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Vugar S. ALIYEV

ON COMPLETENESS OF ELEMENTARY
SOLUTIONS OF THE FOURTH ORDER
HOMOGENOUS OPERATOR-DIFFERENTIAL
EQUATIONS OF THE ELLIPTIC TYPE

Abstract

The conditions, providing, completeness of the decreasing elementary solu-
tions of one class of fourth order operator-differential equations are found. In
the work it is proved existence of the reqular solution of corresponding homo-
geneous operator-differential equation, when the boundary conditions contain
operators, and it is proved a completeness of some arbitrary chains, constructed
by these boundary conditions.

Let ‘H be a separable Hilbert space, A positively defined self-adjoint operator
in H. It is known that, the domain of the operator A7(y > 0) becomes a Hilbert
Space H, with respect to the scalar products (z,y), = (Az, AVy),z,y € D(A7).
We'll denote by La(R4;Hy) a set of all measurable Bohner vector-functions with

0o 1/2
the values from H., for which || f]| = <f Hf(t)”i dt) < 00. Further, let L(X,Y)
0

define a set of linear restrictions of the operators acting from the Hilbert Space
X to another Y; ) (.) be a spectrum of the operator (.); >, be an ideal of the

[e.¢]
completely continuous operators in L(H,H); >, = {A tAed Y sh(A) <o
n=1

’

where s, (A) —s are numbers of the operator A}; in future everywhere o uu”
and 1Y) are derivatives in the since of distributions theory [1].
Now let’s introduce the following sets:

Wi (R H) = {u:u € Lo(Ry; Hy),u® € Lo(Ry; H)},
WARLH) = {u:u e WE(Ry; H),u(0) = «/(0) = u”(0) = u”(0) = 0},
W;’T’k(R+;H) = {u:ue Wi(Ry;H),u(0) = Tu"(0),4'(0) = Ku"(0),

T € L(H3/2, H79), K € L(Hy 9, Hsp2) } -

9 1/2
L2<R+;H)> ’
becomes a Hilbert space [1,p.29].
Now we’ll pass to the statement of the problems, which we are studying. Let
Bi1, By, B3 € L(H;H), then a domain of the operator bundle

Each of these sets provided with norm

fulhs = (ol m, e + [

P(\) = ME + X3B3A + \2By A% 4 AB; A% + A* (1)
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coincides with the space Hy; here F single operator in ‘H. In the theorem on the
completeness of decreasing elementary solutions of the equation

P(d/dtyu = u® + B3Au" + Bo A% + By A% + A*u =0 (2)
by fulfilling the boundary conditions:
u(0) — Tu"(0) = ¢, ¢ € Hyjg,u'(0) — Ku"(0) = 9,9 € Hs o (3)

in the corresponding space of solutions of problem (2), (3) in supposition
Atey .

To this end, at first we shall consider the operator-differential equation:
P(d/dt) = uY + BsAu" + BoA%W" + BiA*W + A'u = f, t € R, (4)
by fulfilling the boundary conditions
u(0) = Tu"(0), ¥/(0) = Ku"(0) (5)

where almost everywhere f(t) € H,u(t) € H.

The questions on the completeness of the elementary solutions in the case when
the operators are in the boundary conditions are investigated for example, in the
work [5] for second order equations.

Definition 1. Problem (4), (5) is called regular solvable, if for each vector-
function f(t) € Lo(Ry;H) there exists a unique vector-function — u(t) €
€ WSL’T’K(RJF;H), which satisfies equation (4) almost everywhere in R, bound-
ary conditions (5) are fulfilled in the sense of convergence of the space Hyj, Hs o
and it holds the inequality

g < const ], (6)

Let’s find conditions, providing regular solvability of problem (4), (5).
First of all, we shall consider the equation

Py(d/dt)yu = u + Atu = f (7)

where f(t) € Lao(R4+;H). Let’s denote by Py the operator, acting from space
W;’T’K(RJF; H) in La(Ry;H) by the following way:

Pou = Py(d/dt)u,u € W;’T’K(R+; H).

It’s true.

Theorem 1. Let C = AT2TA™3/2 8§ = AS2K A=1/2 these operators are com-
mutative, i.e. C'S = SC and point —1 ¢ > (CS—S+C). Then operator Py realizes
an isomorphism from the space W24’T7K(R+; H) on Ly(Ry; H).

Proof. The condition —1 ¢ > (C'S—S+C) implies that homogeneous Py(d/dt) =
0 has just a zero solution from the space W;’T’K (Ri;H), but at any f(t) € La(R4; H
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equation (7) has solution from the space VV24 TK(R,:H), representable in the form

i |t—s L it —
<1+z —Val ‘A—i—(l—z)e Vel |A>A 3f(s)ds—

4ff .
17

X[((CH+1iE)(S —iE)+ (E +1iC)(S +1iE))x

e VA0S — S+ C 4 B)!

X A2 [ B f(5)ds + 2B +iC)(S — i) AY2 [e” V3 f(s)ds]+
0 0

1 _loigg
+——e V2 CATT2(CS - S+ C+ E)!
ok ( )

x [2(E —iC)(S +iE)AV2 [~ A f(s)ds+
0

sA

+ ((E —iC)(S —iE) + (E +iC)(E — iS) A1/2f f(s)ds| .

It is easy to check, that first number satisfies equation (7) and belongs to the
space W(R1;H) (see [2,3,]). Further, from the inequality [6, p.208]

A2 [ fexp(-t)] f(t)d \foHLQ, (9)

0 H

/2 [oxc(— 1
|42 e, < Sl ven (10)

implies the inequality:
1 [ [y LE } 1
4 { [ (=Tt St <l (1)
H

1+:2 1

) A4 [exp(—\@ztm] < 75 lilya 0 € Hapa (12)

Consequently, the second and the third number in equality (8) also belong to the
space Wi (R4; H).

Fulfilment of boundary conditions (5) can be checked directly. Boundedness of
the operator Py follows from the inequality

2
2 2
[Poully, = [ + A, <2l (13)
Thus, an operator Py is bounded and one-to-one acts from the space Wi (R ;H)

on Lo(Ry;H) and by the Banach’s theorem on the inverse operator realizes isomor-
phism by these spaces.
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The theorem is proved.

This theorem implies that ||Poul|,is a norm of the space Wy (R4 ; H), equivalent
to the original norm ||uHW§1.

Now we’ll research problem (4), (5).

Theorem 2. Let conditions of theorem 1 be fulfilled and

3
> Bl Ny < 1,
j=1
where
Nrk;= sup <‘}A4_ju(j)H /HPO“’L2> . (14)
0£ueWAT K (R1-H) L2

Then problem (4), (5) is reqular solvable.
Proof. Let’s write problem (4), (5) in the form of operator equation (Py + P1) u =

3 o
f, where f(t) € Lo(R+;H),u(t) € Wy M (R+;H). Pru = 3 BjA* Tuld) for
j=1

u € T/V24 DK (R+;H). Since, the operator Py has a bounded inverse Py ! by theorem
1, acting from Lo(R+;H) on W;’T’K(R+; H), then after substitution u = Py v we
shall obtain the following equation in Lo(R+;H):

(E+ PPy Yo = f.
On the other hand

3 .
[PiPs o], = IPrulls, < 32 1B |41 9u@]),, <

3
[Poull = > I1Bjll Nk [[V]l ., -

3
< > IBjll N1k g
j=1 j=1

3
Therefore, by fulfiling the inequality > || B;|| Nr.x; < 1 the operator E+P; P, !
j=1
is reversible and we can find u(t).
The theorem is proved.
Let’s denote by Ny ; = sup (HAA‘*ju(j)HL2 / \|P0u||L2> ,j=1,2,3.
0¢u€W§(R+;H)
Remark 1. It is obvious, that N7k ; > Noy; and

PN

4 4 J<4)J
Ny = o - 7j:17273
" ((4—.7) j )

[7]. In suppositions A~1 € >, the operator bundle P(A) has a discrete spectrum,
and let A\, (n =1,2,3...) be characteristic numbers of bundle P (\) from the left-
plane II_, and x4, 1, .., Tm,n be eigen and joined vectors, responding to the char-
acteristic number A,:

P(A\p)xon =0,

P .
> %P(])()\n)xp—j,n =0,p=1,...,m.
=0
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Then the vector-functions

tP tp1
t — )\nt _
upn(t) =e (p!xo,n + =1
belong to the space Wi (R+;H) and satisfy equation (2). They will be called ele-
mentary solutions of equation (2) [5]. It is obvious, that elementary solutions satisfy
the following boundary conditions:

Tip + ...+ mp7n> ,p=0,1,...,m,

u0,2(0) = Tag 1, (0) = o0 = ArTT0.0 = Po.ps

u1n(0) — Tulllm(O) =210 — NT21, — 20T 20 = P1m>

"

Up,n(O) - Tup,n(o) = Tpn—

—)\%Txpyn 2N Txp 1 —Tap2y = Opns D = 2,.m,

/ "

uo,n(o) - Kuo,n(o) = AnZon — A%Kxo,n = Yons

"

), (0) = Kuy ,(0) = Apwyn — A K21y + Ton — 3Aa K20, = ¥, (15)

"

u/27n(0) — K’U,Qm(()) = )\an;Q’n — )‘iK‘Z'Q,n‘F

+T1n — 3)\%K$17n - 3)\nK~TO,n = w2,n7

Uy, (0) — Ku;’n(O) = MZpn — Ao KTy + Tp 10—

3N K2y 10— 3AKapon — Kapsn =0, ,,
p=3,..,m.

By fulfilling the condition of theorem 2, it is easy to see, that problem (2), (3)
has a unique solution from the space Wi (R+;H) at any ¢ € Hry2,9% € Hsjp. A set
of all such solutions we’ll denote by Wa(P).

From the theorem on the intermediate derivatives and about traces implies,
that a set Wy(P) is closed subspace of the space Wi (R+;H). There it is stated,
a problem: when elementary solutions of problem (2) are complete in the space
Wy (P)? It holds.

Theorem 3. Let C = AT/2TA3/2 8 = AS2K A~Y2 these operators are com-

3
mutative, i.e. CS = SC, -1 (CS —S+C), > ||Bjl|| Nr,x; < 1 and one of the

=1
conditions is fulfilled: ’

a) A7l € 2,0<p<2)ord) Bied ,j= 1,2,3,A7 ! ¢ 2,0 < p < o0).
Then a system of elementary solutions of problem (2), (3) is complete in the space
Wy(P).

Proof. First of all, we shall prove, that the system {y,,,v,,}, defined from
equality (15) is complete in the space Hy /2 ® Hs/p. If it is not so, then there exists
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a non-zero vector (@, {ﬁ) € Hzjo @ Hs o such, that (@,0,,)7/2 + (@,%,,)5/2 = 0.
Then from the expansion of the main part of resolvent at the neighborhoods of
characteristic numbers it follows, that (A7/2(E — 5\2T)P_1(5\))*A7/2{0 + (AS2(\E —
NK YP~1(X))* A5/ 24/ will be holomorphic vector-function in the left half-plane II_.
If u(t) is a solution of problem (2), (3), then it can be represented in the form
1 100 )
u(t) = / () exp(At)dA, (16)

211
—100

where
a(N) = P7YO){(VE + A2B3A + ABy A% + B1 A%) u(0)+

+(N2E + AB3A + By AW/ (0) + (AE + B3 A)u" (0) + " (0)}.

Taking into account Remark 1 from theorem 5 of the work [4] we’ll obtain that
by fulfilling the condition of the theorem the following statement holds:

1) P71()) is represented in the form of ratio of two p order entire and minimal
type functions at order p;

2) there exists a number £ >0 such, that the resolvent P~!()) is holomorphic at
the angles St. = {\ : A = rexp(+if),n/2 < 0 < w/2+ E,r > 0} and at the same
angles admits the estimations HA7/2P_1()\)H <c |)\|_1/2 , HA5/2P_1()\)H <c |)\|_3/2;

3) at the left half-plane there exists a system of rays {Q}, including rays I'y1¢ =
{N: A =rexp(Li(r/2+ &)),r > 0}, such that the angle between neighbour rays is
less than 7/p and on these rays of the functions HA7/2P_1()\)H and HAE’/QP_I(/\)H
grow no faster than [A|™Y/? and |A|~%/? correspondingly.

Taking into account all of this in equality (16), a contour of integration we can
substitute by 't ¢. Then at ¢t > 0

(u(t) = Tu" (1), @)z o + (u/(8) = Ku (), 9)5/2 =

- L [ ((N’E + NB3A + AB2A% + B1 A%) u(0)+

7T2Fig
+(A\2E + AB3A + By A2/ (0)+
+(AE + B3 A)u(0) + " (0), (AT2(E = N2T) P~ (\)*A72p+

+(AY2(NE — N3K) P~ (\))* A%/24)) exp(At)dA.

From the Frangmen-Lindelof’s theorem we obtain, that integrand function in
front of exp At is a polynomial, and therefore the integral equals zero at t > 0,
consequently, (u(t) —Tu"(t), @)7/2 + (u’(t) — Ku’”(t),w) 5 0,t > 0.

Passing to the limit at ¢ — 0, by the theorem about traces we shall obtain

(0. 0)7/2 + (0, 0)5/2 = 0,Y(,1) € Hyjg & Hsjo. Therefore, ¢ = 1 = 0. Further,
from the uniqueness of the solution of problem (2), (3) and from the theorem about
traces it holds the inequality

1/2
C2(||90H$/2 + |WH§/2)1/2 < lullys < (H‘PH?/z + H¢H§/2> : (17)
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Since, the system {((ppvn, wpm)} is complete in Hy /o @ Hs /o, then for the given

& >0 there exists a number N and numbers ci,v (€) such that

2 2 1/2

N
- ZZC;)V (5)(,0[)’”

n=1 p

+ || — ZZc EVpn

n=1 p

<€. (18)

7/2 5/2

Taking into account equalities (3) and (5) in (17), from inequality (18) we’ll

obtain
N
N
)= D> (E)upalt
n=1 P

< €.
W24

The theorem is proved.
The author expresses his thanks to prof. S.S.Mirzoyev for some useful discus-
sions.

References

[1]. Lions J.-L., Magenes E. Non-homogenous boundary value problems and their
applications. M.: 1971, 371 p. (Russian)

[2]. Gasimov M.G. About solvability of the boundary value problems for one class
of operator-differential equations. Soviet Math. Dokl., 1977, v.235, No3, pp.505-508.
(Russian)

[3]. Gasimov M.G. To the theory of polynomial operator bundless. Soviet Math.
Dokl.,1971, v.199, No4, pp.747-750. (Russian)

[4]. Gasimov M.G. About multiple completeness of the part of eigen and joined
vectors of the polynomial operator bundles. Izv.AN Arm. SSR, series of math., 1971,
v.6, No2-3, pp.131-147. (Russian)

[5]. Gasimov M.G., Mirzoyev S.S. About solvability of the boundary value prob-
lems for second order operator-diferential equations of the elliptic type. Differential
equations, 1992, v.28, No4, pp.651-661. (Russian)

[6]. Grbachuk V.N., Gorbachuk M.A. Boundary value problems for the differential-
operator equations. Kiev, 1984, 283 p. (Russian)

[7]. Mirzoyev S.S. The questions on the theory of solvability of the boundary
value problems for operator-differential equations in the Hilbert’s space and related
spectrum problems, doctoral thesis. Baku, 1993, 229 p. (Russian)

Vugar S. Aliyev.
Baku State University.
23, Z.Khalilov str., AZ1148, Baku, Azerbaijan.

Tel.: (99412) 382 518 (off.)
Received September 08, 2003; Revised December 17, 2003.
Translated by Mamedova Sh.N.



