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ASYMPTOTICS OF SOLUTION OF AN INITIAL
VALUE PROBLEM FOR A SYSTEM OF
SINGULARLY PERTURBED LINEAR

INTEGRO-DIFFERENTIAL EQUATIONS OF
FREDHOLM TYPE

Abstract
In the proposed paper it is constructed and researched the asymptotics of so-lution of initial value problem for the system of singular perturbed liner integro-di�erential equations of Fredholm's type and it is shown that integral term playsmain role for boundedness of solution of the constructed problem as �! 0.

It is known that for asymptotic stability of the linear system
dzdt = Az +B (t) ; z (0) = z0; 0 � t � T

it is necessary and su�cient that real parts of all characteristic numbers of a matrixA be negative. This condition is of great importance while investigating asymptoticbehaviour of solution of the singular perturbed system
�dzdt = Az +B (t) ; z (0; �) = z0; 0 � t � T ;

where � is a small parameter.By ful�lling the stability condition the investigation of the asymptotics of solu-tion of the problem with initial conditions for singularly perturbed integro-di�erentialequations is completely similar to the investigation of asymptotics of solution of aninitial value-problem for di�erential equations considered for example in [1-4], [8-12].Asymptotic expansions of solutions of these two problems have the same form. Thedi�erence here is in that equations for the coe�cients of asymptotic expansion inthe case of integro-di�erential equations are more complicated than in the case ofdi�erential equations.Thus, we can say that the presence of an integral term in the equation by ful-�lling the stability condition leads only to some complication of the algorithm forconstructing asymptotic expansion, but qualitative behaviour of the solution doesn'tchange. In the given paper the asymptotics of solution of Cauchy problem is studiedin systems of singularity perturbed linear integro-di�erential equations without sta-bility condition. It is shown that he presence of an integral term leads to qualitativechange of the behaviour of solution.
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1. Problem statement.

Let's consider the system of linear integro-di�erential equations with small pa-rameter at the derivative
�dzdt = A (t) z (t; �) + TZ

0 K (t; s) z (s; �) ds+B (t) ; (1)
with initial condition:

z (0; �) = z0; (2)
where 0 � t � T; 0 � s � T; A (t) and K (t; s) are N � N dimensional matrices,B (t) is N dimensional vector column, � > 0 is a small parameter. We'll assumethat the following conditions are ful�lled:a) A (t) ; B (t) ;K (t) have continuous derivatives of m-th order, where m is asu�ciently large natural number, moreover K (t; s) 6� 0;b) characteristic exponents �i (t) of the matrix A (t) satisfy the condition

Re�i (t) > 0; i = 1; N; t 2 [0; T ] : (3)
Note that by ful�lling condition (3) the problem

�dzdt = A (t) z (t; �) +B (t) ; 0 � t � T;
z (0; �) = z0

generally speaking, has no bounded solution as �! 0;where as problem (1)-(3) hasa bounded solution z (t; �) as � ! 0 and its limit is the solution of the system ofintegral equations
0 = A (t) �z + TZ

0 K (t; s) �z (s) ds+ ~B (t) ;
where ~B (t) is determined by the data of the problem.We call this problem the main problem.

2. Auxiliary problem and asymptotics of its solution.
Let's consider system (1) with the following condition

z (T; �) = d (�) =�: (4)
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Under

d (�) =
0
BB@

d(1)...d(N)

1
CCA

we understand for now unknown N -dimensional vector-column whose each compo-nent d(i) (�) ; i = 1; N is represented in the form of asymptotic series by degrees �as �! 0
d(i) (�) = d(i)�1 + �d(i)0 + :::+ �k+1d(i)k + ::: i = 1; N; (5)

where d(i)k are the components of dk�N -dimensional vector-column, k = �1; 0; 1; :::;i = 1; N . Then d (�) is representable in the form of asymptotic series by degrees �as �! 0:
d (�) = d�1 + �d0 + �2d1 + :::+ �k+1dk + ::: (6)

Granting the denotation mentioned above, we can write the components of thevector column z (T; �) as
zi (T; �) = d(i) (�) =�; i = 1; N (7)

We'll search the solution of problem (1), (4) under conditions a)-b) (see forexample, [1], [4-8]) in the form of series:
z (t; �) = �z0 (t) + ��z1 (t) + :::+ �k�zk (t) + :::+ 1���1z (�) + �0z (�)+

+��1z (�) + :::+ �k�kz (�) + ::: ;
(8)

where � = t� T� .
Therefore, the components of the vector

z (t; �) =
0
BB@

z1 (t; �)...zN (t; �)

1
CCA

are represented as:
zi (t; �) = �z(i)0 (t) + ��z(i)1 (t) + :::+ �k�z(i)k (t) + :::+ 1���1z(i) (�) + �0z(i) (�)+

+��1z(i) (�) + :::+ �k�kz(i) (�) + ::: ; i = 1; N : (9)
Here �z(i)k (t) and �k�1z(i) (�) are the components of the vectors �zk (t) and �k�1z (�),i = 1; N ; k = 0; 1; 2::: respectively. Putting (8) in (1) and taking all mentioned
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above denotation into account, we get

� ddt ��z0 (t) + :::+ �k�zk (t) + :::�+
+ dd� � 1���1z (�) + �0z (�) + :::+ �k�kz (�) + :::� =
= A (t) ��z0 (t) + :::+ �k�zk (t) + :::�+A (��+ T )�
�� 1���1z (�) + �0z (�) + :::+ �k�kz (�) + :::�+

+ TZ
0 K (t; s)��z0 (s) + :::+ �k�zk (s) + :::� ds+

+� 0Z
�1

K (t; ��+ T )� 1���1z (�) + :::+ �k�kz (�) + :::� d� +B (t) ;

(10)

where � = s� T� .
Representing the right hand side of (10) in the form of series by the degrees �and comparing the coe�cients at the same degrees � in the both parts of equality(10) (depending on � and depending on t separately) we get the equation for de�ning�k�1z (�) ; �zk (t) (k = 0; 1; 2; :::). Similarly, putting series (8) into (4), substitutingd (�) by expression (6) and equalling the coe�cients at the same degrees of �, weget an initial condition for the terms of series (8).For ��1z (�) we get the system of di�erential equations

d��1zd� = A (T )��1z
with initial condition

��1z (0) = d�1;
whence we get

��1z (�) = exp (A (T ) �) d�1 (� � 0) ; (11)
where A (T ) is a constant N �N -dimensional matrix, and exp (A (T ) �) is a matrixexponent.With respect to �z0 (t) we get the system of integral equations of the form:

0 = A (t) �z0 (t) +
TZ
0 K (t; s) �z0 (s) ds+

0Z
�1

K (t; T )��1z (�) d� +B (t) :
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Put here expression (11) for ��1z (�), write the last equation in the form

�z0 (t) =
TZ
0

�K (t; s) �z0 (s) ds+ f0 (t) ; (12)
where

�K (t; s) = �A�1 (t)K (t; s) ; f0 (t) = �A�1 (T ) �K (t; T )� d�1 �A�1 (t)B (t) :
Let 1 be a regular value of the kernel �K (t; T ), and let R (t; s) be its resolvent.The solution of equation (12) write in the form

�z0 (t) = f0 (t) +
TZ
0

�R (t; s) f0 (s) ds :
Put here expression for f0 (t):

�z0 (t) = A�1 (T )
2
4 �K (t; T ) + TZ

0
�R (t; s) �K (s; t) ds

3
5 d�1+

+ ��A�1 (t)B (s) �R (t; s) ds� :
Since for �R (t; s) it is valid the equality

�R (t; s) = �K (t; s) + TZ
0

�R (t; p) �K (p; s) dp ;
then the coe�cients for d�1 is equal to A�1 (T ) �R (t; T ). Introduce the denotation

~z0 (t) = �A�1 (t)B (t)� TZ
0 A�1 (s)B (s) �R (t; s) ds :

Then �z0 (t) = A�1 (T ) �R (t; T ) d�1 + ~z0 (t) : (13)
As is seen from (13), �z0 (t) is linearly dependent on d�1. We use this lineardependence in further consideration of the problem (1), (2), (3).Similarly we can de�ne �0z (�) ; �z1 (t) ; �1z (�) ; �z2 (t) ; :::. To de�ne �kz (�) ateach k (k = 0; 1; 2; :::) we get the di�erential equation

d�kz (�)d� = A (T )�kz (�) + exp [A (T ) � ] pk (�) ;
where pk (�) is explicitly expressed by the data of the problem, with initial condition

�kz (0) = dk � �zk (T ) :
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Hence we get
�kz (�) = exp (A (T ) �) [dk � �zk (T )] + exp [A (T ) � ]

2
4 �Z
0 pk (�) d�

3
5 : (14)

To determine the functions �zk (t) at each k (k = 1; 2; :::) we get the integralequation similar to (12)
�zk (t) =

TZ
0

�K (t; s) �zk (s) ds+ fk (t) ; k = 1; 2; :::; (15)
where fk (t) in a certain way is expressed by the data of the problem.Acting as in the case of de�ning of �z0 (t) we get

�zk (t) = A�1 (T ) �R (t; T ) dk�1 + ~zk (t) ; (16)
where ~zk (t) is some vector-function.The linear dependence of ~zk (t) on dk�1 will be also used below by consideringthe main problem. By zn (t; �) denote a partial sum of series (8) of order n:

zn (t; �) = 1���1z (�) +
nX

k=0 �
k [�zk (t) + �kz (�)] : (17)

Theorem 1. Let
1) The conditions a)-b) be ful�lled;

2) 1 be a regular value of the kernel �K (t; s).
Then there will be found such numbers �0 > 0 and c > 0 that for 0 < � � �0

the solution z (t; �) of auxiliary problem (1), (4) exists, is unique and satis�es the

inequality kz (t; �)� zn (t; �)k � c�n+1 at 0 � t � T : (18)
Proof. The existence and uniqueness of the solution of the auxiliary problemfollow from the linearity of the system of equations (1).Let's prove inequality (18). To this end we put

u (t; �) = z (t; �)� zn (t; �) :
With respect to u (t; �) we get:

�dudt = A (t)u+ TZ
0 K (t; s)u (s; �) ds+H (t; �) ; ) (19)

where
H (t; �) = A (t) zn (t; �) +

TZ
0 K (t; s) zn (s; �) ds+B (t)� �dzn (t; �)dt :
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Putting in H (t; �) expression (17), making substitution t = ��+T; s = ��+Tin corresponding addends and using the equation for �kz (�) (k = �1; 0; 1; :::; n)and �zk (t) (k = 0; 1; :::; n) we can get the estimate

kH (t; �)k � c�n+1 at 0 � t � T; 0 < � � �0 : (20)
Obviously, the initial condition for u (t; �) is of the form

u (T; �) = ��n+2dn+1 + :::� =� ;
whence

ku (T; �)k � c�n+1 at 0 < � � �0 : (21)
We can write the solution of equation (19) in the form

u (t; �) = � (t; T; �)U (t; �) + 1�
tZ

0 � (t; s; �)H (s; �) ds ; (22)
where � (t; s; �) is the solution of the homogeneous equation

�d� (t; s; �)dt = A (t) � (t; s; �) (0 � s � t � T ) ;
satisfying the condition � (s; s; �) = EN ;
where EN is a unique N �N -dimensional matrix

k� (t; s; �)k � c exp��� (t� s)�
� ; (23)

where 0 � s � t � T ; 0 < � � �0; � > 0.From 22 by inequalities (20), (21) and (23) it immediately follows the inequality
ku (t; �)k � c�n+1 at 0 � t � T; 0 < � � �0 :

that proves (18) and thereby the theorem.
3. Asymptotic solution of the main problem.

Now let's go back to the main problem. For its solution let's use asymptoticof solution z (t; d; �) of auxilary problem (1), (4), (3). Choose the vector d so thatz (t; d; �) satis�es condition (2). Then, with respect to d we get the following system
z (0; d; �) = z0 : (24)
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We shall search solution (24) in the form

d (�) = d�1�d0 + �2d1 + :::+ �k+1dk + :::
In order to �nd vector-coe�cients d�1; d0; d1; ::: into (24) we put instead of theexact solution z (0; d; �) its asymptotic expansion (8). Since at the point t = 0 allfrontier vector-functions have the estimate

k�kz (�T=�)k � c exp (��T=�) ; 0 < � � kA (T )k ;
(24) takes the form

�z0 (0) + ��z1 (0) + :::+ �k�zk (0) + ::: = z0 :
Granting for the dependence of �zk (0) on dk�1 (13) and (16), with respect tod�1; d0; ::: we get the system of linear equations

�z0 (0) = A�1 (T ) �R (0; T ) d�1 + ~z0 (0) = z0; (25)
�zk (0) = A�1 (T ) �R (0; T ) dk�1 + ~zk (0) = 0; (k = 1; 2; :::) : (26)

Let there exists �R�1 (0; T ). Then equations (25) and (26) are uniquely solvablewith respect to d�1; dk�1. Denote these solutions �dk; k = �1; 0; 1; ::: and constructzn (t; �) de�ned by formula (17) for d�1 = �d�1; d0 = �d0; :::; dn = �dn.Then the following theorem is valid.Theorem 2. Assume that the conditions of theorem 1 are ful�lled and exists�R�1 (0; T ), where �R (t; s) is the resolvent of the kernel �K (t; s), and �R (0; T ) is the

value of the resolvent for t = 0; s = T . Then there will be found such numbers�0 > 0 and c > 0 that for 0 < � � �0 there exists a unique solution z (t; �) of

problem (1), (2) and it holds the inequality

kz (t; �)� zn (t; �)k � c�n+1 at 0 � t � T : (27)
Proof. The existence and uniqueness of the solution z (t; �) of problem (1), (2)follow from the stated above.Now prove inequality (27). Consider the solution z (t; d; �) for

d = � �d�n � �d�1 + � �d0 + :::+ �n+1 �dn :
For it at t = 0 by equations (25), (26) where k = 1; 2; :::; n+ 1, we have

z �0; � �d�n ; �� = �z0 (0) + ��z1 (0) + :::+ �n+1�zn+1 (0) + o ��n+2� = z0 + o ��n+2� :
Hence the inequality 

 �d (�)� � �d�n

 � c�n+2 ;
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follows, i.e. for �d (�) the asymptotic representation

�d (�) = �d�1 + � �d0 + :::+ �n+1 �dn + :::+ o ��n+2�
is valid.Inequality (27) immediately follows from theorem 1. Theorem 2 is proved.
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