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Mubariz G. HAJIBAYOV

ON THE CAPACITY OF THE SET OF TOTALLY
NON-DIFFERENTIABILITY OF ANISOTROPIC
RIESZ POTENTIALS

Abstract

The problem on total differentiability of Riesz potentials with anisotropic
kernel is considered. Mizuta’s theorem on total differentiability of classic Riesz
potentials is generalized in certain sense (see [4]).

Introduction and preliminaries.
Let A1, Ag,...,\p, be positive numbers and |A| = A\ + Ay + ..\, For z =
(1,22, ...,zy) define the following A distance from zero (see [1]).

[

n 1 n
e = (3 ) W
i=1
Assuming t*z = (tMxq, "1y, ..., t* 2, it is easy to see that for any ¢ > 0
[l
t H =tn :
|| =2+ pal,

Accepting the notion A= min\;, A = max); one can observe that the inequality
i=1,n i=1,n

of the triangle for the A distance (1) will have the form:

I+ gl < 25 (el + ol 2)
By o (zg,7) we’ll denote an open ball of radius r with center z:
o (xo,r) ={r € R" : ||z — x|, <7}
For 0 < a < n, the function

Ra(y) =yl

is called an anisotropic Riesz kernel, and the integral

Rof () = / e — 918" f(y)dy (3)
J

is called an anisotropic Riesz potential.

Let 0 < < m, 1 < p < oo.. The quantity Rq,(A) = ir}f||f||§p(Rn) is called

an anisotropic Riesz capacity of the set A C R", where the infimum being taken

over all non negative functions f € LP(R™) such that [ Ry(z —y)f(y)dy > 1 for all
RTL
x € A. The properties of R, are studied in [3], [6] and [7].
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Let €9 > 0. For a non-decreasing and continuous function A : [0, 9] — [0, +00),
h(0) =0 and A C R" we define the quantity

Hy,.(A) = inf {Zh(n) cACo(z®ry),r < e} :

=1

where 0 < € < g9 and the infimum being taken over all coverings of the set A by
balls o(2(),r;) with radius r; < e. It is obvious that there exists gi_r>r(1)Hh75(A) =
Hp(A) < co. The quantity Hp(A) is called Hausdorff A measure of the set A. If
h(r) = r# where 8 > 0 we'll simply write Hg(A).

Theorem 1. Let f be a non-negative locally integrable function in R™. For
the convergence of the potential Ry f almost everywhere in R™ it is necessary and
sufficient that one of the following equivalent conditions is fulfilled.

1) There exists such zog € R™ that

[ a5 )y < o

R"\o(zo,1)
2) For any © € R"
|z —ylI3™" fy)dy < oo.
R\o (1)
3)
[l sy < o (4)
J

Let p = — > 1 and w be a positive, non-decreasing function on (0, 00), such that
!

[o.@]

1

/w_l’—l(t)t_ldt < 00

1

and there exists a positive constant A > 0 that for any r > 0
w(2r) < Aw(r).

Denote by ®,, a class of all non-negative functions f for which

/ 1P () (f(y))dt < oo.
J

Theorem 2. Let f € &, u and (4) be fulfilled. Then the potential Rof is
continuous on R™.

The proofs of above indicated theorems in isotropic case are in [4], in anisotropic
case in [2].
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A function u : R* — R! is said to be totally m times differentiable at the point
xg, if there exists a polynomial P(z) of degree at most m such that

lim ||z — 2ol [u(z) — P(z)] = 0.
llz—zo|| =0

In [4] it is proved that if a distance is Euclidean, (A = Ao = ... =\, = %) and if
the condition of theorem 2 is fulfilled, then for natural m < « there will be found a
set £ C R" that Ry—pmp(E) =0, and R, f is totally m times differentiable outside
of E. In this case, we shall say that E is the set of total non-differentiability of the
potential R, f .

The goal of the paper is to generalize this statement for anisotropic distance and
anisotropic Riesz potentials.

Total differentiation of R, f .

In sequel, positive real constants will be denoted by C, M, My, M2 and etc.

Lemmal. Let k = (ki,ko,....,kn) be a multi-index and Ry be a domain of
determination for the function

ok ILd
— R, —
oy* (®) 8ylf1 Byé” ..0yn"

a(y)-

Then for any y € Ry,

ok a—n—15 (v1+va+..4vn) Vi Y2 _p vn _p
g Ba) = > My lylly ™ 3T gl 22 T a2
1k
ijlzzl,k;
Un=1kn

(5)

1 . )
where |My, v, ... v, | is independent of y and if X is a natural number for some 1
%

U
then values v; where — — k; < 0 don’t included in the sum.

The lemma is proveld by the mathematical induction method.
Lemma 2. Let k = (ki,ko,...,ky) be a multi-index and Ry be a domain of
k

determination for the function WRO‘(?J)' Assume that
Yy

16
Ai

1

N or X > |k| for any i=1,n.
)

Then 1) For y € Ry

o

aykRa@)\ <My, (6)

2) For y € Ry, |lyll, <1

A
—n=An k|

o

(07
ay,cRa(w\ < Myl
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3) For y € Ry, [lyll, > 1

ak R < M a—n
(97yk a(y)| < ||3/||>\

where M is a positive constant depending only on n,« and k.
Proof. We have from (5)

oF afnfwj 11/]-
WRa(y) <M Z lyll x

vi=1,k1

M=

n ) vi—kiA1 n ) vo—koAa n ) Vn—knAn
y (me) (z mw) (me) _

a—n—‘ﬁjzz:lkj)\j
=M [lyll,,

n _
It is clear that ) kjA\; < A|k|. Then (7) and (8) are easily obtained from (6)
i=1
The lemma is proved.
Let z¢g € R™. Determine

(z —z)' &
Qa,\k\(xa y) = Ra(m - y) - Z T@Ra(l‘o - y)

[2]<]k]
where | = (I1,12,...,0y) is a multiindex, |I| = I} + Iy + ... + 1y, 1! = [0,
(CE - xo)l = (:171 - "Btl))ll ($2 - wg)lz(‘rn - x%)lna Lo = (.’II?,:E%, 7$2)

Let R(z) be a domain determination of @, |4(z,-) for the fixed z.

Lemma 3. Let k = (ky, ko, ..., k) be a multiindex. Assume that

1 1
— €€ Nor — > |k|.
)\ie 0r>\i>||

for any i = 1,n. Then following estimates are true.

AL
1) If y € R(z), |ly — wolly > 23" ||z — zo||, and [I| = |k| + 1, then

3

i S a—n—gixizi
Qi (z,9)| < Cllz— zol|, .

ly — @olly (9)
2) If y € R(x), |ly —zolly, > 1, |I| =|k|+1 and z is sufficiently close to zo,then

An
byl _
|Qa, k)@, 9)| < Cllz —zol M ly — 20|37 (10)

Proof. Expanding the function R, (z — y) in Taylor series in the vicinity of the
point z = zg, we’ll see that (), || equals remainder term.

Lol
T —xg) O
Qay(z,y) = e~z 7 o) 1 fla (20 +6(z —20) —y),
U=lk+1
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Al 1
where 0 < § < 1. It is clear that ‘IL‘Z P < e = xolly I Then

By | 2)\ li
‘(x — ) ‘ < |z — zolf, . Hence
% i Aili afnfﬁ i Aili
|Qa ik (z,9)| < Mllz —zolly = [l + 0(x — z0) — g, o

By (2) we get

A

1AL 1
|z +0(z —z0) —yll, =2 = ly =zl =10z —zo)l[y =22 = [ly — ).

Then

Ms

Xil; a—n— %i)\ili
|y — zolly =

o
[A]

|Qa,k (z,9)| < Cllz — xOH,\
and so (9) is proved.

n _
It is clear that > \l; < A(Jk|+1) and if ||z — z¢|| < 1, then ‘(m—xo)l‘ <
i=1

1

lz — zoll e . Then from (9) we get (10). The lemma is proved.

We cite also the following covering lemma whose proof is similar to the proof of
lemma called Vitali lemma in isotropic case (for example, see [8], or [5, ch.I, lemma
1.6]).

Lemma 4. Let B be any class of closed balls & and sup{radius 5 : 3 € B} < 0.
Then a class {& (x(j), rj)}]‘?‘;l composed of pairwise dispoint balls can be chosen from
class B, that for any & € B there will be found a number j € N that

Qi

. . (Al
No(z",r;) #Pand o C o <$(J),5 . ZMrj> .
Lemma 5. Let 9 > 0 and h: (0,e9) — (0, ) be a non-decreasing continuous

function lirr(l)h(r) =0, h(2r) < Ch(r), hmh(r)r = o00. Assume that f is a non-
r—

negative function in L'(R™) and

E=1{¢€ R": limsuph (r) / f(y)dy >0
rl0

Then Hp(E) = 0.
Proof. For § > 0 consider a set

E(6) = { £ € R" : limsuph™ *(r) / fly)dy > o
rl0

It sufficies to show Hp(E(J)) = 0.
Let € > 0. Then for any £ € E(¢) there will be found such r(§) that 0 < r(¢) < ¢
and

Re©) [ rwdr >
a(§,7(8)
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By lemma 4 there will be found such set of points {¢()}°2 c E(4) that a class
of closed balls {a (), r(¢U ))};";1 consists of mutually dlS_]OlIlt balls and

E(5) C Ga (50'),5 9%y (50'))) .

j=1
Then
Surp<Y [ twd= [ sy [rwds < ()
=1 I=L e G) (e o Rr
(E7re) U (£0) (e
Jj=1
Hence
r < | sup r"h ! ) h(rj) (suprh > /f
=1 J <0<r<s ]2 ] 0<r<e

e—0 )
J=1

[o.@] e . .
Then lim > r? = 0 and so limm (Ua(ﬁm,r(ﬁ(])))) = 0, where m(X) is a
E—)Oj:1

Lebesgue measure of the set X.
We get from (11)

So H,(E(d)) = 0 and the lemma is proved.
Lemma 6. Let f € ®,. Then there will be found such constant M > 0 that for

any a >0

Ro(z—y)f(y)dy < M / fPy)w(f(y))dy (/wpll(t)tldt)
{y:f(y)>a} {y:f(y)>a}

1 1
where — + — = 1.
The proof is carried out similar to the proofs of lemma 1 in [2] and lemma 1 in
[4]-
Lemma 7. Let f € ®,. For B < « define

E =<z € R": limsupr®" / |f(y z)| dy >0
rl0
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Then Hgy(E) = 0.
Proof. Consider a function

f(y), for |lz —ylly <r
9(y) =

0, for ||z =yl >r

then by lemma 6

et [ gy < [ le— g Sy <
()

o(z,r)

< / o — g9 f(y)dy + / o — g2 F(y)dy | <
{y:f(y)<1}No(z,r) {y:f (y)> 1300 (x,r)
%
<rh / |z —ylIS ™" f(y)dy + M / g (y)w(g(y))dy | x
{y:f(y)<1}No(z,r) {y:9(y)>1}
1
[o@] p’
1
x(/wpl(t)tldt) <
1
< | [ e=sliay+ | [ PGy | | <
(z,r) (z,r)
1
P
< My |84 | / 2w (f (9))dy
o(z,r)
Then
1
P

lim supr® / f(y)dy < Mylimsup | / P2 )w(f () dy
rl0 rl0
(z,r)

o(z,r)
Consider a set

1
P

E' =<2z € R":limsup PP / fP(y)w(f(y))dy
rl0
o(x,r)

It is clear that fP(-)w(f(-)) € L'(R"). Then by lemma 5 Hg,(E') = 0. It is easy
to see E C E'. Hence Hg, (E) = 0. The lemma is proved.
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Theorem 3. Let f € ¥, and (4) be fulfilled. Assume that m is a natural
number and

1
1) — €N or — >m for any i = 1,n.
Ai Ai
- A 1
g A _ymtl
a n m
Then there exists a set E C R" that Ra,mp(E) = 0 and Rof is totally m

AL

times differentiable outside of the set E, i.e. Riesz capacity of the totally non-
differentiable set of the potential Rnf equals zero.
Proof. Let [ = (I1,l2,...,1,) be a multiindex and

(z — zg)t O
Qa,m(xay) = Ra(x - y) - Z T@Ra(x() - y)

|l <m

For |I] < m we define

) o'
A, = lim / = Ralao — )/ ()dy.

rl0
r™\o{zo,r)
By lemma 2
P N R R
[ly—=oll>1
i / lzo = yll5 fy)dy| = M[I + IT].

r<|ly—zolly <1

By the condition of theorem 1 [ < oc.
Consider the function

f(y), if f(y) > 1,

9(y) =
0, if f(y) <1.
Then i}
I7 < i - d
< lim / lzo — yll y+
r<||ly—zol|, <1
afnfnim
+Him / lz—ylly ™" g(y)dy < T + 11,

r<[ly—wol[, <1
Ain
Consider I1;. We use a transformation x; = 6;p | where 6; are the coordinates of
the point 6 on a unit sphere S,,_; = {z : [|z|, = 1}. It is known that the Jacobian
of this transformation equals p"~'Q (), where ©(6) depends only on the angle @
(see [1]). Let C1 = [ Q(6)dh. Then IT, < C;.
Sn—l
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Since
@ <w ) [ @) < .
Rn Rn
then g € LP(R™).
Then there exists the set F1 C R™ that A; < oo for g € R"\E; and

R soum p(E1) = 0. Thus, we’ll assume zg € R"/E}.
[A] >

Consider the polynomial

Denote

Then

2 — 2ol 5™ [Ra(z) — P(2)] = |1z — zol ;™ / Qo (2,9) f () dy+

R”\a(xo,l)
Tl — 2ol / Qan(,y) [F(y) — F(x0)] dy—
a(z0,1)\o(xz0,b][z—x0ll})
—-m (IL‘ — xo)l : d'
— ||z — zo]|} Z 17’17"1},101 / @Ra(% = y)f(y) = f(zo)]dy+

lf|<m o (zo,bl|z—xol[\)\o(z0,r)

+f () |1z — ol 7 / Qun (@, ) dy+

0’($0,1)

lle - ool ;™ / Rale = )[f(y) — Fao)ldy = Jo + Jo+ Jy + Jo + .
o(zo,b)||z—z0||

From lemma 3

7m+A—n(m+1) a—n
] < Clla—all, ™ D / ly = 2olS™™ F(w)dy,

R™M\o(zo,1)
and from the condition of the theorem |.J;] —
llz—zollx—0
By lemma 3
ﬁ Z: )\ili—m
1Bl < > Crllz = o, X
[{|=m+1
a—n—ﬁ_glkili

1f(y) = flao)ldy = Y CuJj,

x / ly — oll
|l|=m+1

o(xzo,1)\o(zo,bl|lz—woll})

where C is a positive constant.
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Take any ¢ provided 0 < § < 1. Then

% zj: Nili—m afnfﬁ Zj:l)\ili
B < o=l / ly—wol, T 1f () — f o)) dy+
a(wo,l)\a(aco,é)
By EAim n iy Mk o
7 — zoll, = / ly—aolly T 1F ) — Fao) dy = Ty + .

o(x0,0 )\(r(mo,sz a:oH/\)

Taking into account |/| = m + 1 we obtian:

. nA(lTlel) “m a—n—
By < e — o], / ly — woll,
o(z0,1)\o(20,9)

Hence J£,1 — 0 as ||z — zol|, — 0.
If [ly — zolly = bllz — ol , then
1 b 1
ly = 2ol > & lly —zolly + ¢ Il — zolly > 5 Iy — zolly + Il — zoll).
Then

Z)‘ l 1 a—n—ﬁ Z)\zll
i=1
B < o=y =5 (G U= sl + o =l .

o(x0,0)
Xj: —m y afnf%f:)\ili
X 1f(y) — f(eo)| dy = M |1z — zoll, = /(p+||x—xo||k) 2
0
%éui—m
xd / @) = fao)ldy | =M e —aolh = x
0(1‘07,0)
)
aon— s S
x (o4 llz —zoll)" " S / ) — flao)ldy|| +
0(1’079) 0

)

%zj: a—n— Xl —
+llz = oll, = ( I/\IZM )/ (o + ||z — ol ,)* " WM

0

x / @) — Flao)|dydp $ = My {J 5, + Jb ),

a(z0,p)

l %i§1>\ili_m a—n—73
J521 = llz — mol| (6 + llz — =zolly)

I

7

e [ 1w ey <

O'(LU(),p)
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< ga-nm / ) — Fo)] dy.

a(x0,0)

A
Let t = ﬂ(m—i—l) —m. Tt is clear that ¢ > 0.

B
"ZM . —%i)\lﬂrt
Boy=Myllz—zly = sup (ot e —moly) | N
p€(0,6)
0 . 72“—
x / () — flao)| dy /(p+||x—xo||x>dp Myl — ol = x
o(z0,p) 0
- — —ii Aili+t
% (Il — zolly* — (6 — 2 — zolly) ") sup |(p+ o —zolly) " VT x
p€(0,0)
le— ol \!
x / ) — flao) dy| < My [1— (HE=2ollh )7}
d + ||z — zol|

g($07p)

< sup 2 [ |£() = faa)dy.
p€(0,6)
U(5U07p)
By lemma 7 there exists a set F; € R" that Hy,,(E2) = 0 and for any g € R"\ F»

we have J, — 0 as ||z — z¢|, = 0.

By lemma 2
l [

—-m ‘(.’E —$0) ‘ . 0
<l S [ )
tj<m o(zoblle—wolly)o(wo.r)

i)\ilifm
X |f(y) = flzo)|dy < ZMzIIw—onA = X
1| <m
a—n— ﬁih)\l |
g [ ly—soly T 1) - Flao)ldy = 3 Mk,
o (@0,bllz—w0|y)\o (z0,1) llj<m
0 . blle—aol |
%z_:ll)‘iim Oz—n—%lz 1A
= o=l o TER [ 1)~ st dy +
0'($07p) 0
n blla—ao| 0
n 3 Lxi—m p—n
By - iN\g Z
+ <”+ |>\|Zli)\7, oz) |z — o[, p i ><
=1 0

x / ) — F (o) dydp = 15, + TS .

O'(J}(),p)
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Since |I| < m then

T B ﬁi;liki_m b _ a—n—ﬁé:lli)\i B du—
by = o — o] bl —zally) i ) — f(x0)] dy
U($Oap)
. oz—n—i_iliki
limp V& / () — flao)|dy| =
rl0
U(l‘o,p)
mfiili)\,— o
8" S pla el [l - f@oldy o
o(z0.p) g
Ln.)\.fm
[NE4 —-n
Ty < My |1z — o] swp | p / ) — flao)ldy | x
pE(0,b|[z—z0|| 5 o (0.0)
bHZE*IOH)\ n zn:l)\ 1
y / pTNE N
0
=Myl —z|S™ s | / F(y) — flao)| dy
pE(0,b||z—20]]y)

U($07p)

Then, it is clear that Jég — 0 as ||z — zol|y, = 0. So J3 — 0 as ||z — zol|, — 0.
Prove that a function u(z) = [ Ra(z — y)dy is infinitely differentiable in
o(zo,1)
o(zo,1). Let z € o(zol). Take 0 < { < 1 so that z € o(z9,&). We also take the
function ¢ so that it equals zero in R™\o(zg,1), equals unit in o(z,{) and it is
infinitely differentiable on R". Then

u() = / I — oS () dy + / o =yl (1 + (y))dy.
Rn

0’(1‘0,1)

Hence, it is clear that w is infinitely differentiable at the point z so in o(xg,1).
Then

l !
—m T—x 0
Ji = f(zo) |z — wol \™ |u(z) — Y lz = zollx O”*x u(zo) | = 0, as |j& — zo]|, = 0.

Take a function g(y) = |f(y) — f(z)| and any a > 0. Then

Js = lz — a0l ;™ / Ra(z — 9)g(y)dy + |1z — zoll5™ x

{yy€a(mo,bl|lz—z0lly),9(y)<a}

X / Ro(z —y)g(y)dy = J5.1 + J5.2,

{yy€o(zo,bl|lz—mxolly).9(y)>a}
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_ bllc— _ _
Ts1 < aCh |z — wol 5™ p [0 @ |z — 2ol 7™ b & — mo |3,

dy < Challz — zol|3 ™ — 0 as ||z — ||, — 0.
[ly—oll 5 <bllz—=olly

By lemma 6 we can write

=
8
’E\

Jsz < Gy |z — aoll;™ / P (yw(gy)dy /w—p—l(tﬂ—ldt ,

o (zo,bl|z—2z0l[y 0
1 1
where — + - = 1
p D

Define a set

By = {0 € g | 1P@uw) - P@ue)d > o
a(x,r)

It is seen from lemma 6 that H,,,(E3) = 0.

By the condition of the theorem w is a positive non-decreasing function. There-
fore (t + )P w (t + s) — tPw (t) > sPw (s) for t,s > 0.

Then

==

e — o3 / Puwlgy)dy | =

S =

—fle—aly™ [ @)~ @Pwllw) - @D dy| <

o(wo,bl[x—wolly)

> |z - zo 7™ / Pl () — ()l f ()| dy

o (zo,bllz—woll})

Then for zy € R™\ E3
lim Js < Csa.
llz—oll, —0
Finally let £ = E1 UFEoU Ej3. It is clear that R, f is totally differentiable m times
in zg € R™\E. It is seen from theorem 3.6 proved in [7] that R xum p(E) = 0. The
IRV

theorem is proved.
The author expresses his deep gratitude to acad. A.D.Gadjiev for the statement

of the problem, useful advices, discussions and helpful comments.
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