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HOLDER WEIGHT ESTIMATES OF SINGULAR
INTEGRALS GENERATED BY GENERALIZED
SHIFT OPERATOR

Abstract

Systematic investigations of multidimentional singular integrals generated
by generalized shift operator begin from the papers [1,2], where for these inte-
grals, Privalov type theorems were proved. In the given paper these integrals
are studied in Holder weight spaces Hgﬁ ([3]). Sufficient conditions for a, 3,7

providing their invariance, were found.
Note that these conditions are terminal in the operators with characteristics

satisfying the Hélder condition with index § > v ([4]).

1. Singular integral generated by a generalized shift operator.

Let R, be Euclidean space of dimension m (m > 2), R}t = {(x1, ..., Tym—1, Tm) €
ERy: Ty >0}, st = {x€RE :|z| =1}, TY be a generalized shift operator
(briefly GSO0) ([5]), which acts according to the law

K
T (z) = C’U/u (x’ —§'s /22, — 2T Sm cOS O + 8%) sin? ! ada, (1)
0

where v > 0 = (2/,2,), s = (s, 5p), 2,8 € Rp1, oo =T (v+ 1) /T (3)T ().
It is known that this shift is closely connected with the Bessel differential operator

9?2 2 0

B, =—+— .
e 9x2, + T OTm

The singular integral

0
Au (x) = V.p./ |8J|‘;)5+)2V [Tsu ()] s2¥ds = EEI}EOAEU (z), (2)
R+
where
Acu(x) = / ‘Sj‘cm% [Tsu(x)] s2ds, 0 =s/|s|, €>0,

{SGR2:|S\>5}

is called a singular integral (briefly SI) generated by GSO T* ([1]).
Lemma 1 ([1]). Let a and b be arbitrary numbers such that 0 < a < b < +00.

Then for any point x € R}, the following equality holds

P FGs/lsl) s [T ()] s2rds =
{sGR%: a<|s\<b}

=1, [ f (5) 17—y (y’; v+ y%+1) Y| dy,

{yeERm+1: a<|T—y|<b}

3)
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where T = (CC/,.’Em, 0) , Y= (y/7ym7ym+l) ’ dy = d?/l---d?/erla

j_ ' — \/ +ym+1

ij

 Tay =7yl

Proof. Denote by fia,b () the integral in the right-hand side. Making change
of variables & — y = z = (2/; z;m, 2m+1), we obtain

2 2
z’ zm+zm+1
Auy = / g2y Vo Do

EdN 2|
{z€Rm+1: a<|z|<b}

X |z| T2y, (ac' -2 \/({Bm —zm)? + zfn_H) |zmi1|* L dz
Let us pass to new variables (s'; -1, Sm)

a:2 =5 zm=smcosa, |zmi1] =smsina (0<a<m and sp, >0).

Taking into account that the Jacobian of the transformation is s,,, we obtain

sCAne) = () s

{sGR%: a<\s|<b}

T

x (O [u(x' — 85 /T2 — 2Zmsm cosa + 52 ) (smsina)® Hda | x

m m
0

X Sppds = / f (i) |s| == [TSu (x)] s2ds .
{sERﬁ: a<|s\<b} |S|

Equality (3) and also lemma 1 are proved.
If we assume in (3) u(z) = 1 (then T%u (z) = 1) and pass to the polar coordi-
nates, we obtain

f F(0)62ds ) =1c, [ f (9) 01|21 dS (9) ,
S (4)
Smy1 =1y € Ry1: |yl =1} .

Later on ”"C” is a constant; its exact value is not essential for us; a (z) < b(x)
means that a (z) < ¢b(x), where ¢ doesn’t depend on z.

In the case when a (z) < b(z) and b (z) < a (z) we will write a (z) ﬁb (z).

2. Holder space with weight H_ ; (R}).
Let v >0, a >0, [ bea real number,

ple)=a% (L+ e’ zeRY,.
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By definition ([3]) u € H ;5 (R}, if

limu(x)p(z) =0, lim u(x)p(z)=0,

xr—00 T —0

and the norm

iy, = sup, (lu (@) p(x) —uly) p()]d™ (z,)) ,
z,yERmM

is finite, where
d(z,y) = |z —y| 1+ ]2) (1 +[y)7" .
If the contrary is not stipulated, then later on we will assume that
0<y<l, 0<a—v<1, 0<fB4+y<m. (5)

Let x € R}!,. Denote

wx:{seRﬁl:\s—xl<%n}, w;:{yeRm+1:\9~c—yl<%ﬂ},

=20+ 0—a, Uy () =2l * L+ [o) ™ = 7t @) (o (1 +12)72)

Remark 1. Note that if y € v/, then |z| < 2]y| < 3|z|;

Lm

5 and at y € Rpy11\wh,

W Cwy X {yms1} <

~ U / /
|x_y|m|x -y | + Tm + |ym| + |ym+1| .
The spaces H;lyﬁ can be determined in terms of inequalities. The following lemma
is valid.

Lemma 2. ([4]). Let 0 <y <a, B+7>0.ue H; iff

a) 3C1 (u), Yz e Rf, |u(z)| < Cy(u) ¥y (x),
b) 3Cs (u), Yz € Rf, Vy € wl,

u(z) —u(y)| < Co(u)p~" (z)d (z,y) -
Moreover,
(min C; (u) + min Cs (u)) ﬁ Il -

We cite the important corollary to this lemma.
Corollary 1. If u¢€ Hgﬁ, then

_ U
) 1u5y',\/y,%1+y31+1)1<uuu (lym| + lym2 )7~ (14 )™

_ -l
A Nall Qyml + ymeed )77 Q1+ fym] + meea]) 5



12 Transactions of NAS of Azerbaijan
[S.K.Abdullayev, B.K.Agarzayev|

b) Vz € R}, Vyeuw,

o (v o) @) < elull o7 @) @ @)

Sl et @) (189l /(1))

3. Existence of a singular integral.
Let f(0), 6 € S;t be bounded and u € H;lyﬁ and (5) fulfilled.
Let us take x € R} and fix it. We prove the absolute convergence of integrals

. f 0 ~
i) = T2 (a (4 i ) — ) sy
wh Y
. (6 B
is(z)= [ T,m(+2)v’u (y’, \/M) 1|2 dy .

Rmr\wp ™Y

Taking into account b) of corollary 1 we obtain

liv (2;05) | < ellull p~" () L+ |2)) 2711 T (),
where ||f|| = sup|f ()], 0 € S},

J(x) _ / ’ym+1‘2’l}—1 7“?;+2U_’Ydy S
o,

2v71d
S C/dyldym f ‘ym+1’ ym m+4-2v—y < x;yn
W' {ym+15|ym+1|<m7m} in:‘ L A‘Q + 2
z — Yi Z; ym-l,-l
1=
i1 (z50l) | < IFIF ull @y (2) - (6)
Whence
Subject to corollary 1 we obtain
Ym0 1Y
~ m _ _
L(z,y) = 5y (lyml + lym+a ) A+ Jy) ™
|z -y
U |ym+1|2vi1 (|ym| + |ym+1|)’y*a (7)

A (2" = y'| + Zm + |Ym| + |Ym+1])

-l
X (1 + ‘y/‘ + ’ym’ + ’ym—I—l‘) , Y& Rm—f—l\wl

T

Let us introduce spaces

Ax:{yERm+l:|j_y|§%}v

B = {y e R W < oyl <301},

Cr={y €Rpq1 :3ly| < |Z—y[} .
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Denote

pw6)= [ Lo GCRu
(Bm41\wi)NG

Repeating the above mentioned reasonings, we obtain
iz (@) < llull [1f ]2 (2 g1 \w) =

= llull [[£I Gz (25 Az) +ig (2; Bx) + 2 (2; C)) -
Let us majorize the integrals in the right-hand side of (8).
Recalling that for y € A, (1 + \x!) - (1+|y|), subject to (7) we obtain

19 (CC; A ) < C(l + |$| fym+11dym+1 fym+1 dmerlf Ym + ym+1) e dme

x [ (|z|+xm+ym+ym+1)fm72vdz.
Rmfl

Hence,
in (w3 Ag) < (L4 J2]) T ag, @ = Uy (2). (9)
Let us majorize ig (z; By).
Let |x| > 1. Then fory € B, [T — y| E ly| and |y| > |x| /4, finally |z — y| ﬁ |y| +
o] [yl + 1.
Taking this into account we have:

2'2 (CCB ) < /(’ym‘ + ‘ym—l—l’)w_a ’ym-i-l’
y Dx) >
(ly| + )™ 2+

2u—1

Ba

Suppose 1 = (v + ) + (1 +v — «). By virtue of (5) x > 0. Taking into account
that m + 2v +1 = (m — 1) + p + 2v, we obtain from the latter:

i (x5 B) < f ym+11dym+1 f (Ym + Yma1)" " dym <
x [ (\z!+xm+ym+ym+ )" 1+M+2vdz<‘1’ (z) (Jz| > 1) .

Rmfl
Let |z| <1 and y € B,. Then for [y| > 1 |y ] ly| + 1 \y[ + 1+ |z| and also for
U U U
yl <1 (A+1yl) (1and |z —yl lyl+zm Y| + [ym| + Iym+1| + Ty
Therefore
‘ + Y- 2v—1
iy (2:By) < ¢ (/\ym! [Ym+1) ‘ym“Jander
{yeRm+1:|y\<1}(’y ’ + ‘ym‘ + ‘ym-i-l’ + xm)
Y- 2v—1
+ (yml| + [Yym1l) nii/_f;v—f—_i_ll‘ dy <
weRmpily>1y (Yl + 14 |zf)

=< (x;yn—a + W) < ‘I”y (CC) (|CC| < 1) .
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Thus, we proved that
io (x; By) < ¥, (2) (10)

The validity of estimate (10) for iy (x; C,) is proved by analogous reasonings.
Thus, we proved that

i (z; R \w}) < ¥y (x) and
li2 ()| < lull [[f]| ¥y (2) (11)

So, the absolute convergence of integrals i; (z), 2 (x) is proved.
Theorem A. Let u € H); and (5) be fulfilled. If f(0), 0 € Sy, is bounded

and

/f(e) 62ds () =0 . (%)
S+

then at each point x € R there exists SI Au(x) generated by GSI TY, and the
following equality holds

Au(z) =v.p. [ f(O)|S|7™ 2 [TV u(x)] S2Vds =
R+

=5Cu [/ (9) &=y (u (y’; \/ Y1 + y%) —u (w)) ymer Ty (g

50 [ (0) 1 =yl (YR ) Iy dy
Rerl\wé:
Proof. From (4) by virtue of (*) we obtain
/ f (9) 0| dS(0)=0. (%)
Sm+1
Let u € H)3, = (2',2) € Rf, 0<e< % . Then from (3) we obtain

Azu(z) = %CU( J f(é) O |0 d5(9)> [u(x)]1n>;_?+
S,

+1Cvi1 (2305 (€)) +12 ()

. T
where W/, (€) = {y ERpy1:e<|T—yl< Tm}
Now taking into account (**) and the absolute convergence of integrals i1 (x;w/,)

and 1ig (), passing to the limit as € — 40, we prove the theorem

4. Boundedness in Hgﬁ.
Theorem C. Let f satisfy condition (*) and

1f (01) — f (02)] < cp |60 — 02
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where Cy is a constant, 01,02 € S, and 0 <6 <1.If0<y<d<1,0<a—-vy<1,
B+~ < m, then SI operator generated by GSO TY :

Atu— Au(z) = vp. / £(0) |72 [TSu (2)] S%ds
R+

is bounded in HJ .
Proof. By virtue of theorem A from (6) and (11) we obtain

1 , ,
[Au ()] < 5CC (fir (w3wi) | + iz (2)]) < IFI] [l Oy () . (12)
By virtue of lemma 2, to prove the theorem it suffices to show that Vx € R},
and |h| < /8
| Au () — Au (e +h)| < cllul p~" (@) A+ |2)) ™ [0 (13) (13)

where ¢ is undependent of x and h.
Suppose
w1 (2) =w (Z,2h]), ws(z) =w (m,g |h|) ,
ws (z) = w (x/ﬁ ’%m - |h|) .
Obviously wi (z) C we (z) C ws (z) C wl,.
Subject to (*) and (4) one can prove that

Au () = Au (2 + 1) = 25: J; (x3h), (14)

i=1
where

Ji(@h) = [+ [ | K@) () —u@) lymal* " dy,

w2 wé; \u.)g

Jo (wih) = — [ K (y.2+h) (w1 (1) = (@) lyma " dy,

w2

Js(@ih) == [ K (goo+R) ) lymer " dy,

wé\wg

D) = [ (Ko =K (y2+h)) (@) = u@) ™ dy,

w&\wg

Js (i) = [ (K@8) — K (g2 +h)) s @) lymea ™ dy,

Rm1\wr,
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where K (y,3) = £ (8) /152, rys = |3y,

ur (y) =u (Z/,a \ YA+ ZJ%%H) -

Using easy calculations, one can prove that for z € R, y € R;41\w2 and
A < 2m\8

@]
Tyjﬂ?”ym; (15)
K (yufé) - K (y,m)‘ < (Cf |h|5r;j(m+2v+6)+
(16)

—m2v1 —(m+2v+46
I IR ) < e+ 1) B 7R

Not let us majorize |J; (x;h)| i=1,5.
Taking into account b) of corollary 1 and also (15), we obtain

hnlse| [+ f —EﬁiLf%mQﬂiﬁﬁﬁ%HW1@<

by w\ws )y EME 1+ |z))

-1 —2 ‘ym—l—l‘Qvil
<ecpp (z) (1 +z]) [+ [ — <
wws | |(x+ h) — y|mT2o=y

< epp™t (@) (L |2]) ™7 R

The following expression is proved analogously
o (@3 h)| < epp™ (@) (1+ [a]) 7 [A];

m| T | Ym oo
Js (z;h) <cepllull [ ([yml + [ym+1]) |

2u—1
Ymy1[V " dy <
wgc\w3 ;ng/zv (1+| |)

‘ym—l—l‘Qvild
<AL Tl ey () [ ey

Ty——
wén\z,ug YoTh

—_ T — h
Taking into account that A =<y € Ryq1: |z +h—y| < %n + %} D w! and

passing to the polar coordinates, we obtain

2v—1 2v—1 h
/ v dy < |ym:rnl+|2v dy SCu'
T

X
Y7 y— m
x+h A \ 3 x+h
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Hence
T3 (s h)| < | £I] Hull Oy (2) oyt < Ja(zsh) p~ (2) (1+ [2]) 72 )" .

Let us majorize Jy (x; h). Taking into account (13) and (15), we obtain

h5 Ty—~—r70~ \7
sl < cleg + 1D et @) (k) o Py <

w3\w2 Ty 37

h é
) ot )

< (e + 11D (W

Let us majorize |J5 (z; h)|. Subject to (16) and (15) we obtain

h )
s @i)| < cleg + 17Dl —TWLQ’M
Yyz
Rm+1\w£n

([ym| + 1ymar )™

A+ 1Y+ [yml| + [Yms1l)

l ’ym-i-l ’2U71dy =

=< (ep + I 725002 (25 Ronar \w) <
=< (ep + IS (Rl /2m)* s (@) < (g + NI (Rl /200)" Ts () <

=< (eg + D ull p~" (2) (L4 |2) ™ B[

Thus, theorem C is completely proved.
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