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Rovshan Z. HUMBATALIYEV

ON m-FOLD COMPLETENESS OF EIGEN AND
ADJOINT VECTORS OF A CLASS OF
POLYNOMIAL OPERATOR BUNDLES OF A
HIGHER ORDER

Abstract

Sufficient conditions are found for m-fold completeness of a part of eigen
and adjoint vectors of a class of bundles of higher order corresponding to eigen

values from some sector S,.

Let H be a separable Hilbert space, A be a self-adjoint positive defined operator
in H with completely continuous inverse A~!. Let’s denote by H, a Hilbert scale
generated by the operator A. Let S, = {\/|argA\| < a}, 0 < a < 7/2 be some
sector from a complex plane, and S, = {)\/| arg\ — 7| < § — a}. In the given paper
we shall search m-fold completeness of eigen and adjoint vectors of the bundle

P(\) = (=NE+ 4%)" +2§: N Ao, (1)
j=
corresponding to eigen values from the sector :S’; To this end we introduce some no-
tation and denotation. In the sequel, we shall assume the fulfilment of the following
conditions: 1) A is a self-adjoint positive defined operator; 2) A~! is a completely
continuos operator; 3) The operators Bj = AjA*j, j =1,2m are bounded in H.
Denote by Ly (R4 : H) a Hilbert space whose elements u (t) are measurable and

integrable in the sense of Bohner, i.e.
1/2

Ly Ry H) = {u(®) / lu ()l o yorry = / lu (B3 dt] <o
0

Let Hy (a: H) be a liner set of holomorphic in S, = {A\/|arg A\| < A} vector

functions u (z) for which

sup /”u (tew)H2dt < 00 .
0

lel<a

The elements of this set have boundary values in the sense of Ly (R4 : H) and

equal to uq (t) = u (te’®) and u_q (t) = u (te ). This linear sets turns into Hilbert
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space with respect to the norm

1 1/2
()l = 75 (e O Loy + 00 O Erym)

Denote by W2™ (« : H) a Hilbert space

Wi (a: H) = {u(z) Ju®™) (z) € Hy (o H), A*™u(z2) € Hy (o : H)}

with norm )
2 1/2
o = (Hu@m)Ha + HAQ’”uHi)

Bind a bundle P (\) form the equality (1) with the following initial value problem:

P(d/dz)u(z) =0, (2)

W (0) =4, j=0m=T, (3)
where we’ll understand (3) in the sense
lim Hu(j) (2 H —0

z—0 J B
|arg z| <o 2m=j 1/2

Definition 1. If for any v; € Hoy_j_1/2 (j =0,m— 1) there exists a vector-
function u (z) € W3™ (a : H) satisfying equation (2) in S, identically and inequal-
ity

m—1
llellle < const 2 114;l50,;-1y:

they say that problem (2)-(3) is regularly solvable and u (z) will be called a regular
solution of problem (2)-(3).

Let
2m
0o () = (=222 4 1) = 3 Ak
k=1
(A B) =y (M) g (—A) = BN, Be[0,;7).
then

(N B) =F (NP F (=X 0)
moreover, F' (\; 3) has roots in the left half-plane and is of the form
2m

F(X8) =3 ax (B) A"

k=1
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Denote by Mj,, () a matrix obtained by M; (3) by rejecting m first rows and

m first columns, where
L _ - . _
Mj (ﬁ) = 5 [ualsj (ﬁ) Uq + UaSj (B) ual] s
o = diag (1,ei°‘,62m, ...,ei(mfl)a) , BE [0,652] ,
gj
(54 +1 4 2¢%cos 204)m/2
moreover R; () = (1pq,5 (), T = (tpq). For p > ¢

bj = sup

£ER

roas (B) = 3 (=) Gprog B)tg v 1 (B) (an =0, v <0, v>2m)

v=0
b () = 3 (1) Gty Blea-om1 (B) (e =0, v.< 0, v > 2m)
forp=gq
Tpej (B) = 2_:0 (=1)" Reaptu,; (B)ag—v—1(B)
o (8) = 3= (-1)" Recyeny (Beg-m (6)
and for p < ¢

Tpa,i (B) = Tpa,j (B) 5 tpgj (B) = tpqj (B)

moreover oy () and ¢ are the coefficients of the polynomial ¢, (A) and F (X; 3).
The following theorem is obtained from the results of the works [1] and [2].

Theorem 1. Let A be a self-adjoint positive defined operator, the operators
b = AjA_j (] = m) be bounded in H and the inequality

2m

> @i ||Bjl <1,

Jj=1

be fulfilled, where the numbers @ are determined as

bj, if detM;,, (5)#0
@; > (4)
u}l/ 2, in otherwise .
Here uj_l/Q is the least root of the equation det M;,, (3) = 0. Then problem
(2)-(3) is regularly solvable.
In order to study m-fold completeness of a system of eigen and self-adjoint vec-
tors corresponding to eigen-values from the sector 5;, we have to investigate some

analytic properties of the resolvent.
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Definition 2. Let K (S’;) be a system of eigen and adjoint vectors correspond-
ing to eigen values from the sector 5; If for any collection of m wectors from the
holomorphy of the vector-function

RO =5 (4203112571 ()" 42ei1/2)
3=0
in the sector §; it yields that K (§;> in strongly m-fold complete in H.

Note that this definition is a prime generalization of m-fold completeness of the
system in H in the sense of M.V.Keldysh and in fact it means that the deriva-
tives of the chain in the sense of M.V.Keldysh are complete in the space of traces
H="5 Hu i1

It holds the following theorem on an analytic property of the resolvent.

Theorem 2. Let the conditions 1)-8) be fulfilled and it holds the inequality

2m—1
> bjllBam 4l <1,
=0
where
£2j/m m/2
bj = sup 1 5 , 7=0,2m.
cer \ 1+ &+ 2£° cos 2a

Besides, let one of the following conditions be fulfilled:

a) A€o, (0<p<m/(r—20));

b) Al €o, (0<p< o), B, (j = O,Tm) are completely continuous operators
i H.

Then the resolvent of the operator bundle p (\) possess the following properties:

1) A?™p~1()\) is represented in the form of relation of two entire fucntions of
order not higher than p and has a minimal type order p;

2) there exists a system {Q} of rays from the sector S, where the rays

m 3r
F§+a={>\/arg>\:§+a} , Fs;a:{k/argAZQ—a} ,

are also contained, and the angle between the neighboring rays is no greater than
m/p and the estimation
Hp_l (A)H < const |)\|_2m

HAQmp_1 ()\)H < const

holds on these rays.
Proof. Since
P(A) A" = (B + Bam) (E+T () ,
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where

2m

T(A) = ¢;A™ | ¢;(E+ Bay) ' BjAT™?™ j=1,3,....2m —1,2m

Jj=1

¢ = (E + BQm)il (B] + (_1)j (?m) E) Ai?j? .7 = 2747 32m —-2.

Then applying Keldysh [2] lemma, we get that
APp Tt (N) = (E+T(A\) ™" (B + Ban) ™'

is represented in the form of relation of two entire functions of order not higher than
p and of minimal type at order p.
On the other hand

P (A) =po(A) +p1 (N,
therefore
PO =0t ) (B+p (Vo (V)

A2 () = A2t () (B i (M pyt (V)

Since by fulfilling the condition a) of the theorem we get on the rays I'zq and

]'—‘3‘77"70[ (ie fOI' )\ e Tei(g+a)’ )\ — 7”67;(3‘7#705))

2m—1 . .
o1 N pg N < X 1Bamill [[NA"p V| s s (5)
0
j:
therefore we should first estimate the norm
“AjA2m_jp(J_1 (A) HH—>H

_ i(E
on the rays Fnga and F%,La. Let ) = rei(3+2) € F%+a.

Then it follows from the spectral expansion of the operator A

VAT () = sup [N (<32 ) =
RET(A)

= sup ,r-j'u2m—j (T262io¢ + ,U,2)_m‘ _
HET(A)
= sup ‘rjugm_j (r* + p' + 2r?u® cos2a) " 2 | =
HET(A)
2 202m—j) z
rm /_,L m
= sup =b; .

7} 2
HET(A) 1+<ﬁ) +2<ﬁ) cos 2«
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So, we get from inequality (5)
1 2m—1
1 (N pgt (V| < '21 [ Bam—jll b <v <1.
j:

Therefore on this ray

o™ <l O | (B 420 27 00) | <l

On the other hand, on the ray I‘%ﬂv it holds the estimation

1
(A% + gt + 23202 cos 2a)

g W NI =1 (-NE +4%)7" || = sup
pea(A)

wl3

If cos2a >0 (0 <a<m/4), then

1
sup | <
nea(4) | (A + pt + 20202 cos 2a) 2
1 —2m
< sup |——— | < const [N
nea(4) | (A" + pt) 2

It is analogously proved that on these rays
HAQmp_1 (A)|| = const .

The theorem is proved.

Theorem 3. Let conditions 1)-3) be fulfilled and it holds

2m—1
> & [|Bam—jl <1,
J=0
where the numbers @; are determined from formula (4).
Besides, one of the conditions a) or b) of theorem 2 is fulfilled.
Then the system K (:S‘;) is strongly m-fold complete in H.

Proof. Prove the theorem by contradiction. Then there exists vectors

(k =0,m— 1) € Hy,,_—1/2 for which even if one of them differ from zero and

—1 _ *
RN =Y (AQm—k—1/2p—1 ()\)) Nk A2m—h—1/2,)
j=0

is a holomorphic vector-function in the sector :S;; By theorem 2 and Phragmen-

Lindelef theorem in the sector R (A) the S, has the estimation

IR (N < const|A| 712 .
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On the other hand, by theorem 1 problem (2)-(3) has a unique regular solution
u (z) for any v, € Hy,, j_1/9- Denote by 4 ()) its Laplace transformation. Then

u (2) is represented as

— 1 ~ Az ~ Az
u(2) 57 @ () e dA 57 / U (N) edN
Tgh Loz,

m—1 . .
where @ (A\) = p~" (A) g (N) and g () = 3> A™77Q;u19) (0), Q; are some operators,
=0

obviously, for ¢t > 0

m—1 1 _
(k) - At
u'\" (1), = — A),R (X)) edt .
> (@), o (9N, B ()
Since the function v(A) = (g(A), R (})) 4 is an entire function and on 'y it
holds the estimation ||v (A)|| < ¢|A |2m !, then
m—1 .
v(A) = Y a;N .

j=0

Since

/U(A) MdA =0,

Iy
then, for ¢ > 0
m—1
> (U(k) (t) ,@bk) =0.
j=0 Hom—k—1/2

Passing to the limit as ¢ — 0, we get that

il “ HH =
Q/Jk 0
=0 2m—k—1/2 ’

ie. all Y, =0, k=0,m— 1. The theorem is proved.
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