L' nor ', such that for each point
(t,z) € D' N Os(0,0) it is true the inequality

u' (¢, 1) < .
For each m = 1,2, ... we denote
M,, = sup .
D'NCm

Now, for each m we consider the cylinders C,,, Cn1. Consider a set of such
points (t,z) € D' N Cy, in which «' (¢,2) > 0. In this set we choose the component
D!, containing that intersection point D’ with eigen boundary I';,,1; of the cylinder
Cint1 where the function ' attains the values M, 1. We have

’Yﬂ al (Almﬂ/m\D’:n) Z ,Yéwil o (Alm,Vm\Dm) = 7m
aq’

2ac1 7
Therefore, applying to the cylinders Cy, and Cj,41 to the function D! and

. : M,y
function u' the lemma on increase at s = Yerr and 8 = a1, we get
o

My

My, > (1 + 7l 2Oq?@n) M1
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and, consequently,
My

My, — Mm+1 > Wl;zm’YmMm—&-l;

whence, summing the both sides by the index m, we get

o o 7&
S%pu’ — ' (0,0) = (M, — Mpmy1) > Z I Yy M1 1. (14)
m=1 m=1

Since the left hand side of inequality (14) is finite, then by the convergence of the

My
series Z L' 7,, there exists such a subsequence {M,,, } of the sequence {Mp,},

m=1
that M,,, — 0, as k — oo. This means that the affirmation of the theorem is true.

The theorem is proved.

Now, let I, = ™™y = e ™mm=a (0 < o < 1. It is easy to show that
the sequences {l,,},-_; and {vp, },._; chosen by such a way satisfy the condition (4).
In this case we have

00 My
o ~ ~Zar im0
Z (D0 A) €3, (0 <
ay m=1 oy’

M M My
o _ﬂ l Far o0 l 2a1 o 1 2a
Sclzlm2a1 <ymlnm> IZC’QZ<ZZ/mlnm> ISC;),Z nj\ljlm,
m=1

m=1 a?al

My

=2,/ Fvmln lm. For ajct > 1 the last series converges. Then the

where p,, =
sufficient condition of My, ay- regularlty of boundary point will have the form

00 My
Z (emlnm) - 7&,0&1 (DC N Ae*mh””) =+

2
m=1 !

and integral representation of this condition will be of the following form

My
/ ()™ i, (DF N Ao ds = +oo. (15)
o1
Make the substitution of the variable ¢ = zIn z. Hence we have
dt
dz = .
z Inz+1

It is clear that Inz 4+ 17 1lnz, at z > 2. Since Inz < Ilnz+Inlnz =1Int < 21n z,
then Inz" Int.
Then we get from (15)

ets
c —
/1nt’y21\i11 @ (DN A.-¢)dt =
So, we proved the following theorem.
Theorem 2. In order that the point (to,xo) € 0D be My, ay-reqular it is
sufficient that

i m (DN Ag-m) =400

m=
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where
T = 720 (DN Apom) |

2a?
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