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THE SCATTERING PROBLEM FOR HYPERBOLIC
SYSTEM OF n EQUATIONS OF THE FIRST ORDER
ON A SEMI-AXIS WITH THE n — 1 SAME
VELOCITIES

Abstract

In the paper the scattering problem is studied for hyperbolic system of n
equations of the second order on semi-axis with n — 1 same velocities and the
transformation operators are constructed.

Consider on the semi-axis x > 0 hyperbolic system n > 3 of the first order
differential equations of the form

’“amf)(;’t) B wka(;c’t) = (& &) Crj (@, ) (x,1), (k=1,2,..m), (1)

j=1

§

where Cy; (x,t) are measurable complex-valued functions (Cyy, (z,t) = 0) and satisfy
the following conditions

[Crj (2,0)] < C (L4 [~ 7 (L +[¢) 7, (2)

k,j =1,2,...,n (c and ¢ are positive constants) {; = & = ... = £, > 0> &,
t € (—00,00).

The direct and inverse scattering problems on whole axis and on semi-axis for
hyperbolic system of two (n = 2) equations are explicitly studied in the L.P. Nijnik
papers [1]. The inverse scattering problem for the Dirac system in characteristic
variables is applied to integrating the Kortveg-de Friz two-dimensional modified
equation [2-3].

The inverse scattering problem is studied in the L.P. Nijnik and V.G. Tarasov
[4] papers for the hyperbolic system of n > 3 equations of the first order on whole
axis with different velocities, in other statement in the L.Y. Sung and A.S. Fokas
papers [5]. The inverse scattering problem on the semi-axis when there is n — 1 or
one incident wave is studied by N.Sh. Iskenderov [6-7] and for the system of four
hyperbolic equations of the first order with two given incident waves is studied by
N.Sh. Iskenderov and M.I. Ismayilov [8]. The direct and inverse scattering problem
on whole axis for the system the three equations of form (1) for & = &, > &3
is studied by N.Sh. Iskenderov and M.I. Ismayilov [9], and on semi-axis by M.I.
Ismayilov [10].

For simplicity of the statement we assume, that & = &, = ... = &, = 1,
¢, = —1. Then system (1) is reduced to a system of the equations of form
oY, (x,t oY, (x,t
kﬁ(t ) _ ka; ) = Uy (z,t) Y, (x,t), k=1,2,...n—1, (3)
n—1

Oy, (x,t) | 0P, (x,1)
ot T on —;unj(w,t)wj@,t).

Here upy, (2,t) = 2Ck, (2,t) , upnj (z,t) = 2Cy; (z,t) (k,j=1,2,..,n—1).
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The coefficients of the system of equation (3) are measurable complex-valued
functions and satisfy the conditions

Jurg (2, )] < e (L4 [a) 775 (L4 [e) 7. (4)

1. The scattering problem. Any bounded solution of system (3) with the co-
efficients satisfying the conditions (4) admits on the semi-axis = > 0 the asymptotic
representation

Y (z,t) =a;(t+2)+0(1), i=12,...,n—1, (5)

U (2,0) = b(t —2) +0(1),

where the functions aj (8),...,an—1(8) € Lo (E) (E = (—00,00)) determine the
profiles of incident waves, and the function b(s) € L (F) determines the profile of
scattering wave. The scattering problem on semi-axis is in finding the solution of
system (3) by given incident waves aj (), ..., an—1 () and the boundary conditions
for x = 0.

Consider the n — 1 problem; the k-th solution is in finding the solution of system
(3) satisfying the boundary condition

YF(0,8) =¥k (0,t), k=1,2,...,n—1, (6)

by the given incident waves a (s) = (a1 (8),...,an—1 (s)) determining for z — oo the
asymptotics of solutions ¥ (x,t),...,9% | (x,t) of form (5).

The joint consideration of these n — 1 problems we’ll call the scattering problem
for system (3) on the semi-axis.

Theorem 1. Let the coefficients of system (3) satisfy conditions (4). Then, there
exists a unique solution of the first and second scattering problem on the semi-axis
for the system of equations (3) with arbitrary given incident waves ay (), az (s), ...,
an—1(8) € Lo (E).

Proof. The scattering problem for k-th problem is equivalent to the following
system of integral equations

400
V¥ (x,t) = a; (t+2) + /um(s,x—l—t—s)wﬁ(s,x—i—t—s)ds, i=1,2,..,n—1
x

—+00

Ok (2,8) = by (t— @) — /Zunj (st—zts)e(s.t—xts)ds,  (7)

z J=1

where

+oo
b (t) = ay () + /Zu”j (s,t+s) wf (5, +8) — Upp (5, — 5)YF (s, — s)ds. (8)
0 =1
The existence and uniqueness o solutions of system (7) follows from its Volterra

property by the variable x by virtue of conditions (2). The theorem is proved.
By virtue of conditions (2) from (7) we obtain the asymptotic representation for

Yk (2,t) as © — +o0 of form (5)

Y (@, t) =bp(t—x)+0(1), br(s) € Loo(E), k=1,2,....,n—1. (9)
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On the basis of theorem 1 according to (9) to each vector-function a(s) =
(a1(8),...,an—1(8)) € Lo (E) corresponds the n — 1 solutions of system (3) the
solutions of n — 1 problems with boundary conditions (6), respectively. These n — 1
solutions determine n — 1 functions b(s) = (b1 (8),...,bn—1(8)) € Loo (E) according
to (9). Thus, in the space Lo (E,Cp_1) the operator S transforming a (s) to b (s)
is determined:

b(s) = Sa(s), = |1Si;l7

This operator we’'ll call the scattering operator for system (3) on a semi-axis.

i 1 (10)

2. The transformation operator. Each solution of system (3) on the semi-
axis we can express by the following vector-functions

gl (t) = {7/}1 (Ovt) s Yo (Ovt) yoees Py (Ovt)} :

92 (t) ={ar (), yar—1 () , ¥ (0,1) .9, (0,1)} (2<k <),
gn+1 (t) = {al (t) y ey An—1 (t) 7b(t)} )
") = {1 (0,8) s iy (0,8) yag () ooy ane1 () ,0(8)} (2<k<n-—1),

n (t) = {% (07 t) )y 7% (07 t) ab (t)} .

Lemma 1. Let the coefficients upy, (z,t) (k=1,2,...,n—1), uyj(x,t)
(G=1,.,m—=1) (upp (x,t) =0, up;(z,t) = 0, x <0) of system (3) satisfy con-
dition (4). Then for each ¢’ (t) € Loo (E,Cy) (j =1,2,...,2n) there exists a unique
bounded solution of system (4) admitting the following integral representation

t+x n

v t) =gl ¢+ o)+ [ YAl et g} ()ds, (1)
{—gd=1
t+x n

viat) = g &)+ [ SO (0ut5) 6 (5) s (11;)
Zood=1

t+
by (1) = g (¢ + €,2) /Zwa,t,sgA)ds,ssm?z—l (1)

Zood=1
thaz, 4 t—a
Ui t) =gl (0 o)+ [ A o) (st [ A (it (5)ds (11,
o=l o
i (x,8) = g™ (8 + E) +
t—x
4—/214"+1 z,t, ) ?H( )ds + /AZ;“l (z,t,5) g"T (s) ds, (1141)
t4ad=1 o0

Y (,t) = g (t + Ex) +

/ZAnHC z,t,5) "HC( ds + /Amrk %tas)gZJrk( ) ds, (Ip4r)
t+xd= 1
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Y (,t) = g™ (t+ &) +

—i—/ZA xtsg] ds+/A (z,t,5) g2" (s) ds, (119p)
t4aI=1
The kernels of these transformations of fixed x are summable with the square by
t, s, i.e., they are Hilbert-Shmidt kernels which are uniquely determined by the co-
efficients ugy, (z,t) , upnj (x,t) (k,j =1,2,...,n — 1). For arbitrary g; (t) € Lo (E, Cy)
the bounded solution, of system (3) are determined by the formulae (11; — 112y,).
Let’s prove the lemma for example for the representations (11,,41). The problem
of finding the boundary solutions of system (3) for the given a; (s) (1,2,...,n —1),
b(s) € Lo (E) asymptotics ¢; (z,t) (i =1,2,...,n) as x — 400 is equivalent to the
following system of integral equations:

—+00

Y (z,t) =a; (t+x) + /unj(s,:c—l—t—s)wn(s,x—i—t—s)ds, i=1,2,...,n—1,

xT

U, (x,t) =b(t—z)— /ZUW t—x+8)Y;(s,t—x+5)ds, (12)
z J=1

If the solution of system (12) can be represented in the form (11,4;) for any

a; (s)(1,2,..,n—1), b(s) € Lo (E), then substituting (11,41) in (12) we obtain
the system of equations for the kernels

xt+t—7
2

) + / Win (5,2 +t—8) A" (s,2 4+t —s,7)ds—
x

1 r+t—7 x+t+T
s
2" 2 ’ 2

— AP (2, 1) =0, —oco<T<t—u,
+00
/um(s,x—i—t—s)AZjl (s,ﬂr:—i—t—8,7')d3:A;‘j+1 (x,t,71),
x
t+zx <7< +o00,

Ttx—t

1 —t t— -
o Unj (T+; , E+T)+ / Zunk(s,t—x—l—s)A}fl(s,t—x—l—s,T)ds—
x

—AZjl(x,t,T)zo,t+x§T<+oo,
+oon—1
J Zunj(s,t—x—l—s)A}ﬁjl(s,t—a:+s,7')d8+
v = (13)

+AM (2 t,7), —oco< T <t— .

Thus, for proof of the representation (11,41) it is sufficient to prove, that the
system of equations (13) has a unique solution. It follows from Volterra property of
these systems.
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Note, that the kernels of transformations (11,41) are connected with the coeffi-
cients by the equalities

1
A?n+1 (Qj’t,t - CL') = iuln (ﬂf, t), 1= 172’ vy M — 1,

1
Azj’l (l‘, tat + :L') = _iun‘] (l‘, t) N ] e 17 2’ ”.7n _ 1
The equalities (14) immediately follow (14) from the system (13) for 7 = ¢ — x.

3. Factorization of elements of scattering operator on a semi-axis.
Using the representation (11,,11), boundary conditions (6) and determination
(10) of scattering operator we obtain

Su = (1+Apt = ALE) T (T AR - A7)

nn-+

Su=(IT+AutL— AT (A — AV (i=1,..,n-1),

nn-+ In+
Sop = (I + ARy — A3t (1 + A — A7SL)

Soi = (14 AL — AT (A3 - A = 18,m 1),

nn+

Sn-1n1 = (1+ A5t - Azti%)_l (14, - A,

nn+ n—1,n—1— n,n—1—

nn+ n—1,1— ni—

Sn-1 = (T+ At - Agt}M)_l (aptl —an) (=12..n-2),

where
Alf(t) = / A(t,s) f (s)ds,

+oo

AL (1) = / A(t,s) f (s)ds

are Volterra operators of corresponding polarity.
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