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MIXED PROBLEM FOR BOUSSINESQ EQUATION
IN THE BOUNDED DOMAIN AND BEHAVIOUR
OF ITS SOLUTION AS ¢t — 400

Abstract

In the paper solvability of a mized problem for Boussinesq linear equation
in bounded domain of multidimensional space and behaviour of its solution as
t — 400 were studied.

Introduction. One of the main questions of the theory of nonstationary differ-
ential equations is studying the behaviour of solutions of mixed problems for large
values of time. In [1] Muckenhoupt proved the almost periodicity of solution of a
mixed problem on the segment for the wave equation. Later Bochner S. and Neu-
mann J.V. proved almost periodicity of solution of a mixed problem for the general
form of hyperbolic equation. In set of papers [4] S.L.Sobolev established almost pe-
riodicity of solutions of mixed boundary value problem for the wave equation with
constant and variable coefficients in bounded domain with the Dirichlet or Neumann
boundary condition. Asymptotic almost periodicity of solution of a mixed problem
for the wave equation with the coefficients depending on spatial and time coordi-
nates and with the Dirichlet boundary condition was established in the paper [5].
In the paper [6] Gabov S.A. and Orazov B.B. obtained the expansion for solution
of the mixed problems for Boussinesq equation in the one-dimensional case. In the
paper [7] solvability of mixed problem for the Boussinesq linear equation in infinite
multi-dimensional cylindrical domain and asymptotics of its solution for large values
of time were studied.

1. Definitions, notation, and uniqueness theorem for a mixed problem.

Let R,, be n-dimensional Euclidean space with elements x = (x1,z2,...,2);
Q) C R, be a bounded domain with sufficiently smooth boundary 9. Denote
Q = Q x [0,00) and denote by C(*% (Q) a space of functions which are defined in
() and continuous with respect to z, t.

Definition 1. We denote by B(%?) (Q) a space of functions defined in Q such
that DtﬁDJtalu (z,t) € COO(Q) and for large t, they satisfy the estimate

Dt a1y < O Ol B2 ()
Consider in @ the following mixed problem
2

(02An — 1) 4

ke (z,t) + V2 Anu (z,t) = f (x,1) (1.1)

with initial conditions

w(2,0) = v (2), o (@,0) = (@), (1.2
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and with boundary condition
u(x70)‘89><(07oo) = 07 (13)
where v (2), o (x) € HAE1#2) ()| 1 (2,0) € B2 [Z1) () and

|p/ s .0 <c

w231+ ()

B =0,1for t >0, 0,7 are real number, H" (£2) is Sobolev space.

Definition 2. We call function u(z,t) € B®? (Q) a classical solution of
problem (1.1)-(1.3) if it satisfies the equation, the initial conditions and the boundary
condition in the ordinary sense.

Denote by H}, (2) (v >1), HR () (v>2),[8] (p.252) subspaces of Sobolev
space HY () for whose elements the conditions

_ (5] _
F(2)]yq =0, ..., A3 F(:c)‘m 0,
and OF B
@] . 2 A[%]_lF(x)‘ —0,
o aq ou a0

are satisfied respectively, where y is a normal to 0f).

Everywhere below the sign ~on the function denotes the Laplace transformation
of this function with respect to t.

The following theorem is valid.

Theorem 1. Classical solution of problem (1.1)-(1.3) is unique if it exists.

Proof. Let us show that solution of the homogeneous problem corresponding to
problem (1.1)-(1.3) is only trivial one. If we multiply equation (1.1) by u; (z,t) and
integrate on Q; = Q2 x [0,t) (¢t <T), we obtain

//{ An 82 u (z,t) + 7 Anu (, t)]gt (z,t)dedt =0. (L4)

By Green’s first formula

et) = g; [Ang—;u(x,t)] %u(w,t} dzx =

no 9 (02 0 (Ou(x,t)
=155, (geen) gy, (o) sours

2
+ 9 (au(m,t)) gt (x,t)d) . (1.5)

By virtue of boundary condition (1.3) the integral on 9 in (1.5) equals zero.

Then from (1.5) we have
t
1 NN ?
0 Q
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Changing the order of integration in (1.6) and taking into account that for the
homogeneous problem, initial functions are equal to zero, from (1.6) we obtain

_—/Z< 6t8x] >2dQ. (1.7)

Now let us consider the second term in (1.4)

t

& (t):// [;;u(x,t)] 8“((; D aodr — //at <a“a‘: t> dQdt .

0 Q

Taking into account that initial functions are equal to zero, we have

e () = ;/ <8“éf’t)>2dn . (1.8)
Q

Proceeding in the same way as when we derived the equality in (1.5) we obtain

t

// nt (z,1)] 6ué()ac ) dzdt = /Z<8u8;t> ) . (1.9)

0

From (1.4), (1.7), (1.8), (1.9) we obtain

(1.10)

N[ =

Q Jj=1

e (t) is called the energy integral of the homogeneous mixed problem. If we introduce
the notation

0%u (, t) 2 2 (O (x, 1)\ )
/ Z < otdx, > €Y = || Vauell7, ) » / ; ( o1, ) dQ = [[Vaul[7,q)
=

then for the energy integral we obtain

o? 2 1 2 72 2
e(t) = —5 IVauellr, o) — 5 lluelliy @) = 5 IVatllp,@) =0

From here and equality to zero of the initial conditions it follows that
u(z,t)=0.

The theorem is proved.
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2. Existence of solution of mixed problem (1.1)-(1.3) and its estimate.
We represent solution of (1.1)-(1.3) u (z,t) in the form

u(z,t) = uo (x,t) + us (x,t) , ()

where g (z,t) is a solution of problem (1.1)g, (1.2) , (1.3) and uy (,t) is a solution
of problem (1.1), (1.2)o, (1.3); zero at the number of data denotes that they are
equal to zero.

Taking into account estimate (*) for ug (z,t) in Q we make the Laplace trans-
formation with respect to ¢ in problem (1.1) ¢, (1.2), (1.3). Then we obtain the
following boundary value problem

(%K +7%) Ay (7, k) — kg (z,k) = @ (z,k) | (2.1)

aO (*737 k)|BQ =0 ’ (2'2)

where
O (z,k) = (02An — 1) ¥y (z) + k (0?2 — 1) ¥ (2) = f1 (z) + kfo () .
Let us consider the differential expression A = A,, with the domain of definition
D(A) ={W (z) : W (z) € C*(Q) N C (Q),

AW (x) € Ly (), W (x) |og = 0} (2.3)

The differential expression A with the domain of definition D (A) generates a

negative-defined self-adjoint operator A in space Ly (€2). It is known ([9], p.117-178)
that the spectrum of this operator is discrete and for its eigenvalues A; the following
inequality holds

0>XA>X>..>.., lim\=-x

Eigen functions ¢; (y) of the operator A corresponding to the eigenvalues A\; form
the basis in space Lo (£2). Using the above said, we prove the following theorem.

Theorem 2. Let 90 € C*(8142) g (2), v () € BB ) oty e
€ Hé([%]ﬂ) (Q) be continuously differentiable with respect to t and

|plr @)

pe(3 g = ¢

for t >0 3 = 0,1. Then solution of mized problem (1.1)-(1.3) exists and for i,
representation (2.16) and estimate (2.26) are valid.

Proof. Using theorem 3.6 from (][9], p.177) for the solution of problem (2.1),

(2.2), we obtain
. )
k) 2.4
(=, ; J2k‘2 +’y — k27 (24)
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where
c (k)= /<I> (x, k) (z)dz
Q

Solution of problem (1.1) ¢, (1.2), (1.3) is defined as inverse Laplace transforma-

tion from ug (z, k)

e+1i00
c (k) eFtdk
t) 2.
o (@, 271'12% / (022 +~2) A\ — k2 (2:5)
£—100

here the termwise integration is valid by virtue of uniform convergence of series (2.4)
and uniform convergence of series (2.5) ([8], p.231). If we put the value of ¢; (k) into
(2.5), we obtain

=/f1(y)saz(y)dy+k/f2(y)soz(y)d gy
Q Q

Putting the value of ¢; (k) into (2.5), we have

e+zoo e
uo (#,t) = 35 ZC; | menhmm e (@) +
£—100
(2.6)
+i00
(0)° keFtdk
+ch I meoihen e (@ )}-
= £—100

The integrands in (2.6) have poles at the points

. Al 12
KE gy (NN
: W<1+02|>\l|>

Since the integrand in the first integral of (2.6) decreases as k — oo, 0 < Rek < ¢
as k=2 but at the left half-space exponentially decreases, then applying the Cauchy
theorem going out to the left half-space, we obtain

1 e+ioco ktdk 1 e+4ioco ktdk:
Jll(t)zif 272y 2 2y, _ Y
2mi, oo k2 (020 — 1) + 42N\ 2m(a A= 1) o k2 + A
!
w [ )”2 e )/
wy Yl a5~
1 e ‘)\l|+1 e 02’)\l|+1

Y ESY N | 1/2_2. A\
TN 1 T\ N[+ 1

- ! sin ty (‘)\)1/2
v (IA] (02| + 1)Y2 |\ +1 '
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Reasoning as above, we have

e+1i00

1 kektdk 1 )2
Jo (1) = — =— costy | 51— .
270 k2 (2N — 1) + 92N (o?|N] +1) a?|n|+1

€—100

Putting expression for Jy; (t) and Jy; (t) into (2.6) for solution of problem (1.1)-
(1.3) we obtain
Uo (.’E, t) =

00 c(l)sint’y % cos ty & v
l A M+1) a2 M| +1

T T pr(x) - (28)
= | 7 (Nl (@ N] + 1) oMl +1

Now we transform the expressions for the coefficients cl(l) and cl(o)

cl(l) = /gpl () (0*A = 1) ¢y (2) dz.
Q

Since ¥, (z), ¢; (z) are equal to zero on 0€2, then by Green’s second formula we
obtain

cl(l) = £1/}1 (z) (6?A = 1) ¢y (z) dw = — (o?[N] + 1) £¢1 (z) ¢ () do =

(2.9)
=— (02]/\1\ + 1) El(l) )
1 (x) also equals zero on 0f2, therefore we have
q" = [ (@) (078 = 1) Y () dz = — (M| +1) [y (x) ¢ (2) d =
Q Q (2.10)

=— (02])\1] + 1) EZ(O) .

If we put the expressions for cl(l) and cl(o) from (2.9), (2.10) into (2.8) then for

solution of mixed problem (1.1)g, (1.2), (1.3) we obtain

~(1) 9 1/2 1/2
x | ¢ o\)ﬂ—#—l) . ( |\l >

ug (x,t) = 4 (= sinyt | ———— +

o) EL( B BRIV

A\ 1/2
+6l(0) cos vt <|l|> ] o (x) .

(2.11)

o2\ +1

Let us consider now problem (1.1), (1.2)g, (1.3). For solution uy (x,t) of this
problem as above, we have

o

3 _ a (k) ¢ (z)
uf (z,t) = ;(kQJz A2 N — k2
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where

o (k) = /f(:];, k) o, () dz . (2.12)
Q

If we make the Laplace transformation of (2.12), we obtain

Rl f (. k) @1 (y) e
up (z,t) = {lzl‘pl () é(k%—z TA2) N — k2 dy} eMdk =

28 oo

(2.13)

1 oo g+i00 f‘ k kt gk
— S @) [ | e

2mii 5 eico

here the termwise integration is valid by virtue of uniform convergence of series in
(2.13) which will be shown later. According to the Borel theorem ([10], p.475) from
(2.13) we obtain

o t 1 e+1i00 @(t_’r)kdk;
w @) =3a@ [aw) | [t005 [ mom— | & 219
=1 Q 0 £—1i00

Taking into account the value of integral (2.7) in (2.14) we obtain

1 @ (z)
YE N (02N + 1)]2

uj (x,t) =
(2.15)
t 1/2
X [ fi(T)siny (t —7) <M> dr ,

where

fi(7) = /f (v 7) 0 () dr |
Q

Taking into consideration (2.11) and (2.15), from (**) we obtain

o | 1) , 5 1/2 I\ 1/2
u(z,t) = G (‘7 |)‘l|+1> sinyt | +—— +
(@1) 121{ T EACEIVES

O t< |\ )1/2 1 % (2.16)
¢ cosyt | 5 - )
l 2N+ 1 v [l (02| A] + 1))

t ' I\ 1/2
X{fl (1) sin~y (t — 1) (02’)\[“_1> dT} o (z) .

Let us prove now the uniform convergence of series in (2.16) and its derivatives
if the data of the problem satisfy the conditions of theorem 2
|’LL (33‘, t)|C(Q) <C (77 J) X
(2.17)

x {é <‘6§1)‘ +

el(o)‘ + M—l”bflfz (T)!d7> e (x)Hc(Q)} -
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In [11] it was shown that
lor @)l yg101qy < CINI2 D, (2.18)

where C' is a constant independent of . Hence by means of Sobolev imbedding
theorem we obtain

lee Dlleay = Cllen @ g1y - (2.19)
It is known that [9] (p.200)

2 2
coln < |/\l| <eciln (2.20)
¢p, c1 are constants independent of [. (2.18)-(2.19) imply that
ler W)lloay < Cuf2 3D, (2.21)

Since of A%¢; (y) (v >1) is also an eigenfunction of the operator A with the
eigenvalue A/, then as above on can show that

ler Wl (o) < ClAlz 3 ([5]+o41), (2.22)
(2.19)-(2.21) implies that
ler @)@y < ClI= B v =0,1,2,... (2.23)

From (2.16) by virtue of estimate (2.22) we have

lu (2 O)llc(a) < C (1, 2> {|)\z|([%] DRt

=1
(2.24)
a2 (1604 1) )+UWP3MﬁWM},
From (2.24) by virtue of theorem 8 from [8] (p.253) we obtain
o Dlogay < € (0) [o+ 8 I agpen g +
(2.25)

+ (%o (@H?f([ﬂ}

2

o 17 @510,

where Jy = Z |A;|”". This series converges because for any natural n,

=1
2 1
S([5]+1) 21+
n \L2 n

and by virtue of estimate (2.20)

Z|)\l| B < oS-
=1
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Let us now estimate the derivatives of u (z,¢) contained in the equation. Cal-
culating derivatives of u (z,t) from (2.16) and estimating them like in (2.25), we
obtain

HDEDx&'U(x’t)Hc(Q) =
<C(v,0) [Jo + llv1 ($)|‘22([%]+1)+|a\(ﬂ) + llvo (5U)||22([g}+1)+\a\(9) + (2.26)

)

t
2
H2[%]+|a‘(ﬂ) +t.£||f(xaT)||H2[%}+\a\(Q) dt 5

where 0 < 3, |a|] < 2. For 8 = 0,1 the fourth term in the right-hand side of (2.26)
is absent.
The theorem is proved.

3. The mixed problem in bounded domain for the Boussinesq equation
with time derivative in the boundary condition.
Now let us consider problem (1.1), (1.2) with boundary condition

Dy [D} + E] u(2,t) [sax (0,00 =0 (3.1)

where p is a normal to the boundary 0€). Here we will investigate a classical solution
of problem (1.1), (1.2), (3.1), whose definition is given similar to the above mentioned
one. If we apply Lapalce transformation to this problem, we obtain the following
boundary value problem

(02k2 +7) Apt (2, k) — K (z, k) = ® (x, k) (3.2)

(k* +1) Dyii(z,k) |og =0, (3.3)
where Rek > 0. If we cancel out 1+ k? in the boundary condition, we obtain the
Neumann boundary condition

Dyii (k) |og = 0 . (3.4)

Problem (3.2), (3.4) is solved in the same way as problem (2.1), (2.2) only with
the distinction that in formula (2.4) ¢; (x) and A; will be eigenfunctions and eigen-
values, respectively, of the Neumann problem for the Laplace operator

Apy () = Mgy ()

dg () (3:5)

o 89_

) (1)

At boundary condition (3.1) to transform the expressions ¢; ’, ¢;”’ we take into

account that normal derivatives of fucntions 9 (x), ¥, (z) and ¥, (x) equal zero on
o0N.
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Since A; = 0 is the eigenvalue corresponding to eigenfunction ¢; = 1, then in
(2.16) for the first term we obtain

1/2
. (o%lﬂ) ” (W)” o
A1—0 |)\1’ O'2|>\1| +1 ’

1

¢ 1/2
1/2£f1 (1) siny (t — 7) <|)‘1|> dr —

lim
M=y A ] (02 [A1] + 1)] %M +1
t tT
= [(t—7) fi(r)dr = [[fi(§)d&dr .
0 00
Then
u(m,t)—cglt—i-cl fff1 &) dédr +
oo | W /s o 1/2 I\ 1/2
G (o |>\l‘+1 l
*Z%{ - (7R Smt(o—?IAzHl) i
(3.6)
1/2
~(0) Al ) 1
+¢; 7 cosyt < - X
: 2N +1 vIIM] (02 [N + 1))
¢ . A 2
efaimsiny (=) (o) drtat)
where

& :/w1 (2)dz , &0 =/wo ()dz | fy <s>=/f<x,s>dx
Q Q

Q

Thus, the solution of problem (1.1), (1.2), (3.1) is constructed.

4. On almost periodicity of solution of mixed problem (1.1)-(1.3) as
t — +o0.
Theorem 3. Let the conditions of theorem 2 be fulfilled and

/ 2 1 @) Py < oo
0

Then for solution of problem (1.1)-(1.3) the following representation holds
U(:I,‘,t) =W (.T,t) + W (.T,t) )
where Wy (x,t) is a uniform almost periodic function with respect to t, and

tlim Wy (z,t) =0
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uniformly with respect to x € ).
Proof. We represent solution u (x,t) of problem (1.1)-(1.3) from (2.16) in the
following form

oo | (1) 2 1/2 |>‘| 12
S iy (-G bVIES | R Y S T B
u(m,t)—Z{ 5 ( ] ) Slmt(a%!“) i

A 1/2 1
+El(0) cos vt (o all ) - 5 73 %
vIMl (@2 M)+ 1)]

' ‘)\l‘ 1/2 5o ‘)\l‘ 1/2
X [smfyt (UQP\lH-l ffl T) cosyT Tl 11 dr
N\ Al
—cosyt [ =2
cos 7y (02|)\l|+1 ffl 7) sinyr T 1
. I\ 1/2 o0 O 1/2
—sin vt (02|)\l|+1 {fl(T)COS’)/T 2|)\|+1

st [N 1/271‘( ) sin M 1/2d
COS 7y 02‘)\”_’_1 ) 1 \T) syt 0_2‘)\1’_1_1 T

1/2

}901(33):

=Wy (,t) + Wa (2,8) = W (2, 8) + WP (2,6) +

W (@, t) + W (@) + WD (2, t) + WP (a,1) (4.1)
where we denote by Wi (x,t) the sum of the first four series in (4.1) which are

denoted by W/ (x,t) respectively (j = 1,2,3,4) and we denote by W (,t) the sum

of the last two series in (4.1) which are denoted by WQ(U) (z,t), v=1,2. Let

00 2 1/2 1/2
) I (0 Al +1) . ( I\l )
W T, t) = —E C sinyt | —5—1—— T) .
1 ( ) y 1 |Al| 0 0'2’)\l|+1 ()Ol( )

=1
Then N
W 0]y O] Tt @) (12)
=1

From estimate (2.21) we obtain

lemw,t)\\c@sc*(a,v)g\ | npEED <

7o) | £ [ nplERD o S5 (]
=1
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here and later on C (o,7) is a constant depending on parameters o,~. By virtue of
theorem 8 from [8] (p.253) we have

Z\cl FINPEERD < oy @) 10y - (4.4)

Reasoning as in the previous theorem and using estimate (2.20), for eigenvalues
we obtain

Z (B < Cir(”%) : (4.5)
=1

the last series converges. It follows from (4.2)-(4.5) that the series in expression
Wl(l) (z,t) uniformly converges with respect to x,¢. One can analogously prove the

uniform convergence of series
@) o ~(0) N\
WO (,6) = 380 cost o1 (2)

with respect to x,t.

Now consider

00 1/2
w) (z,t) = -1 o1 (7) sin vt 2|M X
1 o ()

)2 d
Xffl COS YT W T .
Estimating the norm and using estimate (2.21) we obtain

HWP(M)HC(Q)§c<m>l§w|—l||sol Moy J (7l dr <

C(o,7) ZIAII f [fi (T)|dr <

SC(U,’Y){léMz\ 3] [f]fl \dr] +Z!Az| ([3]+ )} ,

By virtue of Cauchy-Bunyakovskii inequality we have
W (2t H <
H (@) c(@) ~

OO

SC(U,q/){li])\ﬂ BT 1+T)2dff(1+r)2yﬁ( )2 dr + zw ([3]+ )}

0
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further, by virtue of estimate (2.19) and theorem 8 from [8] (p.253) we obtain

957 )] o <
{?j (1+7) [121\)\512[3] Lfi (7] } dr + Z|)‘l| (L2l )} = (46)

0 {T 0+ 17 @By dr+ SO0}
0 =1

because in the space Lg (0,00) we can change the order of integration and summa-
tion.

Similarly we estimate

1 @ () A 1/2
W x,t) = L cost ] X
@) ’Yzzl[|)\l|(a2|)\l|—l—1)]1/2 <“2‘Al'+1>

I\ 2
xffl T)sinyT (m> dr .

Proceeding in the same way as for estimation of Wl(g) (x,t) we obtain

42 .0 = 0
- (@7)
AT a2 1 @)y g+ S0
0

Let us estimate now WQ(I) (z,t) and W2(2) (z,t).

Since

1 ¢ (y) . N\
Wil zT,t) = — L sin vyt ( X
2 (@) vzzl[|Al|(02|Al|+1)]1/2 2N +1

xofof (1) cos T( Al >1/2d7'
)1 TGN+ 1

then we have

27 0] g = c<a,v>gw—1[m ()] dr .
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By virtue of Cauchy-Bunyakovskii inequality we have

HWQ( x,t) H C (o, 7)Z|)\l|7 <f( 7)2d7)1/2x
o 1/2
<(Jasrrinmear) <comx

X{T(1+T)2d7§|)\l|([;]“)—Ff\)\l\ 8T 00250 )deT} .
=1 =1

t t

Reasoning as above, we obtain

HWQ(D (x’t)HC(Q) < Clo)x

t

><{f(1+7) dfzz +{ L+ f (7)1 ](Q)d} :
This estimate implies that
HW2(1) (z, t)HC(Q) 0 (4.8)

as t — +o0.
In the same way we prove that

HWQ(?) (a:,t)HC(Q) =0 (4.9)

as t — +o0.

By virtue of theorem 1.1.5 from the paper [11] (p.26) the uniform convergence

: 4 .
of series in Wl(j) (x,t) 7 =1,2,3,4 implies that their sum ) Wl(j) (x,t) is a uniform
j=1

almost periodic function with respect to t. The proof of theorem 3 follows from
(4.8), (4.9).

The following theorem follows from formula (3.6) which represents solution of
mixed problem (1.1), (1.2), (3.1).

Theorem 4. Let the conditions of theorem 3 be fulfilled and, moreover,

/1/)1(x)dx:0, /f(z,t)dx:(). (4.10)
Q Q

Then for solution of mixed problem (1.1), (1.2), (3.1) the assertion of theorem 3
is also valid.

Under the mentioned conditions (4.10) theorem 4 is proved in the same way as
theorem 3. If conditions (4.10) are not satisfied, then from formula (3.6) it follows,
that solution of mixed problem (1.1), (1.2), (3.1) as ¢ — +oo at the conditions
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of theorem 3 will be the sum of linear and uniform almost-periodic function with
respect to ¢ function.
Estimate of derivatives of solution of mixed problem (1.1), (1.2), (3.1) is realized
in the same way as for solution of problem (1.1), (1.2), (1.3).
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