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Misreddin A. SADYGOV

ON EXTREMUM CONDITIONS IN PROBLEMS OF
MATHEMATICAL PROGRAMMING

Abstract

In the paper using the distance function in class of p—(«, B,v,98) -Lipschitzian
functions at the point the function of exact fine is constructed and the necessary
conditions of high order are obtained for extremum problems by involving the
limitations.

In Clark paper (see [1]) for extremum problems involving the limitations for the
first time the function of exact fine is constructed by using the distance function in
classes of Lipschitzian functions. In [2] Lipschitzian functions at the point were de-
termined and applied to the investigation of extremum problems with the limitation
(e, B,v,0) -Lipschitzian function at the point. In [3] the ¢ — («, 5, v, §) -Lipschitzian
functions at the point are determined and the extremum problems with limitations
are considered. In the given paper by using the distance function a number of the-
orems on exact fine, and also the necessary conditions of high order involving the
limitations are found.

1. About classes of ¢ — (o, 3,v,0) -Lipschitzian functions. Let X be a Banach
space, C C X, f: X - R, p: X - R, a>0, v >0, 62>av, § >0 and
B={zxe X :|z| <1}.

The function f is called ¢ — («, 3, v,0) -Lipschitzian with the constant K at the
point xq, if f satisfies the condition

f@otaty)— Fote) -t y)+e@] <Kl (1l + vl =)

for x,y € 6B. If ¢ = 0, then f we’ll call (o, 3,v,6) Lipschitzian (see [2, 4]) with
the constant K at the point z.

Note that if f satisfies ¢ — (o, 8, v, §) -Lipschitzian condition at the point zo then
f(z) — ¢ (x — x0) satisfies (o, 3,v,0) -Lipschitzian condition at the point xy. It is
clear that if the functions f;, 7 = 1, n, at the point x( are ¢; — (o, 3, v, d) -Lipschitzian

n n

functions, then Y fi > ¢, — (o, B,v,0) -Lipschitzian function at the point x.
i=1 =1

If the derivative f” (z¢) in terms of Freshe exists then by the theorem on Taylor

formula the function w (z) =0 (Hx||2) holds, where @ — 0 at A | 0 such that
[ (@o+z+y) = f(z0+2) = (f' () (z+y) +w(@+y) + [ (wo) v +w (2)| =

5 < [ o)l -yl Il + Tyl -

- ‘;f” (20) (@ + y + ) — 2 " (a0) (w,)

Therefore if we suppose ¢ () = f' (zo) x +w (), then f satisfies ¢ — (1,2, 1,0),
6 > 0, the Lipschitzian condition at the point zg.
If the derivative f®) (zq) in terms of Freshe exists then the function w (z) =

0 (HxH3> will be found such that f satisfies ¢ — (1,3,1,6), 0 > 0, Lipschitzian

condition at the point zg, where ¢ (z) = f' (z9) x + 5 f” (z0) (z,2) + w (z), @ —0

at A | 0.
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We’ll denote the set of all continuous bilinear symmetric functionals from X x X
to R by B (XQ, R). The set M C B (XQ, R) is bounded if there exists a number
L > 0 such that |23 (z,y)| < L ||z| - |y|]| at =5 € M.

Let the function f: X — R be representable in the form

f(xo+2x)=f(x0)+ sup zj(x) + sup z5(xz,x)+0 (HxH2> ,
wreM; 25EMs

where My C X* and My C B (X2, R) are bounded sets, @ — 0 at A | 0. Assume

p(x) = sup zj(x) +0 <||:UH2) Then it easily can be checked that f satisfies
zT €M
¢ —(1,2,1,6) -Lipschitzian condition at the point xg, where § > 0.

Lemma 1. Let Q C X be an open set, and Gato derivative of the function f
satisfies Holder condition of order a, 0 < a < 1, on the set Q) with the constant
L > 0. Let xg € Q be some point, then there exists § > 0 such that f satisfies
f(xo)x— (1,14 «, 1,0) Lipschitzian condition at the point xo with the constant L.

Proof. Since @ is open and zg € ) then there exists such § > 0 that zg+20B C
Q. Then by the the mean value theorem (see [5], p.38) we have

1
f<x>—f<y>—f’<y><x—y)=/(f'<y+t<m—y>>—f'<y>)<m—y>dt
0

at x,y € xg + 20B. Therefore

1
[f (@) = () = f' () (= — )] S/Hf’(ert(w—y))—f’(y)H o —ylldt <
0

1

S e -l
0
for all z,y € g+ 20B. Then it is clear that
/ Iyl
‘f(a:o—i—x—i-y)—f(xo—i—x)—f (3704‘33)9‘ SLm

at x,y € B. Hence we have

|f (zo+ 2 +y) — f (w0 +x) — [ (20) (x +y) + f (w0) x| -

1+
(o4 2) ~ 1w y] < LV

Since
|(f' (zo +x) = " (w0)) y| < || (f' (xo+z) = " (x0))|| - lyll < L= - [lyll
then

|f (w0 + 2 +y) = f (w0 +2) = f'(x0) (x +y) + [ (wo) x| < Lyl (l=]|* + ly]*)
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at x,y € 0B, i.e., [ satisfies f’ (zg) x — (1,1 + «, 1,d) Lipschitzian condition at the
point xg. The lemma is proved.

2. Higher order necessary conditions. Denoting

Qo = {0(-):0()\)ER+ at A € R, ando)fi)—mat)\io}

d(x) =inf {||lx — y|| : y € C} and let xy € C. Assume that

‘ B '_—d(:co—k)\x)_ ' B
K, (zo;C) = {xeX.l)}%)\a—O}, Ty (z0;C) =

:{xexzhmw:o}
0 A

Note that (see [2]) z € K, (z0;C) (a > 0) if and only if A, > 0 and 0(x,\) :
[0, A\;] — X can be found such that zo + Az + 0 (z,\) € C for any A € [0, \;] and
O(f/f‘) — 0at A | 0. Also x € Ty (20;C) (a > 0) if and only if there exist the
sequences \; | 0,{v;} C X such that |v; — z|| — 0 and g + \iv; € C.

1
P |
Assume that

Kop(x0;C, ) ={x € X :3IA; >0, 301 (x,A) : [0, Az] — X,302 (2, A) : [0, \z] — R4

where Olg\ﬁ’)‘) — 0, % — 0 at A | 0, where 29 + Az + 01 (z,\) € C and
e A+ 01 (2,\) <02(z,A) at 0 <A< A},

Fop(zo;C,p) = {x € X :30(z,\) € Ry where (x’)—>0, at A | 0 and 3N; |
0, H{Vl}cX

where )\a ——1 ||[vi — || — 0 that o + \iv; € C, p (Nivs) <0 (N, )}

Theorem 1. Let f : X - R, p: X - R, a>0,v>0, 82>arand zg
be the minimum point of the function f on the set C. And also assume that there
exist finite positive homogeneous functions ¢, : X — R of degree 3 —av, 0(-) € O
numbers § > 0 and K such that

[f@o+z+y)—f@ot+a)—p@+y) +o@) <

< Kyl (o1 @) + Il =) +0 1)

fO’I” x € Ka,g(xo;C,go)(xel“aﬂ(xo;C,go)), HJZ” < 9, y € X, HyH < H‘T”7
xo+zx+yel.
Then

FIP (zo; 2) = ggjﬁ (f (o + Az) — 9 (Az) — f (20)) > 0 at x € Ko 5 (20;C,¢),

(f{ﬁ” (wo; ) = lgnfg (f (z0 + Az) — ¢ (Az) — f (0)) > 0 at & € Ty g (20; C, <P>) :

Proof. If v € K, g (x0; C, ) then by the definition A, > 0, 01 (z, ) : [0, ;] —
X, 0y (,\) £ [0,A;] — Ry will be found, where &2 — 0, 28D — g at X | 0
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that zo + Az + 01 (z,A) € C and ¢ (Az+ 01 (x,A)) < O2(z,\) at 0 < A < A,
Therefore
F3Y (wos ) =

:hm{f(a:o+>\a:+01(x,>\))—f(xo)+f(xo+)\:c)—f(g;0+)\x+01(x7)\)) .
A0 )3

—(Ax 401 (2, N\) + 02 (2, \) + p (Az + 01 (2, X)) — 02 (z,\) — ¢ (A\x) }

+

>

A3

> f(zo+ Az + 01 (x,N) — f(x0) —p (Az + 01 (, X)) + 02 (a:,)\)+

—

i

10 28

b}
= @0+ 22+ 01 (@,0)) = £ (@0 +A) =0 O+ 01 (@, ) + ¢ (M) = 02 (@ 3)
210 AP -

> lim - (f (@0 + A + 01 (2, X)) — f (20) — (A + 01 (2,1)) + 03 (2, 1)) —
20 A

B—av

—K
T v B—av - 163 >
T 101 G I (V71 @) 4 100 @ )T=) 402 (,3) 40 (Al ”) | > 0.

The second case is analogously proved. The theorem is proved.
Remark 1. From the proof of theorem 1 we have that if there exist A\, > 0,

0(x,A) : [0,As] — Ry, where 222 — 0 at A | 0, that

[ (@0 + Az + 01 (V) — F (20 + ) — 0 (A + 01 (W) + ¢ (A)] < 0 (a,A),

for any = € K, g (z0; C, ¥) ,

01 () € QO = {0(-):0()\)€Xat>\€R+ and%%OatAlO} and 0 < \ < Ay,
then theorem 1 is also true.

Corollary 1. If xq is the minimum point of the function f on the set C, and
if there exist a« > 0, 8 >0, v >0, § > 0, K > 0, where 8 > av, the functions

0(-) € Q, and ¢ : X — R such that
[f(wo+z+y)—frot+a)—p@+y) +e@) <

v —av B-—av
< Kyl (lel®= + Iyl =) + 0 (llz11%)

Jor x € Ko g (20;C, ) (x € Lag(20:Cr9)), |zl <6, ye X, [lyll < =,
xo+z+yeC then

{54 (29;2) = i (#0 +22) = ¢ (Az) — f (o)

o )\ﬂ >0 at Ka,,@ ($0§ Ca 30) )

—f(ro+Ax) —p(Ax) — f(z
<f£ﬁ}+ (xo,x)zl){%f( 0 ) )\(Z( ) f( 0) >0 at Fa,ﬂ(xo;ca@)>-
Let X = R", g; : R — R, i =1, m. Consider the minimization of the function
fonthesetC:{xeR”:gi(m) <0, i=1,k, g;i(x)=0, i:k+1,m}.
Assume that I (zg) = {2 €1k, gi(x0) = 0} and let f,g1,...,9m be continu-
ously differentiable in some neighbourhood of the point zg € R", and the gradients
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gi(x0), © = k+ 1,m, are be linearly independent. Then it is known that (see [6],
p.191)

K1 (20;C) = {h € R": {g; (z0) ,h) <0, i € I(x0), (g;(x0),h) =0, i=k+1,m},

and conjugate cone is represented in the following form:

KT (20;C) = Z Aig, (zo) Z Nigs (zo), Xi >0, i €I ()
i=I(zo) i=k+1

By the condition there exist > 0 and K > 0 such that
[f (wo+2+y) — f(zo+2)| < Kllyll at 2,y €dB.

Hence it follows that f satisfies the («,a,1,d) -Lipschitzian condition at the
point xg. Therefore if xg is the minimum point of the function f on the set C' then
by corollary 1 we have that (f’ (x¢),2z) > 0 at € K; (29;C). Then we’ll obtain
that there exist the numbers Ay > 0,...; A\x > 0, Agi1, ..., A, Where \jg; (zg) = 0 at

i = 1,k, such that f’ (xq) + Z/\ig{» (zg) = 0..

Assume L (z,\) = f (z)+ 2/\192 (x), where A = (A1, ..., Arp) and let the functions

f, gi, -, gm be twice dlﬁ"erentlable at the point xg. It is easily verified that there exist
0>0andw(x) =0 (Hx” ) such that the function ¢ (z) = L (z, \) satisfies w (z) —

(1,2,1,0) Lipschitzian condition at the point zo. Denote ¢ (z) = Z:)\Zgz (xo+ )+

w(x). Then it is clear that the function f satisfies ¢ — (1,2, 1,5) -Lipschitzian
condition at the point zg. Applying corollary 1 we have that

1
lim— <f (xo + \x) + Z)"g’ xo+ Ax) —w (Ax) — ZAZQZ o ) >

2
ALO)\ =1

at x € K12 (x0;C, ¢). Hence by Taylor theorem it follows the validity of the following

Proposition 1. Let functions f, g1, ..., gm be twice differentiable at the point
xg € R™ and continuously differentiable in some neighbourhood of the point xg, and
the gradients g, (zo), @ = k+ 1, m be linearly independent and K; (x; C') be not
empty. Then if 2y is a minimum point of the function f on the set C, then

(Lyg (xo; ) z,x) > 0 at all x € K2 (z0;C, ),

m
where ¢ () = —> \igi (xo + ) and at any A; > 0,...,A\x > 0, Agy1, ..., Am, satisfy-
1=1

ing the conditions f/ (x¢) + Z)\Zgl () =0, \igi (v0) =0 at i=1,k..

Note that if under the condmon of proposition 1 z € K 2 (zo; C, ¢) then we can
easily check that (\;g} (zo),x) =0 for i = 1, m.

Remark 2. Note that from proposition 1 it follows the necessaty conditions of
the second order for classical problem on conditional extremum and for problem of
mathematical programming (see theorems 1.1.7 and theorems 4.2.7 [7]).
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3. Construction of function of exact fine. Assume that C5 = {z € X :
d(z) < d}. Denote some projection of the point = on the set C' by preozx.

Theorem 2. Let X be Hilbert space, xy be the minimum of the function f on a
closed set C, where either C is convex or X is finite dimensional; for every z € 0C
there exists the function ¢, : X — R such that f — ¢, satisfies the (o, 3,v,0) -
Lipschitzian condition at the point z with the constant K and for any y € Cs\C
the inequality ¢, (proy) — ¢, (y) < 0 s fulfilled, where z =prcy. Then for every

A > K the function gy (x) = f(x) + A (dg (z) 4+ dP—ovtv (;1:)) attains minimum at

Cs at the point xy and if X\ > K then any point minimizing g (x) on the set Cs
belongs to C.

Proof. Assume the vice-verse. Let there exist the point y € Cjs such that
g (y) < f(zg), where A > k. Denote some projection of the point y by ¢ on the set
C. Assume ¢ = f —¢,. Since ¥ (y) = ¢ (c+y—c), Y (c) =Y (c+y—c+c—y)
and v at the point ¢ satisfies the («, 3, v, §)-Lipschitzian condition, then we obtain:

£ )+ 0e(d) = e ) + K lle =yl (o= o7 + o -] =) <

v—Qv ﬁ
< L@ +A (=gl 4 o=yl ) =

= F )+ A (7 () + a5 (1) < f (o) -

This contradicts the assumption that f reaches the minimum at the point zy on
the set C. If A > K and y € Cs also minimizes the functions gy (x) on the set Cy,
then from the first part of the theorem we obtain

7 )+ (a7 () + a7 () =

= fw) < )+ 25 (aF ) )

Hence we’ll obtain that d (y) = 0, i.e., y € C. The theorem is proved.
Corollary 2. If the condition of theorem 2 and v = 0 is satisfied then

fiS}*(xo;li)zo at xeK%ﬂK#,

B+v—av

fis}+(aj0;x)20 at .%‘EI‘%QK s (xEK%ﬂF#> .

BH+v—av B+v—av

Proof. It is evident that

9 (370 + t:L') — 9x (.%'0) f (iL'o + tl') - f (-TO)

0 <lim < lim +
t10 ts 10 ts
B
_ da _ gBHv—aw
—l—)\limd (zo + tz) n )\limd (xo + tx) _
t]0 & 10 ts
8
, —/d tr)\ o — /d tr)\ oo
= £V (205 2) + Alim <(m0i x)> + Alim <(:”0 s x)> .
t10 t? tl0 tB+v—av

Hence it follows that fis}_ (xo;x) > 0 at © € K% N Kﬁ+ s . The second

relation is analogously checked.
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Remark 3. Let Cs = CUB (x;d). Assume that f — ¢, satisfies the (o, 3, v, 9)-
Lipschitzian condition at each point z =pr,y at y € B (x;0) \C then we can show
that the assertion of theorem 2 is also true.

Remark 4. Note that the condition of theorem 1 and 2 at ¢ () = f (zo + )
and ¢, = f is trivially satisfied. The proof of these theorems at the noted conditions
is also trivial.

Corollary 3. Let X be Hilbert space, xo be minimum of the function f on
the closed set C, where C' is convexr or X finite-dimensional, and there exists the
function ¢ : X — R such that f — ¢ satisfies the (a, 3,v,0)-Lipschitzian condition
at each point z € 0C with the constant K, ¢ (prcy) —p(y) <0 atye Cs. Then

for any X > K the function gy (x) = f(z) + A (dg (z) + dP—ovtv (:1:)) attains the

minimum on Cs at the point xo and if A > K, then any point which minimizing
gx (x) on the set Cy belongs to C.

Corollary 4. Let X be Hilbert space, where xg is the minimum of the function f
on the close set C, where either C' is convex X 1is finite-dimensional, for every z €
OC' there exists the function ¢, : X — R such that f satisfies the ¢, — (o, 3,v,9) -
Lipschitzian condition at the point z with the constant K and for any y € C5\C' the
inequality ¢, (y — prcy) > ¢, (0) is fulfilled, where z =pr,y. Then for any A > K
the function gy (z) = f(z) + A (dg (z) 4 dP—ovtv (:n)) attains minimum on Cs at
the point xo and if A > K, then any point minimizing gy (x) on the set Cs belongs
to C.

Note that corollary 4 is the another formulation of theorem 2.

It is clear that if f satisfies ¢, — (a, 3, v, ) -Lipschitzian condition at the point
z with the constant K, then f(z) —¢p, (x — z) satisfies (o, 3,v,0) -Lipschitzian
condition at the point z with the constant K. Therefore the correctness of corollary
4 follows from theorem 2.

From lemma 1 and theorem 2 it follows the following

Corollary 5. Let X be Hilbert space, xg be the minimum of the function f on
closed convez set C, int C' # @, §o >0 > 0 and Gato derivative of the function f
satisfy Holder condition of order a (0 < o < 1) on the set int Cs, with the constant
K, for any y € Cs\C the inequality [’ (z) (z — y) < 0 is fulfilled where z =pr_y.Then
for any X\ > K the function gy () = f (z) + 2\d' T (x) attains minimum on Cs at
the point g, and if X > K then any point minimizing gx () = f (z) + 2Ad' % (x)
on the set Cs belongs to C.

Note that if f is a continuous function at each point z € dC and for any y € C5\C

the inequality ¢, (préy> — ¢, (y) <0 is fulfilled, where z =pr_y then the first part

of theorem 2 is true without closure condition C.

Assume
FP (os 1, 0) = Tim (f (y+ Mzr + Aawo) — f (Y + M) —
LU0 A1 A
110, A310

—f (y+ Asza) + [ (y)
Oof (xo) = {:L‘* €B (XQ,R) : fm (xo;x1,22) > 2" (21,22) , 21, T2 € X} )

We call the function f 2-Lipschitzian with the constant L in neighbourhood xg
if f for some ¢ > 0 satisfies the condition

lf(x+x14+x2)— fz+a1) — fz+z2)+ f(x)] <Lz - |22
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r1,x0 €eB, r €xg+eB.

Corollary 6 follows from theorem 2, corollary 1.4.1. and proposition 1.1.7. [2].
Corollary 6. If the condition of theorem 2 is fulfilled at a =1, =2,v >0, C
is conver, A > K and f 2-Lipschitzian function in the neighbourhood xq then

max {z* (z,2) : 2" € o f (z0) + 2ADad? (z0)} > 0.

Proposition 2. Let X and Y be Hilbert space, A : X — Y be linearly continuous
surjective operator from X to 'Y, x7, ..., z% be elements of conjugate space X* and let
C= {CL‘ c(xf,x) <0, i=1,s, Az = 0} for every z € OC there exists function ¢, :
X — R such that f—p, satisfies the («, 3,v,0) — Lipschitzian condition at the point
z with the constant K and for any y € Cs\C' the inequality ¢, (prcy) —¢,(y) <0
is fulfilled, where z =pr,y. Then if the set of solutions of the problem f (x) — min,
x € C is non empty then there exists such Ao > 0 that at A > Ag the set of solutions
of the problem

f(z) > min, z € C

and the problem

F@) + A (w (2)a + 1 (x)ﬁ+”—a”) s min, z € Cj

coincide, where 1 (x) = i (zf,2)  +[|Az]l, (g9(x)), =max{0,g(z)}.

1=

Proof. By Hoffmann lemma (see [8], p.279) there exists such constant M in-
S

dependent of x that d(z) < M q > (2], 7) + |A£C||} Besides it is clear that
=1

1=
C={zxeX:d(x)=0} = {x € X :¢(x) =0} Therefore if the set of solutions
of the problem f(x) — min, x € C is non empty, then by theorem 2 there ex-
ists such ly > 0, that at A > [y the set of solutions of the problem f (z) — min,

x € C and problem f (z) + A (dﬁﬂ_w (y) + d= (y)) coincide. If we assume g =

s
lp max {M Btv—av pra } then from here follows the correctness of assertion of propo-

sition 2.

Theorem 3. Let xy be minimum of the function f on the set C for each z € C,
there exists the function ¢, : X — R such that f — ¢, satisfies the («, [3,v,0p)
Lipschitzian condition at the point z with the constant K and for any y € Cs\C
and € > 0 there exists the point ¢ € C such that ||c —y|| < d(y) + € and ¢, (c) —
. (y) <0, where §g > § > 0. Then for any X > K the function gy (xz) = f(x) +

3 . o . .
A (dE (z) 4 dB—ovtv (w)) attains minimum on Cy at the point xo and if A > K and
C' is closed, then any point minimizing gy (x) on the set Cy belongs to C.

Proof. Assume the contradiction. Let there exist the point y € C5 and ¢ > 0
such that gy (y) < f (xg) — Ae, where A > K. Let’s take ¢ € C satisfying the inequal-
.- L — B
ities |y — cl| < do, ly —cll= +[ly — e 7*H < da (y)+dP o (y) e and @, () -

¢ (y) < 0. Assume ¢ = f — ¢, Since ¢ (y) =¢(c+y—c), Y(cty—c+tc—y)
and v at the point z( satisfies («, 3, v, dp) —Lipschitzian condition, then we obtain

£ < F ) +0e(0) =g ) + K lle—yl” (e —ylP + fle =y =) <

v—Qv ﬁ
<F@+A(le=ylP 7+ e —glle) <
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< F () + A (d77 (y) + dn () +Ae < f (x0) -

This contradicts the assumption that f attains the minimum at the point xg on
the set C. If A > K and y € Cs also minimize the function g, (z) on the set Cs then
from the first part of theorem we obtain

A+ K
2

v—Qav é é v—Qv
F@)+ A (757 () +d5 (1)) = f (00) < f () + =5 (47 () + P70 (1))
Hence it follows that d (y) = 0, i.e., y € C. The theorem is proved.
Consider the minimization of the function f on the set {z€C: g; (2)<0,i=1,m}
where g; : X — R. Assume

IWMZmM{mUﬂD—ﬂm»+X%w@%n2&izumwiﬁzl}-
=1 =1

Theorem 4. Let X be Hilbert Space and xg minimize the function f on the set
{:v €C:g(x)<0, i= 1,m}, where g; : X — R, C C X is closed at each point
x € 0C, f and g;, i=1,m satisfy the («,3,v,0) -Lipschitzian condition with the
constant K. Besides either C is convex or X is finite-dimensional. Then for any
A > K the function gy (z) = F (x) + A (d5+”_°‘“ (x) + da (:U)) attains minimum on

Cs at the point xo and if X > K then any point minimizing gx (x) on the set Cs
belongs to C.

m

Proof. Let r; >0, i =0,m and > r; = 1. Then, if Z € 0C, then we have that
i=1

er@+x+w—fum»+§pmw+x+w—

m

=ro (f (Z + ) = f(20)) = >_origi (T + )

=1

<

m
<rolf @ +a+y) = f @)+ Lrilg (@ +a+y)—gi (@ +a)| <
=1
— B—av m _ B—av
< ol Nyl (17 + Il ™) + Sorak l” (el + ol =) =
2

__ B—av
= K Iyl (217" + g =)

at x,y € 0B. Therefore from lemma 1.2.2 [4] it follows that

_ _ _ B—av
F(@+a+y) - F @+ <K yl” (a7 +ly) =)

at x,y € 0B. Show that F' is non-negative on the set C'. Assume the opposite. Let
there exist y € C such that F'(y) < 0. Then f (y) — f (x0) < 0 and g; (y) < 0. And
this contradicts the assumption that xp delivers the minimum of the function f on
the set {x € C:g;(x) <0, i=1i,m}. Obtain that F(y) > 0 at y € C. Besides
F (z9) = 0, i.e., xgp minimize the function F' on the set C. Then from corollary 3 it
follows that for any A > K the function gy (z) = F (z) + A (dg (z) + dPtv—ov (x))

attains minimum on Cs at the point xg and if A > K, then any point minimizing
gx (x) on the set Cys belongs to C. The theorem is proved.
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