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ON APPROXIMATE SOLUTION OF ONE CLASS OF
BOUNDARY INTEGRAL EQUATIONS

Abstract

In the paper the basis of collocation method is given for singular integral
equation of the following form

)+ [ 1Y) 0o, = f(z),
A |z — y|

where S, is a closed smooth surface in R®, ¢ € C(SxS), and q(x,r,) = 0 when
x €8, feC(S) and p is the unknown function from C(S).

The solutions of many theoretical and applied problems of mathematics, me-
chanics and physics lead to the class of boundary integral equations (B and E).

o)+ [ )i, = (o) )
[z =y
S
where S is a closed smooth surface in R3, ¢ € C(S x S) and q(x,z,) = 0 at
x €S, feC(Y), pis the unknown function from C(S). It is known that the
equation of form (1) can be solved analytically only in very rare cases. Therefore,
both for theory and in particular for the development of approximate methods of
solution of integral equations with corresponding theoretical basis is very important.
The present paper is devoted to a basis of collection method for Boubdary Integral
Equations of form (1).
Let w,(6) be “corrected” module of the continuity of the function p, and

. wy(T)
wgy(6) = dsup , 0>0,
>4
where
wy(0) = sup |q(x,y)l.
lz—y|<o
xz, yes

Let’s introduce the following notation:

1,0
wg (6) = sup max|q(z1,y) — q(x2,y)];
|z1—z2|<8, yes

T, T2ES

0,1

wg (6) = sup max|q(z,y1) — q(z,y2)|;
ly1—y2| <8, TES
Y1, Y28

la(z,y)llo = max lq(z,y)|.

It is evident, that
Wp,wy €61 =
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{20, 01 005 1. fige0) 0. 61+ 62) < 0(61) 4 o(62) |
and
u%ﬁd‘€&={w%zo,wmggﬂ®=0}

The following theorem holds.

Theorem 1. Let a) wy®(6) = 0(In~'6) and b) [ —L—=dr < +oo.
0 T
Then, the integral operator
x’
K@ = [ LY )0,

- 2
S!w Yl

in compact on C(S5).
Proof. In [1] it is shown, that under the conditions a) and b) the integral

1Y) ) do, 2)

W(:E) = )
: lz —yl

converges as singular and W e C(S), i.e. K : C(S) — C(S). For proof of
compactness of the operator K on C(S) we introduce the continuous functions
Qn:SxS5—C, ne N of the form

1
0, if |z —y| < —,

n
2nlz -yl -1)-q(z,y) .. 1 1
= ) lf a S T — S Ty
Qu(,y) = E -vl<g
q(x,y)w il y| > L
[z —y n
Let S5(z) = {y € S| |x —y| <0} and
(Gop)(2) = / Qu(,9)p(y)do,
S
then ( )
q(x,y
[(Kp)(z) = (Gup)(z)| < [ 50(y)| doy, <
2rl/m % () Unwi(r)
<l | [ —5Frdr do=27|pll,, | ———dr.
oo T o T

From the last estimation we obtain, that |K — G,||,, — 0 as n — oo.

Besides taking into account the compactness of the operators G, on C(S) we
obtain, that the operator K compact on C(S), what proves the theorem.

Now we’ll give the basis to the collection method for BIE of form (1). Let
{h} C R4 be a set of values of discretization parameter tending to zero. Divide S
into a “regular” elementary domains:

N(h)
S=Js"
=1
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see [2]), and let 2; € S*, 1 =1, N(h) be support points.
l
We'll take the expression

W g, z))
(K0 p) () = 37 LT 0 et 3)
j=1, ’xl - :IJ]'|
Gl
as cubature formula (c.f.) for integral (2) at the points z;, [ = 1, N(h). For the
estimation of error of c.f. (3) the following is true.
Theorem 2. [3]. Let the conditions a), b) and c) wg’l(é) = 0(In"16) be fulfilled.
Then

l:%}(ffp)(xz) — (KNWp)(ay)| <

< M (w(R()) + llpllo (w8 (R(R)) In R(R)| +

( )w* T iam S y* (1
+Tl“>m+wafsqgu0>’

0 T r(h) T

holds, where M 1is a positive constant depending only on S and

R(h) = max sup |z—ux, r(h) = min  inf |z —x].
I=1,N(h) z€dS} I=1,N(h) z€dS}

Denote by CN(") the space of N (h)-dimensional vectors
WV = (wy,wa, ..., wyw), wi € C,l=1,N(h)

with the norm HwN(h)H =, m}a\u[)(ch) lwy|. Assume wN () e CN(*) for
=1,

N(h) .

KlN(h)wN(h) S ‘J(L%)Zmessh cwj, 1=1,N(h) ;
g=h | = ] !
J

N(h N(h
KN N(h) — (K] ( )wN(h)7 ._,KN((h))wN(h))_
According to the collection method with using c.f. (3), BIE is replaced by a
system of algebraic equations relative to w; approximate values p(z;), [ = 1, N(h)
which we’ll write in the following form:

W) NN _ N ), ()

where
fROr = pN O f = (f1ss fvw)i fi = fla), 1= 1,N(R); pV®) € £(C(5), V)

is operator of a simple drift.
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Theorem 3. Under the conditions a), b), ¢) and Ker(I + K) = {0} equations

(1) and (4) have unique solutions p, € C(S) and W™ e N (N(h) > no)
) N(R)

Pu

moreover Hwiv(h —p — 0 as h — 0 with the estimation

Cuong < |wl® — p¥ 0,

< 025N(h)7

where

1
01:< up HIN<h>+KN<h>H> -0,
N(h)>ng

(IN® 4 KN(h))’lH < 0,

Cy = sup
N(h)>ng

dvgy = max K pV0p,) — (Kp,)(w)
I=1,N(h)

)

and INM s a unit operator in CN()

Proof. Apply G.M. the Vaynikko convergence theorem on for linear operator
equations (see [4]).

Let P = {pV (M} be system of operators of simple drift. If is obvious, that the
system P is a index for C(S) and CN™® | N(h) = 1,2, .... Besides fN UA f when
h — 0 and the operators IV + KN are fredholmian with null index.

Now we show, that KN PP K s compact. Since KNM) lids K, then by the
known proposal (see [4], p.8) it is sufficient to prove, that there exists relatively
compact sequence {KN(h)wN(h)} c C(S) where wN® ¢ CN(® and HwN(h)H <
C = const such that HK(N(h)wN(h) —pN(h)(KN(h)wN(h))H — 0 when h — 0. As
{K N(h)wN (M} we choose the sequence. If it is not difficult to understand, that

j=1 |5C -y

P TR
(KN(h)wN(h)>(.%') = Z / 7y|2d0y “Wj, T € S.
s
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Since {KN(h)wN(h)} C C(S), we obtain that

- qlx;,x q\z;,y

‘Kl () N (h) _ (KN(h)wN(h))(xl)‘ = 21 w; fh ( ( |;l) ylg )> doy+
J=41 S B
. J

1 1
+ [ alz, 7)) < 7~ 2) day +wlf%d0y =
Sk |21 — 71—y Sh

<const | [ M

I wy |z —yl)
2
S/sh 21—y

doy + R(h) 3
5/sh 21—y

doy+

wq(lz1 —yl)

3 doy,| < constx
s]h |$l—y|

. [R(h)w;(T) o1 diam SwZ(T)dT] |
T

| ———dr +wg (R(h)) InR(h)|+ R(h) [ 2
0 r(h)

when
H KN () N by N (k) KN(h)wN(h))H 0.

And the relative compactness { K N(h)wN (MY follows from Arcel’s theorem (see

[5])

The theorem is proved.
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