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HORIZONTAL LIFTS OF AFFINOR FIELDS TO
THE TENSOR BUNDLE

Abstract

The purpose of the present paper is to study, using the Vishnevskii operator,
the horizontal lifts of affinor fields along a cross-section of the tensor bundle
and investigate their transfers.

1. Introduction

Let M, be a differentiable manifold of class C'*° and finite dimension n, and let
TP (M), p+ q > 0 be the bundle over M,, of tensors of type (p,q) : T& (M,) =

U T7(P), where T} (P) denotes the tensor (vector) spaces of tensors of type
PeMy,
(p,q) at P € M,

We list below notation used in this paper.

i. m: TH (M,) is the projection TY (M) onto M,.

ii. The indices i, j, ... run from 1 to n, the indices 7, j, ... from n+1 to n+nPT9 =
= dim T} (M,,) and the indices I = (i,2), J = (4,7),... from 1 to n + nP*9. The
so-called Einsteins summation convention is used.

iii. F (M) is the ring of real-valued C* functions on M,,. ZF (M,,) is the module
over F (M) of C* tensor fields of type (p, q).

iv. Vector fields in M,, are denoted by V, W,.... The covariant derivation with
respect to V' is denoted by V. Affinor fields (tensor fields of type (1,1)) are denoted

by @, ¥, ....
Denoting by 7 the local coordinates of P = 7 (P) (ﬁ €1y (Mn)> in a neigh-

borhood U C M, and if we make (:Uj,t;ll?;) = (:L‘j,l’j> correspond to the point

Pent (U), we can introduce a system of local coordinates (IL‘j ,:L'j ) in a neigh-

borhood 71 (U) C TF (M,,), where t;ll?; e/ 47 are components of ¢ € TP (P) with

respect to the natural frame 0;.
If « € Z}} (M,,), it is regarded, in a natural way (by contraction), as a function in

T¥ (M,,), which we denote by tav. If a has the local expression a = o' "770;, ® ...®

. . ] 11...7p
®0;,® dz" @ ... ® dz' in a coordinate neighborhood U (z*) C M,,, then a has the

local expression
1w yi.ip

o=« (t) = ail...lp J1---Jq

with respect to the coordinates (xj, l‘j) in 7= (U).

Suppose that A € I (M,,). We define the vertical lift VA € T} (T¥ (M,,)) of A
to T¥ (M,,) (see [1]) by

VA (ta)=a(A)om =V (a(4)),

where V' (a (A)) is the vertical lift of the function a (A) € F (M,). The vertical lift
VA of Ato T} (M,) has components

VA 0
Vop_ _ LT
A= ( VAl > = ( Al ) (1.1)
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with respect to the coordinates (xj, xj) in T (M,,).

Let V be a torsion-free affine (linear) connection on M,,. We define the horizontal
lift 'V = Vy € Ij (T] (M,)) of V € I§ (M,) to T_ (M,) [1] by

BV (1) =« (Vva), aeIl(M,).
The horizontal lift 7V of V' € I} (M,,) to T¥ (M,,) has components

p

H H z i 91...8...%
vi= vl vy ZFW Gl = 2 Tt ™) (12)
A=1

with respect to the coordinates (xj L) ) in T4 (M,,), where Fk are local components
of Vin M,,.

Suppose that there is given a tensor field & € ZF (M,,). Then the correspondence
x — &, & being the value of { at x € M,, determines a mapping o¢ : M,
Ty (M), such that m o o¢ = idyy,, and the n dimensional submanifold o¢ (M,,) of
TP (M,,) is called the cross-section determined by £. If the tensor field £ has the

local components 5211'::?}2(1 (:Uk), the cross-section o¢ (M,,) is locally expressed by

o (1.3
ok =gt (ak) 9

with respect to the coordinates (mk x )m TP (M,,). Differentiating (1.3) by 27, we

see that the n tangent vector fields B; to o¢ (M,,) have components

0z 5k
(Bf) = (axj> ( kY 5211 lzq ) (1.4)

with respect to the natural frame {9, d;} in T} (M,,).
On the other hand, the fibre is locally expressed by

zF = const ,
fhedy el
kl...k‘q - k1...kq ?
l1..lp . . . c . .
tkl Eq being considered, as parameters. Thus, on differentiating with respect to

i1...0p
/ _tjl Jq’

nents

we see that the n?T¢ tangent vector fields C; to the fibre have compo-

o 0
K\ _ _
(ef) = (W’) = < 51000 505 ) (1.5)

with respect to the natural frame {0, d;} in T} (M,,).

We consider in 71 (U) C T§ (My), n+nP*? local vector fields B; and C5 along
o¢ (My). They form a local family of frames { Bj, C;} along o¢ (M,), which is called
the adapted (B,C)- frame of o¢ (M,,) in 7~ (U). Taking account of (1.1), (1.2),
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(1.4) and (1.5) we can easily prove that, the lifts VA and ¥V have, respectively,
along o¢ (M,,) components of the form

V Ad 0
VA= = | = Q1. .

u Hf/f _ Vj' '
v~ ()= (-t ) .

dp

with respect to the adapted (B, C)- frame, where (va);ll,_jq

of Vy € in M,.

are local components

2. Horizontal Lifts of the affinor field to the tensor bundle along a
cross-section ‘
In each coordinate neighborhood U (m]) of M,,, we put

X = % €Ty (M), AV =0, ®...®0;, ® d2" @ ... ® dz'e € TP (M,),
where j = n+1,...,n + nPT9. The local vector fields HX(j) and V AG) span the
module of vector fields in 7! (U). Hence any tensor field is determined in 7~ (U)
by its action of HX(j) and V AG),

Let ¢ € Z} (M,). We define a tensor field #¢ € T} (T¥ (M,,)) along the cross-
section o¢ (M,) by

Ho (BV) =H (o(V)), YV €I (My),
(2.1)
Ho (VA) =V (p(A)), YAEI](M,),

where ¢ (A) € I8 (M,,) and call ¢ the horizontal lift of ¢ € I} (M,,) to T (M,)
along o¢ (My,).

Let 3K be components of #¢ with respect to the adapted (B, C)- frame the
croos-section o¢ (M,,). Then, from (2.1) we have

np my =t (o <v>>K, (i)

) K (2.2)
MRl ALY (p() L G,
. K 0
where |V ((p (A)) = N\ = gzl ! p > 0.
Y (v ) A |
First, consider the case where K = k. In this case, (i) of (2.2) reduces to
N
B M T (00)) = ) =V 23)

Since the right-hand side of (2.3) are functions depending only on the base co-
ordinates z’, the left-hand side of (2.3) are too. Then, since V' depend on fibre
coordinates, from (2.3) we obtain

Hor =0, (2.4)
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which implies
1ol = of. (2.5)
When K =k, (ii) of (2.2) can be rewritten, by virtue of (1.6), (2.4) and (2.5),

as 0=0. ~
When K =k, (ii) reduces to

H@f VAl_i_HCD;j VAl:V <QP(A)>

or
H~k g51--Sp _ ll mla...lp 1y ¢lo lp ¢r1 Tq AS1..-Sp
Pr AN rg = O Ay, S = 008 05,00 04 Ay g,
for all A € Z} (M,,), which implies
H~Fk 11 sl lp ¢r1 T I _ ,81...8 7_ l..0p
oF = Glos oo, (of =gt = (2.6)

51 So*

where 67, is the Kronecker symbol.
When K =k, (i) of (2.2) reduces to

i - N
Hf My 4 of BT _H (w(V)> . (2.7)

Making use of the Vishnevskii operator we shall investigate components 7 Co;;.
Now we consider the Vishnevskii operator on the module Z} (M,,) [2, p.184]:

- - WVRET >0
(RO = G e (28)
#57kjudq R 1da %lv 5:,11];_’.’.](1 q>0.

Remark. When ®,¢ = 0 for a pure tensor field £ and for ¢-connection (V¢ = 0)
in M,, with complex structure ¢, £ is said to be analytic.

Adopt the case where p > 0, for example. After some calculations, from (2.8)
we have

VE(@u€) ™ + o Ve =V v, (2.9)
for any V € Z} (M,,) with local components V*.
Using (1.7) from (2.9) we have
l1...1 ...l
V! (Po&)ip i, +¢['Vy Ehr oy =

lidp ll lo lp ¢r1 Tq $1...5p
= V@) 4+ ol T STy =

sls

) - k
= V(@) — o2 0 o ey BV = M <<p(V)>
or _
B ~ k
MY @, - o V= () 20
From (2.6), (2.7) and (2.10) we write

(H ko (wf)ﬁllcllpk> vi=o
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or B o
H~F
Yr = - (q)apf)z;gl..?kq :
Thus the complete lift “w of ¢ has along the pure cross-section 0’? (M,,) compo-
nents

Hok = oF, Ak =,
15115?2 SO0, p >0 (2.11)
.52 ;15” 5’,;‘;, q>0

ly...1 Lk
Hol = —(@p8)y 7, o) =

with respect to the adapted (B, C)- frame of a? (M,,).

3. Transfer of the Horizontal lift

Let M,, be a paracompact manifold with a Riemannian metric. We shall mean
by the Riemannian metric a symmetric covariant tensor field g of degree 2 which is
nondegenerate. If g is a pure tensor field (g (¢X,Y) = g (X, ¢Y),VX,Y € Ij (M,)),
then a manifold M,, with an affinor ¢-structure is called an almost B-manifold [2,
p.31] and this will be denoted by V,.

Suppose that T} (V,,) and T (V;,) are the tensor bundle of type (1,1) and (0,2)
over Vj,, respectively. Clearly that dim 7} (V;,) = dim 7% (V,,) = n + n?. Let the
diffeomorphism f : T} (Vo) — 19 (Vo), v' = ¢! (27), I, J = 1,...,n 4+ n?, be
defined by a local expression such that

Since
E !
= tkll,
o o 15, 0 I sk k
89515 - 8;ck: ( z]l) - @ (gimtg?) ox Ok (gzlltljlé];) - gilléjll,
9y Oty 0
0= oxk - 8mk1 - oxk (gimt;?) = (Okgim) t?;b’
we have

A:(ayf): B o :<6i O
oK o gg; 0 d5lgn, )

The inverse of the mapping f is written as

l l I _ 4s
=y, x¥=t;=g

S1m
L

Suppose that y3 = ty,, we have

ozt ot 0

—1

4= (ayJ) - ( 0 guish )'
T1

which is the Jacobian matrix of inverse mapping f~!.

Theorem. Suppose that " and "¢ denote the horizontal lifts of the affinor
1 2

field ¢ to T} (Vy,) and TS (Vy,) along the cross-section fé (w) and &;; (y), respectively.
If ®,9 =0, then H o is transferred from "o by means of the diffeomorphism f.
2 1
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Proof. Let ®,g = 0. Taking account of g,,;p" = gim@§" and (2.11), we obtain

Ho= (H p §) =
2 2
N (q)wf)jijl SDé(gjll

~gim ()]}, — (P49) i &1 210},
_ 2 0 )=
—Gim ((1)4,05);‘7;‘1 @55]'11

(% s ) (e, smon ) (5 i)
0 5]‘119111 _(wa)l}gl 521180?1 0 gsll(Si«ll ’

where y' = t;;, and yl = tu, -

Corollary. If V is a Riemannian connection, then ™ is transferred from "o
2 1
by means of the diffeomorphism f.
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