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MATHEMATICS

Adalat Sh. ABBASOV

CONDITIONS OF CORRECT SOLVABILITY OF A

BOUNDARY VALUE PROBLEM FOR ONE CLASS

OF THIRD ORDER OPERATOR-DIFFERENTIAL
EQUATION

Abstract

In the paper we found sufficient conditions imposed on the coefficients of
one class of third order operator-differential equations which provide correct
and unique solvability of some initial boundary value problem posed for such
equations.

Let H be separable Hilbert space, and A normal invertible operator in H. Then
A can be represented in the form A = UC, where U is a unitary operator, and C' is
a positive defined self-adjoint operator. Denote

Hy=D(C%), (z,y),=(C2,Cy), a>0.

Let Ly (R+; H) be Hilbert space of vector-functions f (¢) defined in Ry = (0, 00)
with values from H, measurable and

1/2

T / IfIPd)] <D,
0

Further, we define Hilbert space [1]
W3 (Ry: H) = {uyu(3> € Lo (Ry: HY, ABue Ly (R H)}

and
W3 (Ry; H) = {ulu € W3 (Ry; H), u(0)=0}

with norm

1/2
2
(L T oy

For R = (—o0, 00), spaces Lo (R; H) and W3 (R; H) are considered analogously.
Note that here and later on derivatives are understood in the sense of the theory of
distributions.

Consider the following operator-differential equation in the space H

d3
a3

d?u du

+ Ayt A — T +A2d + Asu = f (1) (1)

with the boundary condition
u(0) =0 (2)
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Definition 1. If for f(t) € Lo (R4; H) there exists the vector function u(t) €
W3 (Ry; H), which satisfies equation (1) almost everywhere in Ry, then u(t) is
called a regular solution of equation (1).

Definition 2. If for any f(t) € Lo (R4; H) there exists a regular solution of
equation (1) which satisfies boundary condition (2)

lin | (1) = 0

and the inequality
lullws g,y < const [ fllLyr, )

then problem (1)-(2) will be called regular solvable.

In the given paper we establish sufficient conditions, under which problem (1),
(2) becomes regular solvable. When A is a positive-defined self-adjoint operator this
problem in general from was considered in [2]. In the paper [3] operator-differential
equation of even order was considered.

Denote , )
Pou=9%8 — A3y, uwe Wi (Ry H),

Pru=A %8 4 Ay® 4 Az, we W3 (Ry H).

Lemma 1. Let the normal operator A be invertible and it have a spectrum on
angular sector

S.={oo| |arg)| <e}, 0§5<%.

Then operator Py isomorphically maps the space W3 (Ry; H) on Lo (Ry; H).

Proof. It is obvious that equation Pyu = 0 has only trivial solution from the
space T/V2 (R+; H). On the other hand, equation Pou = f, f € Ly(R4;H),
u € WQ (R4; H) is always solvable. In fact, vector function

“+00
1

U (t):%/( EE+ A% /f =) gs | de¢

—00

satisfies equation Pyu = f almost everywhere. Let us show that u; (t) € W3 (R; H).
According to Plancherel theorem it suffices to prove that

A%y (&) € Ly (R H), €01 (3) € Lo (R; H)

where @ (§) is Fourier transformation of the vector function u; (t).
Obviously,

14201 () ey = |42 (6% + 47 F©)|| ot <

< sup [ 4% (—i€® + 4%) 7 1l -
£ER

where f (€) is Fourier transformation of the vector function f (t).
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Since for any £ € R

HA?’ (—i&’E + A3)71H = sup ’/ﬁ’ (—i&® + M3)71’ =

ueo(A)
_1
. 2
= sup |4’ (56 +|ul® — 26308 Sln?w) <
pnea(A)
_1 1

. 2
< sup |4 (56 +|ul® - (66 + |u|® sin? 36)) =—,
pea(A) cos 3¢

we obtain that inequality (3) implies A3u; (t) € Lo (R; H). One can similarly prove
d3
that % € Ly (R; H), i.e., uy (t) € W3 (R; H). Denote by us () the contraction

of vector function u; () on [0,00]. Then ug (t) € W3 (R4; H). By the theorem of
traces uz (0) € Hsjp [1].

Then general solution of equation Pyu = f is represented in the form u () =
ug (t) + e, where o, € Hso. Since u (0) = 0 we obtain that ¢, € Hs/p. Thus
u(t) € W3 (Ry; H). On the other hand
d3u 2

3
ﬁ—AU

2
|Poull?, = \

2
< 2|ullwspysm,)
Lo

i.e. Py: W3 (R;H) — Lo (R, ; H) is a continuous operator. Then the statement of
the lemma follows from the Banach theorem on the inverse operator.
Lemma 2. For any u € W3 (Ry; H), the following inequalities

10l ) 2 gy + cose [’ (0)], — sin3e [ 4%, ||

hold. )
Proof. Let u € W3 (R; H). Then

2
2 (3) 3 2 (3) AB)
| Poullz, = Hu +A uHL2 = HuH”zg +2Re (u A u)L2 . (4)

Since u € W23 (R;H) (u(0) = 0) using the integration by parts we have

(u(3),A3u)L (CS/QUI (0), C3/2U3/ (O)) - (A*gu,ug) =

o =
= (03/2u' (0),U3C3/ 2/ (0)) — (A%, u(3)) + (A%, u(3)) )
Hence
2Re (u(3)7 A3u)

1, = cos3e[u’ ()3, — | (A% — A) u, ud| >

> cos 3¢ ||/ (0)H§/2 — (A% — A*3) A3 ||A3“HL2 =z

> cos 3¢ ||u/ (O)||3/2 —sin 3e HA?’uHL2 Hu(?’)HLQ )
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Taking into account this inequality in (4) we obtain the statement of the lemma.
Lemma 3. For any u € W3 (Ry; H), the following inequalities hold.

1
3
DA%y = ooz WPl (5)
” ‘ Lo(Ry;H S cos 3¢ 1Povll o) (6)
du 21/3
A2 — P
? ' ALy (Ryom) — COS3e 1Poull o (7)

93/2

<

P . <
La(Re;H) cos 3¢ I Ou”L2(R+,H) (8)

d2u
4) |A—=
) |4

Proof. From lemma 2 using Cauchy’s inequality we obtain

|Poul, = [[u® |7, + (| 4%, +
+ cos 3e ||u (O)H?,,/2 - (HU(S)H2 + sin? 3¢ HA?’UH2) =

= cos® 3¢ HA?’uHi2 + cos 3e [|u’ (O)H?’,/Q :

This implies the validity of inequality (5). Inequality (6) is proved analogously.
Integrating by parts we obtain

b, =1, == e, < fesl o, =
= [|4%ull,, + [[Au?],
The identity (A > 0)
o+ Cu + 3u |7, =X 027, + s w7, ~ lew)z, -
—||vAcHz o) + e o
implies that
)\2“02 /H 1 HU(B)H2 > HCUHHZ
L2 )\2 - L
If we assume here \ = HC'ZUIHL2 Hu(g) HL we obtain
lcwlf, <20 | ],
or N
HAUHHL2 <9 HAQUIHLQ ’u(3)HL2_ (10)

Taking into account inequality (10) in (9) subject to inequalities (5) and (6) we
obtain .
Poogys 1 (11)

a2 < 22 %l 27 u?
Lo cos 3¢




Transactions of NAS of Azerbaijan 7
[Conditions of a boundary value problem]|

Taking into account inequality (9) in (10) subject to (5) and (6) we have

2/3
| 4u” w2

(12)

o, < 22 [l ) [u]

Ly — cos3e

The lemma, is proved.

Theorem. Let A be normal operator and its spectrum be contained in the an-
gular sector S; = {A| |argA| <e} 0 < ¢ < E, operators By = AjA™!, By =
Ay A™2 By = A3A~3 be bounded in H, moreover, the inequality

2%/% || Bul| + 22 || Bz || + || Bs|| < cos 3¢

hold. Then problem (1), (2) is regular solvable.

Proof. We write equation Pu = f in the form (Py+ Py)u = f.

After substitution Pyu = v we obtain equation (E + PPy 1) v = f in the space
Ly (Ry; H). By lemma 3

PPy |, = [Pl g, < IBill [[Aw” |, + | Ball || A%||,, +
+ HBQH HA3uHL2 < (22/3 ”BlH + 21/3 HB2|| + HB3H) /COS3€ <1

which means that the operator E—HDlPO_1 is invertible and u = PO_1 (E + PlPO_l)_1 f.
The theorem is proved.
The author is grateful to professor Mirzoyev S.S. for useful discussions.
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