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DETERMINATION OF EXTREMALS ON THE
BOUNDARY OF DOMAIN

Abstract

The formula for computation of the best approrimation is established and
the best approximate function is constructed in approximation of two-variable
function on the boundary of unit square by the functions of the form ¢ (z) +

Y (y).

In the paper [1] as far as we know, at first we succeeded in finding the extremals,
namely, in constructing the best approximate function and computing the value of
the best approximation in the domain consisting of unit square. Some parts of posi-
tive plane measure are not inside of this square. It was a question of approximation
of two-variable function by the sums of one-variable function. At that it is assumed
the existence of solution of a functional equation associated with approximated func-
tion. As should be expected the extremal function in this approximation depended
on the solution of this equation.

In this paper the formula for computation of the best approximation is es-
tablished and the best approximate function is constructed in approximation of
two-variable function on the boundary of unit square by the functions of the form
@ (x) +1 (y)

Consider an arbitrary set Q C K, where K = I?, I = [0,1] is a unit square.
Denote by M (Q) a set of the functions f = f (z,y) for the arbitrary points (2/,y'),
@), ("), (2", y"), o <2, ¢y <y’ from @ satisfying the condition

f (l'llay”) + f (xlay/) - f (xllay/) - f (xlv y”) > 0. (*)

Since, these points are vertices of the rectangle I = [2/,2”;y/,y"] C K, then
it geometrically means that nonnegative quantity is associated to every rectangle
IT C K with the vertices from @, although the rectangle II itself need not belong to
the set Q.

Let the function f = f (x) be determined on the boundary of the unit square K,
namely, on the set

I ={0<z<1;y=0,1}U{r=0,1; 0<y <1},

The functions ¢ (z) and 1 (y) are determined at 0 < x < 1 and 0 < y < 1, respec-
tively.

Consider the best approximation of the function f on the boundary of the square
K

E;=F '] = inf —p—1|=inf ||f —¢ — (1
[ [fio 49,11 ﬁw(le)lfno‘f @ — Y| ;gw\lf ¢ = Yllemoy- (1)

We call the function ¢ (z) + 9, (y) satisfying the equality

1f — w0 —Poll = Ey
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the best approximating in approximation (1).
Theorem. For the function f € M (HO) the best approximation Ey may be
calculated by the formula

Ef: [f(151)+f(030)_f(1a0)_f(o’l)]7

>~ =

and the sum

*%[f(l’l)+f(070)+f(0’1)+f(170)]

is the best approximating in approzimation (1).
Proof. For arbitrary rectangle II' = [2/, 2,3/, y"] with the vertices from I we
denote

L(f10) =Ly () = 7 [f " y") + (2" ¢) = f (") = F (")) ()

| =

We have L, (I') = 0.
Then by virtue of the linearity of the functional L

L(f, 1) =L(f,II') = Lp(z) + ¢ (y), 1] =
(3)
=L[f(z,y) —¢(@)—¥ (), Q <f(=,y) —v@) =¥ Wlcar

and as the left hand side of inequality (3) does not depend on ¢ (x) + ¢ (y), then
L(f, ') < inf |1 (2.9) = ¢ (@) =¥ Wl oq) -

II’ is arbitrary rectangle with the vertices from II°, therefore, from the last relation
we obtain

L(f,1°) < inf If =@ = dllan) = By (4)

Relation (4) is a lower estimation of the best approximation (1).
For the rectangle IT = [x1, z2; y1, yo] with the vertices from II°, we introduce the
denotation

T ]f 5)

and we consider the function

1 1 z 1 1 g z oy
F = — _
(@) {x y:|f |:O y:|f [‘T O:|f +|:O 0:|f ©)
determined on the set I1°.
By virtue of denotation (5) and determination (2) we have

F(2,9) = f (5,) = 5 1f (2 1) + £ (2,0) + £ (1,0) + £ (0,)] +

U0+ £(0,0)+ 7 (1,0)+ £ 0,01 Y £ () — o (@) — 00 (v).
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Further, it is clear that

[(1) é]f =1 [f (L) + £(0,0) = f(1,0) = £(0,1)] =

S A e A R T PR

For the simplification of notation later on we introduce the denotation

|1 1 x oy ) 1 Y 1 Y

Using notation (9) according to determination of the function F (z,y)

F(z,y) = Ye;p — Yoy (10)
Then from (8)-(10) we obtain
1 1
Ee;f = |: 0 0 :| - EO;f’
1 1
EO;f = |: 0 0 :| - Z‘i%f'

Substituting these values in (10) we have

(11)

1 1
F=2%.;— .
ef |: 0 0 :|
f
According to the definition of the class M (HO)
Ee;f > 0, Z:o;f > 0.
Then from (11) we obtain

11
[0 0] ~F=2%,; >0
!

:>—1 1 <F<1 1.
_ o o], =" =lo of,
+F=2%. >0
0 0], ’

(12)
Now, using determination of the function F' from (6) we calculate its values at
the points (1,1) and (1,0)

F(1,1)—“ ”f—“ é]f—[é H}f[(l) Hf_[(l) é]f’
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These last calculations show that the values of the function F (z,y) achieve
boundaries in inequalities (12), whence we have

1 1
Flowo = | o o] -
f

But according to (7) the function F'(z,y) has form f (z,y) — ¢q (x) — ¥g (y)-
Thus,

IPI=15 20) = 0 0) o Wlleqmy = | o o | =L ()
f

and by virtue of lower estimation (4)

1S (z,y) — @0 () = o (W) < Ey-

According to the definition of the best approximation there cannot be sign of
inequality in the last relation. Consequently,

Ef:[(l] é]f:411[f(1’1)+f(0’0)_f(1»0)—f(O,l)}

and the function

©o () + 1o (y) = f(z,y) — F(2,y) =

[f (2,0) + f (2, 1) + f(0,9) + f (Ly)] - (13)

N | =

—Lf(1,1) + £(0,0) + £ (1,0) + £ (0,1)]

is the best approximating in the considered approximation. The theorem is proved.

2. Let the function f be determined on the whole square K. Then, it is clear
that for its approximation by sums of the functions of the form ¢ (z)+1 (y), theorem
1 is valid on the boundary of the square K. Let now ) be an arbitrary subset of
the square K, containing the boundary of square

° c Q c K.
It is clear that
1f=e=Vlemoy < I1f ==Yl < If — o= Yl - (14)

By virtue of the fact that the function ¢ (z) is determined for all 0 < z < 1,
and the function ¢ (y) is determined for all 0 < y < 1, then the sum ¢ () + v (y) is
determined on the whole K and consequently, on its any subset ). Therefore, from
(14) we obtain

inf || f—¢— < inf ||f—¢— < inf ||f—¢— . 15
égw\lf 2 T/JHC(HO)_;ngf ¥ Wa@-(ﬂw”f ® ¢HC(K) (15)
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Denote by E [f,Q] and E [f, K] the best approximations of the function f by
the functions of the form ¢ () + v (y) on the sets @ and K, respectively. Then,
relation (15) may be written in the following form

E[fI°] <E[f.Q < EI[f K].

In [2] we established that the best approximation of the functions f € M (K) by
sums of the form ¢ (x) 4+ ¢ (y) may be calculated by the formula

1

Elf. K] =7 [f (1, 1)+ £(0,0) = £(1,0) = £(0,1)],

and the function g (x) + ¢y (y) of the form (13) is the best approximating in this
approximation. Comparing this result with theorem 1 we obtain a result for the
arbitrary set @, satisfying the inequality II' C @ C K, namely, the following theorem
is valid.

Theorem 2. Let Q be a subset of the square K and contain its boundary. Then
for the arbitrary function f € M (Q), the basic extremals of the bets approzimation
E[f,Q] are determined by the following form: the best approzimation is calculated
by the formula

Elf,Ql= 2 [f (1,1) 4+ f(0,0) = £(1,0) = f(0,1)]

| =

and the sum

[f (2, 0) + f (2, 1) + £ (0,9) + F (1,y)] =

N

®o () + 9 (y) =

_i[f(Ll)+f(0,0)+f(130)+f(0a1)]

1s the best approximating in this approximation.
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