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ON REGULAR SOLVABILITY OF ONE

INITIAL-BOUNDARY VALUE PROBLEM FOR

THIRD ORDER OPERATOR-DIFFERENTIAL
EQUATIONS

Abstract

In the paper sufficient conditions are obtained for regular solvability of bound-
ary value problem for one class of third order operator differential equations,

whose principle part contains normal operator.

Let H be a separable Hilbert space, operator A be a normal operator with
completely continuous inverse operator A~! in H. Suppose that the operator A has
polar expansion A = UC, where U is unitary operator, C is a positive definite
self-adjoint operator, i.e., C' where C' = C* > dFE(d > 0), where E is a unit-operator
in the space H.

We suppose that spectrum of the operator A is contained in the angular sector
7T
Se ={\:|arg\| < e}, 0§5<6'

The operators A and C have the following representations:
o0 o0

A= "Nlren)er, C- =Y Akl (- exen,
k=1 k=1

where )y are eigenvalues of the operator A and a{ey} is corresponding orthonormal-
ized system of eigenvectors. By means of operator C' we construct scale of Hilbert
spaces H,(y > 0) in the following form: H, = D(A"). H, is a Hilbert space with

respect to the scalar product
(LU, y)’Y = (CWI‘? Cﬂyy) 9 .’E, y € D(A’Y)

For v = 0 we assume that Hy = H and (x,y)o = (z,y),x,y € H. Further,
denote by Lo(R; Hy) and Lo(Ry; Hy),(R = (—00;00), Ry = (0;00)) spaces of all

vector functions f(t) with values from the space H.,, strongly measurable and for
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which the Bochner integrals are finite

1
2

+o0
IF Oy (rimny = (_f IIf(t)qudt> < o0,

1
2

+oo
1O o = ( F s dt) < oo,

respectively.
For v = 0, suppose Lo(R; Hy) = Lo(R; H) and Lo(Ry; Ho) = La(R4; H).
Suppose that vector function u(t) € Lo(R; H) has generalized derivatives till the
third order, moreover, u(®)(t) € Ly(R; H). Then following the book [1], we define
the following Hilbert space

W3(R; H) = {u(t) )u<3> (t) € Lo(R: H), C*u(t) € La(R; H)}
2 2 3
with the norm ||u|\W23(R;H) = (Hu(?’)HLz(R;H) + HC'?’uHLZ(R;H)) . In the same way
we define the space W3 (Ry; H):
W3(Ry: H) = {u(t) ‘u(?’) (t) € Lo(Ry; H), C3u(t) € La(Ry; H)}

with the norm

2 5 12
La(R4+;H) + HC u“Lg(R+;H)>

From the theorem of intermediate derivative it follows that the subspace

lullws gy = <H”(3)‘

W3 (R; H; 0;1) = {u|u € W§(Ry; H),u(0) ='(0) =0}

is also a Hilbert space.

In the given paper we investigate solvability of the following boundary value

problem:
d3ul(t) 3 d?ul(t) du(t)
B A u(t) + Ay pT + As a + Agu(t) = f(t),t € Ry = (0;400), (1)

u(0) = u/(0) = 0, (2)

where the derivatives are understood in the sence of distribution theorem [1], op-
erator A is normal, Ay, Ay, A3 are linear operators in H, f(t) € Lo(R4; H), u(t) €
W3 (Ry; H). Later on we suppose that for operator-coefficients A, Az, A3 the follow-

ing conditions are satisfied
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1) A is normal operator with completely inverse operator A~! with

the spectrum in the angular sector S, = {\ : |arg A\| < e}, where 0 < e < %

2) The operators Bj = A;A™I(j = 1,2,3) are bounded in H.

It follows from condition (1) that operator A has polar expansion A = UC = CU,
where C' is a positive definite shelf-adjoint operator and U is a unitary operator in
H.

Definition 1.1. If vector function u(t) € W3(Ry; H) satisfies equation (1)
almost everywhere, then we call it a reqular solution of equation (1).

Definition 1.2. If for any f(t) € Lo(Ry; H) there exists a reqular solution of

equation (1) which satisfies boundary conditions (2) in the sense

tliIEO [u®)l5/2 =0, tljjrlo [u(®)ll5/2 =0,

and inequality
lullwg ) < const|[fll,r,.m)

is fulfilled for it, then problem (1), (2) is called regular solvable.

In the given paper we find algebraic conditions expressed by the coefficients
of operator differential equation (1), which allow to establish regular solvability of
problem (1), (2), when operator A in the principal part of equation is a normal
operator. Note that when A = C' is a sell-adjoint positive definite operator, these
conditions were known even for differential equations of higher odd order (see [2]).
For discontinuous coefficients when n = 3 and A = C' is positive definite self-adjoint
operator. These conditions were found in the paper [3]. For equations of arbitrary
odd order, conditions for solvability are in the paper [4]. In the author’s paper [5]
analogous boundary value problems with normal principle part for equations of even
order n = 2k were investigated.

Let us solve the boundary value problem (1), (2). Denote by

d3u 3 3
Pou:@—A u,u € Wy (Ry; H), (3)
d*u du
PlU:Alﬁ‘I’AQE‘FAgU,UGW23(R+;H), (4)
Pu = Pyu + Piu,u € W3 (Ry; H). (5)

The following lemma is proved similar to the lemma of the paper [5].
Lemma 1. Let conditions (1), (2) be satisfied. Then operators Py, Py and con-

sequently P are continuous operators acting from space W3 (Ry; H) to Lo(Ry; H).
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The following theorem is valid.

Theorem 1. Let condition 1) be satisfied. Then operator Py is isomorphically
maps the space W3 (R ; H;0;1) into Ly(Ry; H).

Proof. It follows from lemma 1 that the operator Py. Acting from space
W3(R4; H;0;1) to Lo(Ry; H) is continuous. On the other hand, Pyu = 0 the
equation to u € W3 (R4; H;0;1) is equivalent to boundary problem

d3
POZE_AISU u € W3(Ry; H), (6)

u(0) = u'(0) = 0. (7)
It is known that a general solution of homogeneous equation (6) from space

W3 (Ry; H) has the form:

u(t) = ey + ey

1 V3

where P1,¥P2 € H5/2 and w] = w2 = _5 +27 (w1 = w% = 1) .

Using boundary conditions (7) we obtain that ¢; = ¢, =0, i.e. u(t) = 0.
Thus, operator Py vanishes only at zero in space W3 (R, ; H;0;1). Let us show
that its image coincides with whole space La(R4; H).

To this end we consider the equation
Pouy = f, f € Lo(Ry; H),u1 € W3(Ry; H;0;1),
which is equivalent to the boundary value problem:
— — APy = f(t),t € Ry, (8)

u1(0) = u}(0) = 0. 9)

If we denote by f (5) 5 € R Fourier transformation of vector functions f(¢) then
6)ed¢,t € R, where @1(¢) = ((—i€)3 — 43)"' ¢ € R,
2 Ta ( )

satisfies equation (8 ) almost everywhere in R.

ul(t =

Let us show that u;(¢) belongs to space W3 (R4 ; H). According to Plancheral
theorem it suffices to show that ¢34y (€) € La(—o00;00), A3 (€) € La(—o00; 00).

Since

”ulH%VS’(R;H) - Hugg)HLz(R;H) * HASulHiz(R;H) -

. 2 N 2
= Hgsul(f)HLg(R;H) + HA?)ul(g)HLg(R;H) :



Transactions of NAS of Azerbaijan 97
[On regular solvability |

Then we have from (10) that it suffices to estimate HA3fL1(§)HiQ(R.H).

Since

2

A~

Ay |)? < sup [ 4° (~ig?B+ 4%) 7' | 1
|42 iy < sup |47 (B4 AL O]y 00
Then we obtain from the spectral expansion of operator A :
3 -1)1? -1
HA3 ((=i¢)* B — 4%) < sup [N} (—ig? + A1) 7| <
H—H) k
Ael’
< sup (11)

Tk WS+ =20 ¢ sin3e T

< sup CG < L
Tk (IO +€5) (1 —singe) — 1 sinde

Thus, u;(t) € W3 (R; H). Denote by u;(t)(t € R) contraction of vector function,
in semiaxis Ry = (0;00) in v(t). Obviously, v(t) € W3(R,; H) and v(t) satisfies
equation (8) almost everywhere in R;. Then general solution of equation (8) can

be written in the form
u(t) = v(t) + 1 + ey,
where vectors ¢y, ¢y € Hs/o and they are defined from boundary conditions (9):

1 .
1= o (ATV(0) — w20(0)) € Hypo,

1 _
Py = o1 — s (A 17)’(0) — (.4)1’1)(0)) S H5/2.

Since operator Py acting from W3 (R, ; H;0;1) to Lo(R,; H) is bounded, then
we obtain that according to Banach theorem on the inverse operator that if the
operator Py ! exists and bounded, then Py realizes isomorphism between the spaces
W3 (Ry; H;0;1) and Lo(Ry; H).

The theorem is proved.

Lemma 2. Let condition (1) be satisfied. Then for any u(t) € W3(Ry; H;0;1)
the following inequality holds

| o2, e, aary = (1 sin3e) [l - (12)
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Proof. Let u(t) € W3(R,; H;0;1). Then it is obvious that

d3u 2 B ||?
| Poull? po iy = ‘ — — A3u = ’ — +
Fafi) | at? Loyt A Ly, )
d3u 2 d3u
N N A
dt Lo(RyH) dt La(RssH)
d3u
= |lullZs/p. .y — 2Re (,A3u) )
W3 (Ry;H) dt3 Lo(Ro:H)

For u(t) € W3(Ry; H;0;1) (u(0) = u/(0) = 0) after integration by parts we

obtain

3 3 3
(Cl;L,A?)u) = / <A*3u, d?) dt = — (A*Su, d?;) . (14)
dt LyRyH) ) t* )y dt> ) 1y (rym)

Hence

d3u
2Re (,Agu) = (,Agu) + <A3u, ) =
dt® La(Ry) N AE La(R.;H) At ) 1 (r )

3 d3
— <A*3u, du g) + <A3u, g) =
At* ) 1y(rysm) At ) 1R i)

3 3
= ((A3 — A%, dfg = ((E — A¥ A3 A3, dfj) .
dt ) 1 ome

>L2(R+;H)

<

3
2Re <dg, A3u>
dt Lo(Ry;H)

d3u

<|(B-ataz) a8

< (15)

Ly(Ry;H) ' Lo(Ry;H)

_ d3u
<o a1l

Ly(Ry;H)

Using spectral expansion of the operator A we obtain:
) eBipn\?
1—-1—= =sup|l — | —— =
Ak k 3%k

= sup ‘e_?”'ﬂok — e3i‘pk‘ = 2supsin 3¢, < 2sin 3e.
k k

HE — A*SA_SH < sup
k
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Taking into account the last inequality in (15) and using Cauchy inequality we

3
2Re <dg, Agu)
dt Lo(RsH)

Then equality (13) subject to inequality (16) implies that

d3
2Re (,A3 )
d 3
Lo(RysH)

obtain:

: 2
< sin3e ||ullys (g, (16)

>

2 2
1PoullZy iy = Nl cry sy —

2 . 2 . 2
> Hu‘|W§’(R+;H) —sin3e HUHWQS(R+;H) = (1 —sin 3e) HUHWQL”(R+;H) :
The lemma is proved.

Lemma 3. For any u(t) € W3 (Ry; H;0;1) the following inequalities hold

[\
Wl

du 1
A2 — < - (1—sin3e)"2 |Pyu s 17
' dt ||y (rm) ~ 32 ( )2 1Bl o (17)
d’u 25 1
A— < 1—sin3e) 2 ||Pyu Y 18
e R (R R LT 19
. _1
HA?)UHLQ(RJr;H) < (1 —sin3e) 2 [|Poull 1, (g, .1y - (19)

Proof. Since A = UC, where U and C are permutable and
u(t) € W3(Ry; H;0;1), u(0) = u'(0) = 0 then after integration by parts we obtain:

2

+o0o
HA?du 'CQd“ = <02d“ 02d“> dt =
L PE A llpy(rimy 0 di’" di
<03u C’d u> < HCSUH . H dz—u =
dt® Lo(Rs;H) FalfeH) dt® La(RysH)
d?u
= || 43w H — .
Then for any € > 0, the following inequality holds
dul|? € 1 2u?
e [V O N Y (20)
[ R ey e

On the other hand, analogously proceeding we obtain that for u(t) € W3 (Ry; H;0;1)
the following inequality holds:

&l 2
A

2
d3u

1
dt?

<

z (21)
Lo(Ry;H) 2

dt?

La(Ry;H) Lo(R4;H)
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Taking into account inequality (21) in (20) we have:

d3u 2
a3

1

du
“HL2 (RysH) T deo A=

‘g dt

‘AQdu 2
Lo(ry:H) €

dt

<5 l4°
=3

La(Ry;H) La(Ry;H)

Assuming in the last inequality: 2e? = o~! we obtain that for € > 0 the inequality

dul? € 2 Bul|? 1 dul|?
PO Y (P c ]
’ Al Ly(rymy — 2 (H s | g Lrem) 8 A
holds.
Hence we have:
du €
1— A?— -
< 863> H LoD 2 HU||W3 (Ry;H)»
1 .
If we suppose ¢ > 3 we obtain:
du 4et
A2 — — 2 .
} At ||y, im) — 88 — 1 Il

1
If we minimize the right-hand side of the last inequality with respect to € > 3

1 1
we obtain that for e = — (8 > 2>, the following inequality holds

V2
du || 2% du 2%
A2 < ullvsips gy i€ HA2 < ullwsip, .o -
H dt ||y — 3R At ||y — 320 D

Applying lemma 2 (inequality (12)) to the last inequality, we obtain:
1
3

2 ) 1
= 20— sin3e) ™} || Poull

G
La(Ry;H) 3%

dt

Thus, inequality (17) is proved. Inequality (18) is proved in the same way.
Inequality (19) follows from inequality (12). The lemma is proved.
Let us prove a theorem on regular solvability of problem (1), (2).

Theorem 2. Let conditions 1), 2) be satisfied, moreover, inequality

W=

2 . 1
o7 (IBoll + 1 B2l) + [ Bsll < (1 —sin3e)2
holds. Then problem (1), (2) is regular solvable.

Proof. We rewrite problem (1), (2) in the form Pu = f, u € Wiy (Ry; H;0;1), f €
Ly(Ry;H) ie. (Po+ P)u = f. If we change Pyu = v, we obtain equation

(E+ PiPy')v=f inspace Ly(Ry; H). Since

w

d2u

a2 +

La(Ry;H)

PP ey = 1Py <
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du d’u
+ || A2 — + || Asu . SAAl-HA +
H 20t La(RsH) 143 HLz(R+7H) H 1 H dt2 La(RosH)
—2 2du -3 3
i HAQA H . HA dt Lo(Ry;H) i HASA H . HA UHL2(R+;H)’
then applying lemma 3 in the last inequality we obtain:
L 23
1PP |y m iy = o7 (1Bl + |Ball) + (| Bs| | x

. 1
x(1=sin3e)"2 [[vl[ 1, g,y < IVllpory ) -

i.e. norm of operator P Fy s less than unity. Therefore operator £ + P B, Lis
invertible in the space La(Ry;H) and u(t) = Py* (E+ PlPO_l)*1 f(t). Thence,

Hu|’W23(R+;H) < const - HfHLQ(R_HH)'
The theorem is proved.
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