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ON UNIFORM CONVERGENCE OF ORTHOGONAL

EXPANSIONS IN EIGENFUNCTIONS OF

STURM-LIOUVILLE OPERATOR

Abstract

In this paper we investigate absolute and uniform convergence on Ḡ = [0, 1]
of orthogonal expansions of functions from the class W 1

p (G)(p ≥ 1), G = (0, 1),
satisfying the condition f(0) = f(1) = 0 in eigenfunctions of arbitrary self-
adjoint expansion of Sturm-Liouville operator.

Lu = −u′′ + q(x)u

with real-valued potential q(x) ∈ L1(G). The rate of uniform convergence of
these expansions to function f(x) is established.

Let us consider on internal G = (0, 1) arbitrary self-adjoint expansion of the
operator

Lu = −u′′ + q(x)u

with real –valued potential q(x) ∈ L1(G).
Suppose that the considered expansion has a discrete spectrum. Denote by

{uk(x)}∞k=1 orthonormalized and complete in L2(G) system of eigenfunctions of this
expansion and denote by {λk}∞k=1 the corresponding system of eigenvalues. By the
definition uk(x) and u′k(x) are absolutely continuous functions on Ḡ, Luk ∈ L2(G),
function uk(x) almost everywhere on G satisfies the equation Luk = λkuk(see [1],
[2]). It follows from the results of the papers [3], [4] that sequence {λk}∞k=1 is bounded
below. For the definiteness we assume that λk ≥ 0, k ∈ N .

Denote µk =
√

λk; and for arbitrary function f(x) ∈ L1(G), let us consider
partial sum of its orthogonal expansion in the system

{uk(x)}∞k=1 : σν(x, f) =
∑
µk<ν

fkuk(x),

where
fk = (f, uk) =

∫
G

f(x)uk(x)dx, ν > 0.

Denote by W 1
p (G), (p ≥ 1) the set of absolutely continuous on Ḡ functions f(x)

such that f
′
(x) ∈ Lp(G), and denote by Hα

p (G), (p ≥ 1, 0 < α ≤ 1) (Nikolsky class)
the set of functions f(x) ∈ Lp(G) satisfying the condition ωp(f, δ) ≤ C(f)δα, where

ωp(f, δ) = sup
0<h≤δ


∫
0

1−h

|f(x + h)− f(x)|p dx


1/p

.
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The norm of functions f(x) ∈ Hα
p (G) is defined by the equality

‖f‖α
p = ‖f‖p + sup

δ>0

ωp(f, δ)
δα ,

where ‖.‖p− is norm in Lp(G).
Suppose Rν(x, f) = f(x)− σν(x, f).
The main results of this paper are the following theorems.
Theorem 1. Let function f(x) belong to the class W 1

p (G), 1 < p ≤ 2 and
satisfy the condition f(0) = f(1) = 0. Then orthogonal expansion of the function in
the system {uk(x)}∞k=1 converges absolutely and uniformly on Ḡ, and the following
relations hold

f(x) =
∞∑

k=1

fkuk(x); (1)

max
x∈Ḡ

|Rν(x, f)| ≤ constν−1/q ‖f‖W 1
p (G) ; (2)

max
x∈Ḡ

|Rν(x, f)| = O (ν−
1
q ), ν →∞, (3)

where q = p/(p− 1), symbol “O” depends on f(x).
Theorem 2. Let f(x) ∈ W 1

1 (G), and the conditions f(0) = f(1) = 0 and

∞∑
n=1

n−1ω1(f
′
, n−1) < ∞ (4)

be satisfied. Then expansion of the function f(x) in the system {uk(x)}∞k=1 converges
absolutely and uniformly on Ḡ, equality (1) and the following estimate hold

max
x∈Ḡ

|Rν(x, f)| ≤ constΩ(ν), (5)

where Ω(ν) =
∞∑

k=[ν]

ω1(f
′
, k−1)
k

+ ν−1(‖q‖1 + 1)
∥∥∥f ′
∥∥∥

1
.

Corollary 1. If f(x) ∈ W 1
1 (G), f(0) = f(1) = 0 and f

′
(x) ∈ Hα

1 (G), 0 < α ≤ 1,
then

max
x∈Ḡ

|Rν(x, f)| ≤ constν−α
∥∥∥f ′
∥∥∥α

1
. (6)

Corollary 2. If f(x) ∈ W 1
1 (G), f(0) = f(1) = 0 and for some β > 0 the

estimate

ω1(f
′
, δ) = O

(
1

ln1+β 1
δ

)
, δ → 0

holds, then
max
x∈Ḡ

|Rν(x, f)| = O(ln−β ν), ν →∞. (7)

To prove the formulated results we need the following lemmas.
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Lemma 1. Let f(x) ∈ W 1
1 (G) and f(0) = f(1) = 0. Then

|fk| ≤
const

µk

{∣∣∣∣∫
G

f ′(y) sinµkydy

∣∣∣∣+ ∣∣∣∣∫
G

f ′(y) cos µkydy

∣∣∣∣+
+
∫

G

|q(ξ)|

∣∣∣∣∣∫ 1

ξ

f(y) sinµk(y − ξ)dy

∣∣∣∣∣ dξ

}
, µk ≥ 1.

(8)

Proof. Let us write Titchmarsh formula [5], [6] for the eigenfunction uk(y):

uk(y) = uk(0) cos µky + u
′
k(0)

sinµky

µk

+
1
µk

∫ y

0

q(ξ)uk(ξ)×

× sinµk(y − ξ)dξ.

Integrating by parts the integral fk = (f, uk) and taking into account the condi-
tion f(0) = f(1) = 0, we obtain:

fk = −uk(0)
µk

∫
f ′(y) sinµkydy +

u′k(0)
µ2

k

∫
G

f ′(y) cos µkydy+

+
1
µ

∫
0

q(ξ)uk(ξ)
∫ 1

ξ

f(y) sinµk(y − ξ)dydξ.

There taking into account the estimates

max
x∈Ḡ

|uk(x)| ≤ const, (see [1])

|u′k(0)| ≤ constµk, (see [2])

(9)

we obtain estimate (8). Lemma 1 is proved.
Lemma 2 ([7], [8]). For the coefficients of Fouries expansion of arbitrary

function g(x) ∈ L1(G) with respect to the system of eigenfunctions {uk}∞k=1 of the
operator L, the following estimate is valid

|gk| = |(g, uk)| ≤ const

(
ω1(g, µ−1

k ) +
‖g‖1

µk

)
, µk ≥ 1, (10)

where const is independent of the function g(x).
Note that in this lemma it is not necessary that system {uk(x)}∞k=1 be orthonor-

malized and complete. Lemma 2 is also valid in the case when only estimate (9) is
fulfilled.

Proof of theorem 1. By virtue of estimate (9) it suffices to show that

∞∑
k=1

|fk| ≤ const ‖f‖W 1
p (G) .
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Since for number µk condition∑
τ≤µk≤τ+1

1 ≤ const, ∀τ ≥ 0 (11)

is fulfilled (see [9]), then we obtain that by virtue of the results of the paper [10]
systems {cos µky}∞k=1 and {sinµky}∞k=1 are Bessel systems in L2(G). On the other
hand, for arbitrary function g(y) ∈ L1(G), the following inequalities hold

sup
k
|(g, sinµky)| ≤ ‖g‖1 , sup

k
|(g, cos µky)| ≤ ‖g‖1 .

Then by virtue of Riesz-Thorin theorem [11] these systems satisfy the Hausdorf
Young inequality:

‖|(ϕ, sinµkx)|‖lq ≤ const ‖ϕ‖p ,

‖|(ϕ, cos µkx)|‖lq ≤ const ‖ϕ‖p ,

(12)

where ϕ(x) ∈ Lp(G), 1 < p ≤ 2,
1
p

+
1
q

= 1.

Taking into account estimates (8), (9), (11) and (12), we estimate the sum
∞∑

k=1

|fk|:

∞∑
k=1

|fk| =
∑

0≤µk<1
|fk|+

∑
µk≥1

|fk| ≤ const ‖f‖1

∑
0≤µk≤1

1+

+const


( ∑

µk≥1
µ−p

k

)1/p ∥∥∥∣∣∣(f ′
, sinµky)

∣∣∣∥∥∥
lq

+

( ∑
µk≥1

µ−p
k

)1/p

×

×
∥∥∥∣∣∣(f ′

, cos µky)
∣∣∣∥∥∥

lq
+
∫
G

|q(ξ)|

( ∞∑
µk≥1

µ−p
k

)1/p ∥∥∥∣∣∣(f̃ ′
ξ(y), sinµky)

∣∣∣∥∥∥
lq

 dξ

 ≤

≤ const

{
‖f‖p (1 + ‖q‖1) +

∥∥∥f ′
∥∥∥

p

}
≤ const ‖f‖W 1

p (G) .

Note that the function f̃ξ(y) is defined by the formula

f̃ξ(y) =


f(y + ξ), at 0 ≤ y ≤ 1− ξ

0, at 1− ξ < y ≤ 1.

Thus, Fourier series of function f(x) absolutely and uniformly converges on Ḡ.
Since system {uk(x)}∞k=1 is complete orthonormallized, then we have that Fouirer
series of function f(x) converges to f(x). Equality (1) is proved.
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Now we prove estimates (2) and (3). By virtue of (8), (9), (11) we find:

|Rν(x, f)| =

∣∣∣∣∣ ∑µk≥ν
fkuk(x)

∣∣∣∣∣ ≤ const
∑

µk≥ν
|fk| ≤

≤ const

( ∑
µk≥ν

µ−p
k

)1/p
( ∑

µk≥ν

∣∣∣(f ′
, sinµky)

∣∣∣q)1/q

+

+

( ∑
µk≥ν

∣∣∣(f ′
, cos µky)

∣∣∣q)1/q

+
∫
G

|q(ξ)|

( ∑
µk≥ν

∣∣∣(f̃ξ(y), sinµky)
∣∣∣q)1/q

dξ

 ≤
≤ constν

− 1
q [...], x ∈ G.

Subject to inequalities (12) this implies estimate (2). Besides the first two ad-
dends in the brackets are equal to O(1) as ν → ∞ because estimates (12) hold.
Since

∣∣∣(f̃ξ(y), sinµky)
∣∣∣ = O

(
µ−1

k

)
, then we have that the third term in the brackets

is bounded above by the quantity O(ν−
1
p ). Thus, in brackets we have O(1), ν →∞.

Consequently, estimate (3) holds.

Theorem 1 is proved.

Proof theorem 2. Since functions sinµkx and cos µkx, k = 1, 2, ... are eigen-

functions of operator L0 = − d2

dx2
, then we have that subject to (10)

∫
G

f ′(y) sinµkydy ≤ const

(
ω1(f ′, µ−1

k ) +
‖f ′‖1

µk

)
,

∫
G

f ′(y) cos µkydy ≤ const

(
ω1(f ′, µ−1

k ) +
‖f ′‖1

µk

)
, µk ≥ 1.

On the other hand,

∣∣∣∣∣∣∣
∫
ξ

1

f(y) sinµk(y − ξ)dy

∣∣∣∣∣∣∣ ≤
1
µk

{
max |f(x)|+

∥∥f ′∥∥
1

}
≤ 2

µk

∥∥f ′∥∥
1
,

because f ∈ W 1
1 (G), f(0) = f(1) = 0.

Taking into account these inequalities in (8), we obtain:

|fk| ≤
const

µk

{
ω1(f ′, µ−1

k ) + (1 + ‖q‖1) µ−1
k

∥∥f ′∥∥
1

}
. (13)
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Subject to condition (4) and estimates (9), (11) and (13) we obtain:

∞∑
k=1

|fkuk(x)| ≤ const

( ∑
0≤µk≤1

1

)
‖f‖1 + const

∑
µk≥1

ω1(f ′, µ−1
k )

µk

+

+const

( ∑
µk≥1

µ−2
k

)
(1 + ‖q‖1) ‖f ′‖1 ≤ const ‖f‖1 +

+const
∞∑

n=1

( ∑
n≤µk<n+1

ω1(f ′, µ−1
k )

µk

)
+ const ‖f‖W 1

1 (G) ≤

≤ const ‖f‖W 1
1 (G) + const

∞∑
n=1

ω1(f ′, n−1)
n

( ∑
n≤µk≤n+1

1

)
≤

≤ const

{
‖f‖W 1

1 (G) +
∞∑

n=1

ω1(f ′, n−1)
n

}
< ∞.

Consequently, Fourier series of the function f(x) absolutely and uniformly con-
verges on Ḡ. Since system {uk(x)}∞k=1 is complete and orthonormalized, then we
have that this series converges to f(x).

Let us prove estimate (5). Subject to (9), (11) and (13) for any x ∈ Ḡ, we have:

|Rν(x, f)| ≤
∑

µk≥ν
|fkuk(x)| ≤ const

∑
µk≥ν

|fk| ≤

≤ const

{ ∑
µk≥ν

ω1(f ′, µ−1
k )

µk

+ (1 + ‖q‖1) ‖f ′‖1

∑
µk≥ν

µ−2
k

}
≤

≤ const

{
∞∑

n=[ν]

( ∑
n≤µk<n+1

ω1

(
f ′, µ−1

k

)
µk

)
+

+(1 + ‖q‖1) ‖f ′‖1

∞∑
n=[ν]

( ∑
n≤µk<n+1

µ−2
k

)}
≤

≤ const

{
∞∑

n=[ν]

ω1

(
f ′, n−1

)
n

( ∑
n≤µk<n+1

1

)
+

+(1 + ‖q‖1) ‖f ′‖1

∞∑
n=[ν]

1
n2

( ∑
n≤µk<n+1

1

)}
≤

≤ const

{
∞∑

n=[ν]

ω1

(
f ′, n−1

)
n

+ (1 + ‖q‖1) ‖f ′‖1 ν−1

}
≤ constΩ(ν).

Theorem 2 is proved.
Note that the obtained results amplify the earlier proved results of the papers

[12], [13].
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