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ON SOLVABILITY OF ONE BOUNDARY-VALUE
PROBLEM FOR THE SECOND ORDER
OPERATOR-DIFFERENTIAL EQUATION

Abstract
In the paper the sufficient conditions are obtained in terms of coefficients
of one class operator-differential equation of the second order of elliptic type.
These conditions uniquely and correctly provide the solvability of some boundary-

value problem.

Let H be a separable Hilbert space, A be invertible operator in H. Then A has
polar expansion A = U |A|, where U is a unitary operator, |A| is positively defined
operator in H. Denote by H, the scale of Hilbert space generated by the operator
Al e, Ho = D(IAI%), (,0), = (1A% ¢, 1A %), @, € D(IA]).

Let t € RL = (0,00), * € R' = (—o0,0¢) and consider in the half-space

Ri = (0,,00) X (—00,00) = R}r x R the boundary-value problem

Py Py A2 A0t Agn B+ Ay S+ Aggu = f, (t,z) € RZ (1)

u(0,2) =0, (2)
where relative to the operators A, Ay, Ag141,1, Ao, the fulfilment of the following
conditions is assumed:

1) A is a normal invertible operator, whose spectrum is contained in the angular
domain S; {\: Jarg\| <e}, 0<e < T;

2) The operators ALOA_l,AO,lA_l,ALl, AO,oA_2 are bounded in H.

We assume, that f(t,x2) € Lo (Ri;H) where Lo (Ri;H) is Hilbert space of
vector-functions defined on R%r with the value from H measurable with the finite

norm

oo +oo 1/2

sy = | [ [ 1 Gl aeds | <o
0 —oo

and u (t,z) € W22 (Ri; H ) , where W22 (Ri; H ) is a Hilbert space of vector-functions
obtained by the completion of infinitely differentiable vector-functions with the value

from Hs having compact supports in R%r with the norm

lullywz (g2 <H

2
9%u

1/2
2
e I L I

|

La(R2;H Lo(R2;H)
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Denote by
W3 (R H) = {u|ue W3 (R%;H), u(0,2)=0}.
Besides this we have to consider the space Ly (RL; H) (see [1]) and

d%v

Wi () = {0 Gz

€ Ly (RL;H), A*Y € Ly (RL; H) }

and

W3 (R H) = {90 (t) e Wi (R H), 9(0)=0}

with the norm
a2

1/2
_[||ev 2,912
HﬁHWQQ(R#;H) - (‘ dt2 La( 1) + HA 19HL2(R1+;H)> :

The spaces W3 (RQ; H ) and W3 (Rl; H ) are determined analogously.
Definition 1. If at any f (t,z) € Lo (Ri;H) , there exists the vector-function

u(t,r) € W2 (R%_;H) which satisfies equation (1) almost everywhere in Ra_, the

boundary condition (2) in the sense
li a/g =
Jim [u(t,2)]l35 =0,

and the inequality
Hu”Wﬁ(Ri,H) < const HfHL2(R?HH) )
then the problem (1), (2) we’ll call regularly solvable.

In the present paper we’ll find the sufficient conditions which provide regularly
the solvability of the problem (1), (2). Note, that when A is a self-adjoint operator
this problem is considered in [2], equation (1) is considered in [3, 4], and problem
(1), (2) when the norm of disturbed part is sufficiently small in finite domain in [5].

In one-dimensional case the similar problems are thoroughly studied for example in

[6, 7].
Denote by
0*u  0%u 9 2
POU:_6t2 32 + Au, uGWQ(RJr, ),
ou ou 0%u
Pl'LL—AlOa —i—AOla +A1188 +A00u UEWQ(Ri, )
and at any & € R!
%0 2 2 12 (pl
Lo(€) 0 = ——7 + (CE+ A%) 0, 9 e Wy (Ry; H).
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It holds the following lemma.

Lemma 1. Let the condition 1) be fulfilled. Then the operator Lo (&) at any
¢ € R' maps the space W22 (R}r; H) on Lo (R1+; H) isomorphically.

Proof. It is evident, that at any £ € R! the operator (§2E + A2)1/2 is normal
and its spectrum is contained in the angular sector Se = {\ : largA\| <€}, 0 <e < 7.
It is easy to see, that the equation Lo ({)?¥ = 0 has the general solution from
W3 (R}r : H) in the form g (t) = e_(£2E+A2)1/2tg0, where ¢ € Hgzjp. From the
condition ¥ (0) = 0 it follows, that o (£) = 0. Show, that at any g (¢) € Ly (RY; H)
the equation Lg (§) ¢ = g has the solution from the space W22 (Ri; H )

Really,

+00 +oo
1 _ )
068 = o [ PE+EE+ )7 [g(s)entasay

satisfies the equation Ly (§) ¥ = g. From the Plansharel theorem it follows, that
01 (t,€) € W3 (R H).
Really, it is easy to see, that

2 2

A2y = |7 0PE + €2E + 4% g ()

i
dt?

Lo(RY;H) L2(RY;H)

2
<

2(. 2 2 2y —1 .
+HA (17 E—i—fE—l—A) g(n)‘Lz(Rl;H)_

< sup

—1]2 .
w | (P + B+ a7 gl +
ne

-+ sup

—1)|2 .
wp o (7B +€78 + %) gl
n

where g (n) — is Fourier transformation of the vector-function g (¢). From the spec-

tral expansion of the operator A it follows, that

~—

sup
neRrt

)

n? (772E +&2F + A2)71H < e

sup
neR!

~—

)

A% (PE+E+ 4% H <eole

where cp(¢) = 1, at 0 < e < F,c0(e) = (2cose) ™, at T < e < 5 (see the proof

of inequality (1.2)). Then using Plansharel’s theorem we obtain, that ¥4 (t,£) €
W3 (Rl;H ) Further, denote by ¥s (¢,&) the contraction of the vector-function
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91 (t,€) on RL =[0,00). Then 9 (t,€) € W3 (RL; H), and 92 (0,£) € Hyjp. Then
the general solution of the equation Lg (§) ¥ = g has the form

9(1,€) = 0 (1,€) + e~ (€E+47) "y
where ¢ € Hgjp. From the condition ¥ (0,§) = 0, it follows, that ¢ = —2 (0, §).
Thus, the domain of the values of operator L (§) coincides with the space Lo (R—lﬁ H ) .
Then, the assertion of the lemma follows from the Banach theorem on the inverse
operator. The lemma is proved.
Lemma 2. At any £ € R" and 9 € W22 (RL; H) it holds the inequality

2

2 2 o\ a2 d?9
120 () VN7 (ry iy = (€ B+ A%) O, gy + \ =
do ||
+2cos 2 (§2E + A2)1/2 — (3)
dt Ly(RL:H)
Proof. It is evident, that at any ¢ € W22 (R_lk; H ) it holds the equality
2
2 o li/e2 9N\ a2 d*9
120 601y = )0y |-
2
—2Re <(§2E+A2) ¥, df) : (4)
dt La(RYH)

Since at any ¢ € R' and ¥ € W22 (R}‘_;H), then after integrating by parts we

have )
d=9

—2Re ((§2E + A%) 9, 2)

dt Lo(RY;H)

1/2 dv

dt > La(RY;H)

— 2Re <(§2E )P g g >

dt’

1/2 dv 2

2 2
(CE+A%) 7=

> 2cos2¢

Ly(RY;H)
Allowing for this inequality in (4) we obtain the assertion of the lemma.

Lemma 3. Atany & € R and 9 € W22 (R}r; H) it hold the following estimations
2 2

14291, oy < €62 120 () Dl (1 - (5)

dd

A

4%

164N, sy < 0 (2) 1 (&) 10 () Dy sy @)

< (€ er (@) 1Lo () Wl (1 o) (6)

Ly(RY;H)
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dy
/) T <o (e)er(e)|[Lo (€) 19||L2(R}F;H) ) (8)
Ly(RL;H)
where
1, 0<e<?®
wE={ t (9)
m7 7T/4 S e< bR
() = — 0<e<T (10)
A= S cose’ =es g
Proof. Since the normal operator (§2E + A2) 1/2 has polar expansion
U (&) (§2E + A2)1/2), where U (§) is unitary at any ¢ € R' and ‘(EQE + Az)l/2 is

a positive part of the operator (§2E + A2)1/2

W3 (Ry:H)

. It is evident, that at any £ € R! and

dv
dt

I+

E+ 427 Zlg) dt =

NG
0

Tl iae 9 ) 20
- ]§E+A\q9 dt<\H§E+A]z9HL2 v || g2 <
0 La(RLH)
1 ) oy gz |49
<5 € +A%)o, + |, )
Allowing for inequality (3) in the last inequality we obtain
1/2 d9 ||?
"(§2E+A2) — <
Lo (mam)
1 2 2 2\1/2 AV
— | IILo (&) V) o — 2cos2e || (EPE+ A — .
2 ( Lo(R}:H) ( ) dt Lo(RL;H)

Hence we obtain that

172 d9|? 1 2
(1 + cos2e) ‘ ECE+ A% — < 5 Lo (§) 9l
( ) dt Ly(RY;H) 2 Lz(RY:H)
or )
dy 1
2 42)1/2 4V 2 . 11
H(§ B+ ) dt Lo(RY;H) ~ 4cos?e 120 (g)ﬁnLQ(Ri?H) (11)

It is evident, that

&

1/2 dv 2

< sup .
Lo (o)

Ly(RL;H)  §€R!

A(er+ a7 H (€5 + 4%)
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Using spectral expansion of the operator A we obtain that at any ¢ € R!
|4 (B +42) 72 =sup |2 (12 + €)1 <
©>0
4, ¢4 2 2 —1/4
gsup‘,u(u + &5+ 284 cost) ‘
©>0
Since at 0 < ¢ < 7, |u (u4 + &t 2622 cos2£)71/4) < land at § < ¢ <

5 (cos2e < 0) it holds the inequality

’u (u* + & + 2622 60526)_1/4) < ‘u (€4 + 1) (1 + cos2e) 4| <

< (2 cos? 5)71/4 =2 VAo 1/2¢,

then using inequality (11) we obtain

1/2 dU 2

dt

2
1/2
<
<c¢y' " (g) Lot

dy
A2
H dt

‘(§2E + A?)

< 6(1]/2 () c2 (¢) || Lo (€) ﬁHiz(R}F;H)

or
dd
4% < /" (€)er (6) 1o € 12, - (12)
Lo(RY;H)
Thus, inequality (6) is proved.
From inequality (3) it follows that at 0 < e < 7 it holds the inequality
2, ¢2 2
(4% + €B) 9], gy < 120 (©) 0N, oy - (13)
And at 7/4 < e < 7/2 from inequality (3) subject to inequality (12) it follows
that

1A%+ EE) Ol iy < 120 € 9N, sy o) —
2 dV 2

2 21/
(&°E+ A?%) 7

—2cos 2¢e

2
Lo(RL:H) < Mo (€9 () ~

1
2cos2¢e

—2cos2¢ - 4 HLO (f) 19”%2(&1%;[{) < HLO (5) 79”?;2(3#;]{) :

cos? e
Thus
(A + €B) 0]l 1, (1 aa) < €0 &) 120 € Ol (et - (14)

Hence we have

|4%0]],, < sup 4% (42+) 7" (42 +€2E) 0], <
(eR?!
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) 1Lo (€) I, (r1ary =

—1
< supsup ’ug (B +€) e
£eR >0

< g () L0 (&) Pl 1y (1 sar) -
Inequality (5) is proved.

It is evident, that

€A1, s oy < Hz{A (2B + A?) 7' (2B + A42)

RY;H) —

< sup

1112
sup e (B +4%)7|| 628 + A7, () (15)

Using the spectral expansion of the operator A we obtain that

|ea(e2E+ 237 <bup\fu (€ +u3) 7| =
—sup‘éu §4+u +2§2u2(:os25) 1/2‘ <

<sup’£,u (26212 (1 4 cos2¢)) 12 ‘ < (2cos2¢e)

Allowing for this inequality and inequality (14) in inequality (15) we have

€49] 1y ) < €1 () €0 () 1 L0 (€) Dl

Inequality (7) is also proved.
Let’s prove inequality (8). Using inequality (11) we obtain

_dv||?

;30 1/2 dv
dt

<'s
= sub dt

Ly(RYL;H)  €€R!

Lo(RY;H)

< supsup ‘f (52 + ,u2)_1‘ c1 () || Lo (&) 19HL2(RI SH) —
¢eR >0 "

¢ (§2 4 A2)*1/2H

(@)

= co(e) e () 1 L0 () VN1, (1 .mr) -

The lemma is proved.

Theorem 1. The operator Py : W22 (Ri; H) — Lo (Ri; H) 18 an isomorphism.

Proof. After the Fourier transformation by the variable x the equation Pyu =
0 has the form Lo (§) @ (t,§) =0 . By lemma 1 @ (¢,£) =0, i.e., u(t,z) = 0. Thus
KerPy = {0}. Show that the domain of value Py coincides with the Lo (R%r; H )
Consider the equation Pou = f, u € W22 (Ri;H), f € Lo (Ri;H). After the
Fourier transformation by the variable z we obtain the equation Lg (§)u (t,§) =

f(t,6). By lemma 1 @ (£, &) at every £ € R belongs to the space W22 (RY; H). From
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the form @ (t,€) it is easily obtained that &%a (t,&), A%a(t,&) belongs to the space
Lo (Rﬁ_; H) Hence, it follows that u (t,z) € W22 (Ri; H) The theorem is proved.
Theorem 2. Let conditions 1), 2) be fulfilled and it holds the inequality

a(e) = C(1)/4 (e)cr (e) || AL oA~ |+

“+co (E) c1 (E) (HAO,IA_IH + HA1,1H) + C(Q) (6) HA070A_2H <1,

where co () ,c1(€) are determined from equality (9) and (10) respectively. Then
problem (1), (2) is regularly solvable.
Proof. Write problem (1), (2) in the form:

Pou+Pu=f, uec Wi (R%;H), feLy(R%H).

After the substitution Pyu = 0 we obtain the equation (E + PPy 1) w = fin
the space Lo (Ri;H) (w,f € Lo (Ri,H))
Since

PPl ) = VP ) =

ou ou 0%u
Hz‘hoa +A018 +A1166 + Ao,ou <
Lao(R2;H)
_ ou
< Aot 4 Flanatags)
Ly(R%:H) Ll Ly (R2 ;1)
Al | o FA00A? |0l ey 06)
8taa: LQ(R?O— H T
From inequality (6), applying the Plansharel theorem we obtain
HAOU _ HA&L (t,€) <
O aa (s O Wra(rsm)
< /A N _
< ¢ (e)c1(e) | Lo (§) u(t7£)||L2(Ri;H) =
1 1/4
=" ()1 (e) 1Poull, (2 ) = et (€) e (e) |ll 2, (r2 ) - (17)

Analogously, we obtain

a . A~
HAaZ La(RsH) = [[i{ Al (RQHLQ(RLH) <cp(e)er(e) Hw||L2(R2+;H) ,
O 0i (1,¢)
‘ oxot LQ(Ri;H) - H § ot LQ(R2 H) < Co (6) C1 (6) HWHLQ(R?‘_;H) 5

1%l 1 2 oy = (A% O 2y < 6 () Nl ) -
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Allowing for all these inequalities in inequality (16) we obtain

HPlPo_lWHLz(Ri;H) sale) HWHL2(R?+%H) '

Since by the condition of the theorem « (¢) < 1, the operator E + PP, Lis

invertible and
w=P (E+ PPy ).

It is evident that

Hu”Wf(Ri,H) < const ”fHLQ(Ri,H) .

The theorem is proved.
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