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Mammad R. YUSIFOV

ON CORRECT SOLVABILITY OF A LINEAR
NONLOCAL PROBLEM OF GENERAL FORM FOR,
A CLASS OF THIRD ORDER HYPERBOLIC
EQUATIONS

Abstract

In this paper we consider a nonlocal problem for a class of third order linear
hyperbolic equations with measurable, in general, nonsmooth coefficients satisfy-
ing some p - integrability and boundedness conditions. The sufficient conditions
for everywhere correct solvability of the considered problem are found.

Let the following equation be given
(Vou) (t,2) = D,D2u(t,e) + > (Dgpg; (t,a:)) Aij (t,x) = 219 (t, 7).
i:(),iltjji?)ogp (1)
(t, x) eG = (to,tl) X (1‘0,1‘1)

under the initial condition

(lou) (z) = u (to,x) = 20 (z), € (x0,x) (2)
and boundary conditions

(Liw) () = we (¢, x0) 1,1 + U (T, 20) 01 2+
g (t, 1) By 1 + e (8, 71) Bro = 21 (1),
(law) (t) = w¢ (t, x0) 2,1 + U (t, T0) 22+

Fur (t,21) Baq + e (8, 21) Bog = 22 (1), t € (to,t1)-

Here u (t,x) = (uy (t,x), ..., up (t,z)) is n - dimensional unknown vector-function;
a;; and 3;; are the given n x n dimensional constant matrices, A; ; (t,z) are n X
n order matrix functions measurable on G, satisfying the conditions Ag; (¢,z) €
L, (G), j =0,1, and there exist the functions A(l),j (t,x) € Ly (zo,21) , and Af, () €
Ly, (to,t1) such that the conditions
1AL (8, 2) ]y < AT (), 5 =0,1

nxn —

and

are satisfied almost everywhere on G, where |||, ,, is Euclidean norm of the corre-
sponding matrix.

With respect to the right hand side of the equation and initial-boundary condi-
tions we assume that 2z (z) € Wé%z (xo,x1) and z; (t) € Ly p (to, t1), where Ly, (to, 1)
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and Ly, nxn (to,t1) are spaces of n dimensional row vectors and space of n x n matri-
ces with elements from L, (to,t1), respectively, Wﬁ% (xo, 1) is a space of all vector

functions with elements of Wéz) (xo,x1)-
Under these conditions we seek the solution of problem (1)-(3) in the S.L.Sobolev
space

Wpn = WP (G) = {u € Ly, (G)|DiDiu e Ly, (G), i=0,1, j=0,1,2 }

with the dominating derivative D;D?2.

The sets of values of the operators lo,[1 and I3 defined on W),,, are disconnected
sets. It means that when equation (1) is considered at initial boundary conditions of
form (2) and (3) it is not necessary to impose accordance type additional conditions
on the right hand side of these conditions. By this conditions (2) and (3) are more
natural than classic type initial-boundary condition [1,2,3].

Representation of the functions u € W),,, by means of defining opera-
tors.
Consider (1), (2), (3). We write this problem in the operator form

Vu =z, (4)

where

V= (‘/bal():llalQ) )
z = (21’2 (t,.ﬁlﬁ) y 20 ($) y #1 (t) y 2 (t)) € Ep,na

Epﬂl = Lp,n (G) X ng?yz (l'(), {L'l) X me (t(), tl) X me (t(), tl) .

We assume the norm in the space E,, be defined in the natural form with the
help of the equality

12lls,,, = 71205, 000 + 120y @mnen + 1ttty + 1221 2yt

It is easily proved that the operator V : W, ,, — K, is linear and bounded.
If for any z € E,, equation (4) (problem (1), (2), (3)) has a unique solution
u € Wy, and

lully, < Mzl , (5)

then we shall say that the operator V' of equation (4) realizes homomorphism between
Wp.n and Ej, , or we shall say that problem (1), (2), (3) is everywhere correct solvable,
where M > 0 is a constant (depending on coefficients of boundary value problem
(1), (2), (3)) independent of z € E, ,.

We investigate problem (1), (2), (3) with help of integral representations of
special form for the functions uw € W),,. For the function u € W), we can find
different integral representations. We can represent the functions v € Wp,, for
example, in the form

t

u(t,z) =u(to,z) + / [ug (T,20) — (x — 2) e (T, T0)] dT+
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+ ]/ (= &) Utar (7, &) drdg (6)

to o

by the traces u (to,z), u(t,z0), Ui (t,20) and dominating derivative wuyyy (¢, 2)
([4])-

Now we put such a question. Can we find a representation that would admit to
determine the function u (¢, z) uniquely with respect to values (lou) (x), (lyu) (t), (lau) (t)
and DyD?u (t,z) for the function u € W), ,,? For studying this question we use for-
mula (6). At first we write (6) in the following form

t1

u(t,z) = (Qb) (t,z) = ¢ (x) + / [b1o (7) + (x — x0) b1y (7)) dT+

to

—|—// (x =& bia(r,&)drdE, (t,x) €,

to xo

where
b= (b2 (t,z), (), bio(t),b11 (1))

and

o (z) =u(to,x), bio(t) =u (t,x0), b1 (t) =wa (t,z0), bi2(t,x) = Ugs (¢, ).

It is known that for any function uw € W, there exists a unique quadruple
b= (b12,¢,010,b11) € Epy, by which we can represent this function in the form
(7).

We can show that the opposite one is also valid. In other words, for any given
quadruple b = (b1 2, ¢, b1,0,b1,1) from E, ,, the function u (z) determined by equality
(6) belongs to the space W), , and has the traces u (to, x), us (¢, 20), wer (t,20) and
dominating derivative u,, (¢, x).

Now we try to choose the element b = (b; 2, ¢, b1,0,b11) so that corresponding
function (7) satisfies conditions (2) and (3). For this we put function (7) in conditions
(2) and (3). Then from (2) we obtain that

(lou) () = ¢ (). (8)
We obtain the following conditions from conditions (3)

(liw) (t) = b1o (t) a1 + b1y (t) g2+

xr1

+ | bro (t) + Abis (t)+/(901 = &) b2 (t,8)dE| B+

o

x1

+ |11 (t)+/b1,2(t,§)d§ P2

Zo
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(lgu) (t) = bl,O (t) Qg1+ bl,l (t) Q92+

1
4o 0+ 80 0+ [ (21 -9 bia () de| B+ .
xo
71
+ | b1 () + /b1,2 (t,8) d§ | Ba2,
z0
where A = 1 — xo.
Denote by
Yii = a1a+ B, Y12 =12+ AB 1 + B2,
Yo1 = @21+ P21, Yo,2 = 22+ ABy 1 + By o,
a1 (z) = Bz —z)+ B
az(z) = Boq (21— )+ Bao,
and we rewrite equality (9) in the following form
71
bram b = (30) ()~ [baa (8.6 an (€)de
2 (10)
braria + b = (1) (1)~ [bua (8.€)aa (€) de
zo

We can consider equality (10) as a system of linear algebraic equations with
respect to by o (t) and by 1 (2).
With the help of 2n -dimensional matrix

Y11 712
ry — ) )
( Y2,1 V2,2 )
we write system (10) in the form of vector equation

(bro(t),b1,1 (1) y =

x1 1

= | (hu) () - /51,2 (t, &) a1 (§)dE, (lu)(t) — /b1,2 (t.&az(§)ds|. (107
o x0
Let the matrix v be reversible and vy~ = ( ]Zl’l ZLQ > , where each of k; ; is
21 k22

some n-dimensional square constant matrix. Then from (10") we obtain

(bro(t),b11(t)) =

x1 1

— | (twy 0) - / bua (£,€)ar (€)dE, (ou) (1) — /bl,zu,s)az(s)ds L

zo zo
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Therefore

bio(t) = {(ZIU) (t) — /bl,z (t, &) a1 (§) dﬁ] ky1+

Zo
1

_l’_

| ———

(o) (1) - / bia (1 €) a (€) d&] o,

(11)
bia(t) = {(ZW) (t) — /bl,z (t,€) a1 (§) dﬁ] k1o+

o
z1
= {(lw) (t) — /b1,2 (t,€) a2 (§) df] kao.
zo
Now taking into account (8) and (11) in equality (7) we obtain

t1

w(tz) = (low) (z) + / (o) (7) [fvs + Fro (2 — 20)] dr+

to
t1

4 [ U ) o + ko o - o) dr+
b (12)

+//b1,2<m>{E<x—5>9<t—7>0<x—5>—9<t—7>[a1<s>k1,1+

G

taz (§) k21 + a1 (§) k12 (x — xo) + a2 (§) (z — )]} d7d§

where 6 (z) is a Heaviside function on the space R of real numbers, and E is n x n
dimensional unit matrix.
Let

B (z) = ki1 + k12 (z — x0)
Bo (x) = ko1 + ko2 (x — x0) (13)

Ro (7, &t0) =0 (t —7) [(x =)0 (z — &) E— a1 (€) B (x) — a2 (§) B2 (2)]-
Now we write formula (13) in the following from

t1

u(t,2) = (low) (z) + / (L) (7) By () dr+
’ (14)
+/ (lau) (1) By () dT + /G/utm (1,8) Ro (1,&;t,z) drd€.

to
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Thus the following theorem is proved.

Theorem 1. If det~y # 0, then any function u € W), 1is represented in the
form of (14).

It is obvious that the right hand side of formula (14) is defined by the values
(lou) (), (liu) (t), (lou) (t) and g, (t,2) of the operators lg,l1,le and DyD?2 on
the considered function u (t,z). Therefore, we call the operators lg, l1,l> and D;D?
determining ones for representation (14).

Equivalent integral equation.

Beginning with formula (14) we seek the solution of problem (1), (2), (3) in the
following form

t1

w(t,x) = 7 () + / 21 (7) B (2) + 22 (7) B () | drt

to
+ /G / bio (7.€) R (7,61, x) drde, (15)

where b1 2 € L, (G) is an unknown function.

The fulfilment of initial condition (2) and nonlocal boundary conditions (3) for
function (15) is obvious. Therefore, it remains to require from function (15) it were
a solution of equation (1). For this we write function (15) in the form:

u(t,x) = go (t,x) +u(t,z), (16)

where
t1

g0 (£,2) = o (2) + / (21 (7) B (2) + 2 () By (2)]

lo (17)
w(t.0) = [[ba (7.0 Ro (.6t e
G
Then for function (15) we write equation (1) in the following form
(Vou) (t,z) = 2 (t,x), (18)

where z (t,x) = z12 (t, ) — (Vogo) (¢, ).
Expression (13) of the function Ry (7, &; ¢, x) shows that the function @ (¢, z) has
the following form

u(t,z) = ]761,2 (7,6) (z — &) drdg—

to o

_ / / bis (7,€) [a1 (€) By (%) + as () B (2)] drde.

to o
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Therefore the equalities

T

W (t, x>=/b12<t (@ —€)6(x— ) E—ay (€) B (x) — az (€) By ()] de,

// 12 (L@ &) [0(z— &) E— a1 (€) B, (2) — az (€) B ()] drde,
G

: (19)
Ty (1, 7) = / bis (16) [0 (x — €) E — ay (€) B (x) — s (€) B ()] dt,

Tow (£7) = / bro (7€) 0(t—7)dr, Tnee () = bis (t,2)

to

are valid.
Using (19) from (18) we obtain

(Vo) (t,x) = (Nbi2) (t,z) = b2 (t,€) +

1

+ / / bio (7.€) Ko (7,61, ) drdE + / bio (4,€) Koo (€:t,2) di+
G o (20)

+ / b (1, €) Kio (73t 2) dr = 2 (1,3), (t,2) € G,

where
KO (Ta ga t? l’) = RO (7-7 ga ta .’E) AO,O (t’ l’) +

+0(t—7)[0(z = &) E — a1 (§) By/ (x) — a2 (§) B (2)] Ao (t,2) 5

Kio(mit,z) =0(t—7) Ao (t,2); Ko (§t,z) = (21)
=[x =80 -8 E—a1(§)B1(z) —a2(§) By (x)] A1 (t,2) +
+[0(x =€) E—a1 (&) By (x) —ag (§) By ()] Ava ().

Thus for defining by 2 (t,2) we obtain two-dimensional integral equation (20).
Thus the following theorem is proved.

Theorem 2. Let dety # 0. In order that problem (1), (2), (3) be always
correctly solvable it is necessary and sufficient that integral equation (20) for any
2 € Ly (G) have a unique solution by € Ly, (G).

Existence and uniqueness of solution.

Let b12 € Ly, (G) be a solution of equation (20). We write equation (20) in the
following form

(N1+N2+I) bLQZZ, (22)
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where I is a unit operator in the space L, , (G) and

(Nlbl,Q) (t7 l’) = //bl,Z (7_7 6) [(l‘ - 5) AO,O (ta 33‘) + AO,O (ta SL’)] d7—d£+

to To
+ / bua (7€) (& — ) Avo (t,2) + Ay (1, 2)] € + / bua (7.€) Ao (£.2)
(Nabyo) (t,2) = - / / bia (1.€) {[a1 (€) By (2) + a2 (€) By (2)] Ao (t.2) +  (23)

+ [a1 (&) B1 () + a2 (§) B ()] Aoy (t,2) } drdé—

- / bia (1,€) {[a1 (€) By () + as (€) Ba (2)] Ar (t,7) +

o

+ [a1 (€) B (2) + a (&) B (x)] A (¢, 2) } drde.

The operator Ni acting n the space L, (G) is linear bounded and is a two-
dimensional integral Volterra operator with respect to the point (tg,zp). Then the
operator (I + Ni) has a bounded inverse operator B = (I + Ni) ' acting in the
space Ly, (G). Then from (22) we obtain that

51,2 + BNQbLQ = Bz. (24)

Thus, the solutions of equations (22) and (24) in the space Ly, (G) are equivalent.
Now we estimate the norm || Na|| of the operator Ny : Ly, , (G) — Ly, (G).
It is obvious that

t x
I(Vibro) (t,2)], < / / 1512 (7 I, (21 (€02l 1400 (2], 0 +

to To

9y (€, ¥
|25 s (ol rde+ [ I, (25)
€z nxn
zo
dpq (&,
o L e e LI
nxn

where |||, and |[-||,,,,, are Euclidean norms for n dimensional vectors and n x n
dimensional matrices, respectively, and

¢1 (&) = a1 (§) By () + a2 (§) By () -
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Let
P (& m) = 01 (&) nsn s a7 () = llai () s »

(W)“ _ HW“ C B = 1185 () e -

Ox Ox nxn

Then we have
oh (&) < af (€) B (x) + a3 (€) B3 () - (26)

Besides, from (13) we have

B (x) = k12, By (x) = kapo.

0
Therefore, the matrix 91 (&) is constant with respect to z € (z¢, z1) and
x
Op (&2)\°
( 1(% < af (§) kY5 + a3 (€) ko, (27)
where k:gQ = ||kiz2|l,,,,- Further form the expressions of the matrix functions a; (§)

and ag (&) it follows that

af (§) < 5(1),1 (21— &) + Y 2

(28)
a3 (§) < B (x1 =€) + B35,
where 37 = [[83;],,,,
Thus, using the Minkowsky inequality, from (26) and (27) we have
0 0 0 0 0
H(‘Ol (" x)HLq(zo,xl) < Halqu(xo,xl) gl (.’L‘) + HaZHLq(mo,aq) a2 (x) (29)
and
o6t (, 7))’ < ||a? k9o ( kS 30
ox — Halqu(xo,ml) 1 2 + HG‘QHL (z0,71) 22( ) ( )
Lg(z0,21)
1 1
where — + — = 1.
p q
Further by virtue of equality (28) we have
AGHLN ¢
0 0 1
Y e A
o) i/, (31)
0 AtINa
o811z < B (557) + Bats%
where A = 21 — x9. Therefore from inequalities (29) and (30) we obtain
1
AIHLN g 1
96 )y < [ﬁ% (357) "+ 900 | (4, + aaf) +
(32)

ALY ¢ 1
+ 85, < n 1> + ﬁg,qu] (k) + AR ,) = Ay
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H<a@?6(5 m>>°

AL 1
ﬂz 1 < > +58,2Aq] k8,2 = Ag.

and

Ak 5+

AT+ 1
[ﬁ <+1> +5?,2Aq

Lq(wo,71)

+1

Now using Holder inequality from (25) we obtain

[(N2by2) (¢, 2)ll, < [lbrelly | (@) (1 — to) [H%D(f ()
8(p (7‘77) 0
5)

X [|<Pl o)L, (@o,en) Ao () +

40,0 (&), +

||Lq(wo,zl)

+ 0,1 (& @)l + 1012 (8 ), wg,00) X

Lq(wo,wl) (34)

01 (1)’
Ox
Allowing for (32) and (33) in inequality (34) we have

[[(N2bi,2) (8 )], <

A?,l (x)] .

Lg(zo,71)

nxn

1
< bzl o (1 —to) [Ar[[Aoo (8 2)ll,,x, + A2 |40 (¢, 2)]

1012 (6 )1, (o) [D1AT 0 () + A2Ary (2)] -

From these inequalities by virtue of Minkowsky inequality we have

IVB12)ls e < 0 lr2lly, (@) Vb € Lyn (G (3)
where
1
Yo = (t1 —to)9 [Al Lyment@ T
+As || Ao (t,a:)||Lp7an(G)} + Ay ||A1,0||Lq(x07wl) :

From apriori estimation (35) obtained for the operator N we get
N2l < 0.
Then for the operator BNy we have
IBNbi2ll, ) <70

(G (36)
Thus, if
1= IBllv <1,
then equation (24) for any z € Ly, , (G) will have a unique solution by 2 € Ly, ,, (G).

It is obvious that at this solution b1 € L,, (G) equation satisfies the following

condition, too
1
b0y < T2 B2l 1 (37)
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Thus the following theorem is valid.

Theorem 3. If dety # 0 and 7, <1, equation (20) for any z € Ly, (G) has
a unique solution by o € Ly, (G) and for this solution estimation (37) is valid.

Theorems 2 and 3 show that the following theorem is also valid

Theorem 4. If dety # 0 and 7, < 1, problem (1), (2), (3) is everywhere
correctly solvable.

Remark. Expressions (32) and (33) of the numbers A; and Ay show that if

ﬁi,j = 07 7').7 = 172 (38)

then A; = Ag = 0. Therefore by virtue of (35) we have v, = 0. Consequently, in
this case 7; = 0. Thus in this case problem (1), (2), (3) is everywhere correctly

solvable if
a1 a12
det ’ ' 0. 39

( a1 G22 > s (39)

Note that if conditions (38) and (39) are fulfilled, we can consider boundary
condition (3) together with initial conditions (2) as a new type Goursat condition.
In particular, when a1 = ag2 = E, a1 = as1 = 0 conditions (13) have the form

Ut(t,x ) =z (t)v
Uty (2, 5600) = 212 (1), (40)

where z; (t) € Ly, (to,t1). The paper [5] is devoted to the solution of problems (1),
(2) and (40).
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