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MATHEMATICS

Fuad A. ABDULLAYEV
ON ONE STRUCTURAL PROPERTY OF A DOUBLESINGULAR INTEGRAL WITH A HILBERT KERNEL

AbstractIn this paper the scale of invariant Banach spaces is constructed for a doublesingular integral with a Hilbert kernel
~f (x; y) = 14�2

�Z
��

�Z
�� f (s; t) ctg x� s2 ctg y � t2 dsdt

in the language of partial and mixed smoothness of arbitrary fractional order.
Let us consider the following double singular integral (s.i.)

~f (x; y) = 14�2
�Z

��
�Z

�� f (s; t) ctgx� s2 ctg y � t2 dsdt; (1)
where the density f (s; t) is a 2�-periodic function on each of variables, continuouson T 2 = [��; �]2. Note that integral (1) is understood in the following sense:

~f (x; y) des= lim
"1!+0
"2!+0

Z
T 2n�"1 (x)��"2 (y) f (s; t) ctg

x� s2 ctg y � t2 dsdt; (2)
where for � 2 (0; �]

�" (�) = � [� � "; � + "] ; if � + " � �;[� � "; �] [ [��;�2� + � + "] ; if � + " > �;
and for � 2 [��; 0]

�" (�) = � [� � "; � + "] ; if � � " � ��;[��; � + "] [ [2� + � � "; �] ; if � � " < ��
Following L.Cezari [1] we call ~f (x; y)� a function conjugate to f (x; y) withrespect to set of variables x and y.The integrals of form (1) are met at studying the conjugate double trigonometricseries ([2]-[4]), in relations between limit values in the frame of boundary of bicylinderdomain, and in the theory of singular integral equations [13].The studying of s.i. (1) has been �rst began by L.Cezari [1]. He has proved that��� ~f (x1; y1)� ~f (x2; y2)��� = 0�jx2 � x1j� ln �

jx2 � x1j + jy2 � y1j� ln �
jy2 � y1j

� ;
if

jf (x1; y1)� f (x2; y2)j = 0 (jx2 � x1j� + jy2 � y1j�) ; 0 < � < 1;
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i.e. in smoothness logarithmical loss takes place . Moreover, I.E.Jack [2] showedthat this estimation is exact by order, and consequently, the analogy of I.Plemel -I.I.Privalov theorem does not hold for s.i. (1). I.E.Jack [2] showed the possibilityof obtaining the analogy of this theorem in the de�nite sense, by substituting thecondition f 2 Lip� by the other ones.As is known the I.Plemel - I.I.Privalov theorem at � = 1 is invalid and is substi-tuted by the following statement.Theorem (A.Zygmund). If the continuous {�-periodic function u (x) satis�es
the condition

ju (x+ h)� 2u (x) + u (x� h)j = 0 (h) ; h! 0;
uniformly with respect to x, then the function

~u (x) = 12�
�Z

�� u (�) ctg � � x2 d� (3)
satis�es this condition.I.E.Jock showed that this theorem is not transferred to s.i. (1).In the paper [3] the following estimate is established by S.B.Stechkin and N.K.Barifor s.i. (3)

8k; l 2 N !k~u (�) � const
0@ �Z

0
!lu (s)s ds+ �k �Z

�
!lu (s)sk+1 ds

1A ; (4)
on the basis of which the necessary and su�cient condition is obtained on ' for

!ku (�) = O (' (�)) () !k~u (�) = O (' (�)) ; (5)
where ' 2 �k = �' 2 �j0 < t1 < t2 � � () tk1' (t2) � Ctk2' (t1)	 and � is aclass of functions ' (t), determined on [0; �] and having the properties: ' (t) iscontinuous on [0; �] ; ' (t) monotonically increases, ' (t) 6= 0 for any t 2 (0; �] and' (0) = 0 (3).In the paper [11] for arbitrary functional r � 1 the following estimate is obtained

!r~u (�) � const
0@ �Z

0
!ru (s)s ds+ �rk �Z

�
!ru (s)sr+1 ds+ �rjjujjC

1A ; (6)
on the basis of which the su�cient condition on ' for

!ru (�) = O (' (�)) () !r~u (�) = O (' (�)) ;
where ' 2 �r is found.Later on the properties of s.i. (1) were studied in the papers [4-5]. The re-sults of these papers show that for obtaining the analysis of I.Plemel-I.I.Privalov,A.Zigmund, N.K.Bari and S.B.Stechkin theorems for s.i. (1), it is insu�cient towork only in language of partial and mixed modules of smoothness. In languageof partial and mixed module of continuity the analogy of the I.Plemel-I.I.Privalov
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theorems for s.i. (1) has been obtained in the papers [4-5]. And in paper [10] for s.i.(1) was constructed the analogy of N.K.Bari and S.B.Stechkin theoerm.In this paper the results of the paper [11] obtained for s.i. (3) is transferred tos.i. (1).Denote by CT 2 a space of functions continuous on T 2, 2�-periodic on each ofvariables with the norm

kfkC = max(x;y)2T 2 jf (x; y)j :Let us introduce the following notation!r;�f (�; �) = sup
jh1j��; h2��

�r;�h1;h2f (x; x)C ; �; � 2 (0; �] is mixed smoothness module
of r > 0-order by the �rst argument and of � > 0-order by the second argument;!r;0f (�) = sup

jhj��
�r;0h f (x; x)C ; � 2 (0; �] is speci�c smoothness module of the r-

order by the �rst argument;!0;�f (�) = sup
jhj��

�0;�h f (x; x)C ; � 2 (0; �] is speci�c smoothness module of the �-
order by the second argument, where r; � are arbitrary positive numbers and

�r;0h f (x; y) = exp (�ri) 1Pj=0A�r�1j f (x+ jh; y) ; (7)
�0;�h f (x; y) = exp (��i) 1Pj=0A���1j f (x; y + jh) ; (8)

�r;�h1;h2f (x; y) = exp (� (r + �) i) 1Pj=0
1Pm=0A�r�1j A���1m f (x+ jh1; y +mh2) ; (9)

where we assume that �0;0h1;h2f (x; y) = f (x; y).In formulae (7)-(9) the coe�cients A�r�1j and A���1j are determined from therelations (1� x)r = 1Pj=0A�r�1j xj ; (1� x)� = 1Pj=0A���1j xj : (10)
It is obvious that for r > 0; � > 0

1Pj=0A�r�1j = 1Pj=0A���1j = 0 :
The numbers A�n are called �-order Cezari numbers. For them there exists theexplicit representation [7]

A�n = (�+ 1) ::: (�+ n)n! = � n+ �n
� = O (n�) (� 6= �1;�2; :::) (11)

If r > 0 and � > 0 are entire, then di�erences (7)-(9) turn into ordinary di�er-ences of entire order, since at j � r + 1; m � �+ 1 A�r�1j = A�p�1m = 0.From (11) it follows that
1Pj=0
���A�r�1j ��� <1 ; 1Pj=0

1Pm=0
���A�r�1j A���1m ��� <1
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Hence, in particular, it follows that series (7)-(9) converge in CT 2 .Analogously, to [11] we can prove the following theorem for the characteristics!r;�f (�; �) ; !r;0f (�) and !0;�f (r).Theorem 1. (Analogy of Marchoud inequality). Let f 2 CT 2. Then for

any r > 0; r1 � 0; � > 0; 0 < � � �r and r 2 (0; �] the inequaltiy

!r1;�f (�; �) � C�r1
0B@ �=2Z

�
!r+1;�f (t; �)tr1+1 dt+ !0;�f (r)

1CA (12)
is valid.Theorem 2. Let f 2 CT 2. Then for any r > 0; � > 0; �1 � 1; 0 < � � �=� and� 2 (0:�] the inequality

!r;�1f (�; �) � C��1
0B@ �=2Z

�
!r;�+1f (�; t)t�1+1 dt+ !r;0f (�)

1CA (13)
is valid.Theorem 3. Let f 2 CT 2. Then for any r > 0; r1 � 1 and 0 < � < �r the

inequality

!r1;0f (�) � C�r1
0@ �Z

�
!r+1;0f (t)tr1+1 dt+ kfkC

1A (14)
holds .Theorem 4. Let f 2 CT 2. Then for any � > 0; �1 � 1 and 0 < � < �� the

inequality

!0;�1f (�) � C��1
0@ �Z

�
!0;�+1f (t)t�1+1 dt+ kfkC

1A (15)
is valid.Consider the double singular operator

(Sf) (x; y) � ~f (x; y) = 14�2
�Z

��
�Z

�� f (s; t) ctg s� x2 ctg t� y2 dsdt (16)
The following theorem holds.Theorem 5. Let f 2 CT 2 ; r � 1; � � 1 and�Z

0
�Z

0 s�1t�1!r;�f (s; t) dsdt <1; �Z
0 s�1!r;0f (s) ds <1; �Z

0 t�1!0;�f (t) dt <1: (17)
Then the estimation

!r;0
ef (�; �) � C

0@ �Z
0

�Z
0

!r;�f (s; t)st dsdt+ �r �Z
�

�Z
0

!r;�f (s; t)sr+1t dsdt+
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+�� �Z

0
�Z

�
!r;�f (s; t)st�+1 dsdt+ �r�� �Z

�
�Z

r
!r;�f (s; t)sr+1t�+1 dsdt+

+�r �Z
0

!0;�f (t)t dt+ �� �Z
0

!r;0f (s)s ds+ �r�� �Z
�

!r;0f (s)sr+1 ds+
+�r�s �Z

�
!0;�f (t)t�+1 dt+ �r�� kfkC

1A (18)
is valid.Proof. For whole r � 1; � � 1 estimation (18) is known [10]. Let r � 1; � � 1be any non-integer numbers.By theorem 1 we have

!r;�~f (�; r) � C�r
0@ �Z

�
![r]+1;�~f (s; �)sr+1 ds+ !0;�~f (�)

1A : (19)
We apply theorem 4 to !0;�~f (�). Then we obtain

!0;�~f (�) � C��
0@ �Z

�
!0;[�]+1~f (t)t�+1 dt+  ~fC

1A : (20)
In the paper [10] for !0;[�]+1~f (t) the estimate

!0;[�]+1~f (t) � C
0@ �Z

0
tZ

0
![r]+1;[�]+1f (s; �)s� dsd� + t[�]+1 �Z

0
�Z
t

![r]+1;[�]+1f (s; �)s� [�]+2 dsd�+
+t[�]+1 �Z

�
![r]+1;0f (s)s ds+ tZ

0
!0;[�]+1f (�)� d�+

+t[�]+1 �Z
t

!0;[�]+1f (�)� [�]+2 d� + t[�]+1 kfkC (21)
is established.We put estimate (21) in (20) and estimate each of obtained addends

J1 = �� �Z
�

t[�]+1 kfkCt�+1 dt � C�� kfkC : (22)
J2 = �� �Z

�
dtt�+1

�Z
0

tZ
0

![r]+1;[�]+1f (s; �)s� dsd� =
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= �� �Z

0
dss

�Z
0

![r]+1;[�]+1f (s; �)� d� �Z
�

dtt�+1+
+�� �Z

0
dss

�Z
�

![r]+1;[�]+1f (s; �)� d� �Z
�

dtt�+1 �
�

�Z
0

�Z
0

!r;�f (s; �)st dsdt+ �� �Z
0

�Z
�

!r;�f (s; t)st�+1 dsdt �

�

�Z
0

!0;�f (t)t dt+ �� �Z
�

!0;�f (t)t�+1 dt : (23)
J3 = �� �Z

�
dtt�+1 t[�]+1 �Z

0
�Z
t

![r]+1;[�]+1f (s; �)s� [�]+2 dsd� =
= �� �Z

0
dss

�Z
�

![r]+1;[�]+1f (s; �)� [�]+2 d� �Z
� t[�]��dt �

� C�� �Z
0

�Z
�

!r;�f (s; t)st�+1 dsdt � C�� �Z
�

!0;�f (t)t�+1 dt : (24)
J4 = �� �Z

�
dtt�+1 t[�]+1 �Z

0
![r]+1;0f (s)s ds � C�� �Z

�
!0;�f (t)t�+1 dt : (25)

J5 = �� �Z
�

dtt�+1
tZ

0
!0;[�]+1f (�)� d� = �� �Z

0
!0;[�]+1f (�)� d� �Z

�
dtt�+1+

+�� �Z
�

!0;[�]+1f (�)� d� �Z
�

dtt�+1 � C
0@ �Z

0
!0;�f (t)t dt+ �� �Z

�
!0;�f (t)t�+1 dt

1A : (26)
Analogously to J3 we obtain

J6 = �� �Z
�

dtt�+1 t[�]+1 �Z
t

!0;[�]+1f (�)� [�]+2 d� � C�� �Z
�

!0;�f (t)t�+1 dt : (27)
Collecting all the obtained estimates, for !0;�~f (�) we �nd

!0;�~f (�) � C
0@ �Z

0
!0;�f (t)t dt+ �� �Z

�
!0;�f (t)t�+1 dt+ �� kfkC

1A : (28)
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We now estimate ![r]+1;�~f (s; �) in (19).Again by theorem 1 we have

![r]+1;�~f (s; �) � C��
0@ �Z

�
![r]+1;[�]+1~f (s; t)t�+1 dt+  ~fC

1A : (29)
In the paper [10] the estimation

![r]+1;[�]+1~f (s; t) �
� C

0@ sZ
0

tZ
0

![r]+1;[�]+1f (�; �)�� d�d� + s[r]+1 �Z
s

tZ
0

![r]+1;[�]+1f (�; �)�[r]+2� d�d�+
+t[�]+1 sZ

0
�Z
t

![r]+1;[�]+1f (�; �)�� [�]+2 d�d� + s[r]+1t[�]+1 �Z
s

�Z
t

![r]+1;[�]+1f (�; �)�[r]+2� [�]+2 d�d�+
+s[r]+1 tZ

0
!0;[�]+1f (�)� d� + t[�]+1 sZ

0
![r]+1f (�)� d� + s[r]+1t[�]+1 �Z

s
![r]+1;0f (�)�[r]+2 d�+

+s[r]+1t[�]+1 �Z
t

!0;[�]+1f (�)� [�]+2 d� + s[r]+1t[�]+1 kfkC
1A (30)

is obtained.We put estimate (30) in (29) and estimate the obtained integrals
J7 = �� �Z

�
dtt�+1

sZ
0

tZ
0

![r]+1;[�]+1f (�; �)�� d�d� =
= �� sZ

0
d��

�Z
0

![r]+1;[�]+1f (�; �)� d� �Z
�

dtt�+1+
+�� sZ

0
d��

�Z
�

![r]+1;[�]+1f (�; �)� d� �Z
�

dtt�+1 �
� C

0@ sZ
0

�Z
0

![r]+1;[�]+1f (�; �)�� d�d� + �� sZ
0

�Z
�

![r]+1;[�]+1f (�; �)���+1 d�d�
1A : (31)

J8 = �� �Z
�

dtt�+1 s[r]+1 �Z
s

tZ
0

![r]+1;[�]+1f (�; �)�[r]+1� d�d� =
= s[r]+1�� �Z

s
d��[r]+2

�Z
0

![r]+1;[�]+1f (�; �)� d� �Z
�

dtt�+1+
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+s[r]+1�� �Z

s
d��[r]+2

�Z
�

![r]+1;[�]+1f (�; �)� d� �Z
�

dtt�+1 �

� Cs[r]+10@ �Z
s

�Z
0

![r]+1;[�]+1f (�; �)�[r]+2� d�d� + �� �Z
s

�Z
�

![r]+1;[�]+1f (�; �)�[r]+2��+1 d�d�
1A : (32)

Analogously to estimate (32) we obtain
J9 = �� �Z

�
dtt�+1 t[�]+1 sZ

0
�Z
t

![r]+1;[�]+1f (�; �)�� [r]+2 d�d� �

� C�� sZ
0

�Z
�

![r]+1;[�]+1f (�; �)�� [�]+1 d�d� : (33)
The other addends are established analogously. We estimate  ~fC . The follow-ing lemma is valid.Lemma 1. The following estimate is valid under the conditions of theorem 5.

 ~fC � C
0@ �Z

0
�Z

0
!r;�f (s; t)st dsdt+ �Z

0
!r;0f (s)s ds+ �Z

0
!0;�f (t)t dt+ kfkC

1A : (34)
Proof. We represent the integral ~f (x; y) in the form

~f (x; y) = 14�2
�Z

�� g (y; x+ s) ctg s2ds ; (35)
where

g (y; x+ s) = �Z
�� f (x+ s; y + t) ctg t2dt: (36)

Then we have
��� ~f (x; y)��� = 14�2

������
�Z

�� [g (y; x+ s)� g (y; x)] ctg s2ds
������ � 2 14�2

�Z
0

!0;1g (t)t dt ;
Applying theorem 1 to !0;1f (t) we obtain

��� ~f (x; y)��� � C
0@ �Z

0
!0;[r]+1g (s)s ds+ kgkC

1A : (37)
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We estimate !0:[r]+1g (s) and kgkC .

g (y; x) = �Z
�� f (x; y + t) ctg t2dt =

�Z
�� [f (x; y + t)� f (x; y)] ctg t2dt =)

=) �0;[r]+1h g (y; x) = �Z
�� �[r]+1;0h [f (x; y + t)� f (x; y)] ctg t2dt =)

=) ����0;[r]+1h g (x; y)��� � 2 �Z
0

![r]+1;1f (h; t)t dt :
Here passing to the supremum at jhj � s we have

!0;[r]+1g (s) � C �Z
0

![r]+1;1f (s; t)t dt �

� C
0@ �Z

0
![r]+1;[�]+1f (s; t)t dt + ![r]+1;0f (s)

1A : (38)
For kgk analogously to the estimation  ~fC we obtain

kgkC � C
0@ �Z

0
!0;[�]+1f (t)t dt+ kfkC

1A : (39)
From estimations (37)-(39) we have estimation (34). The lemma is proved.Allowing for lemma 1 and putting the obtained estimation in (19) for ![r]+1;�~f (s; �)we complete the proof of estimation (18).The theorem is proved.Denote by �(0; �] a class of the functions ' determined on (0; �] and having theproperties: ' 2 C(0; �]; ' (t) > 0 ' (t) " (t ") and ' (t)! 0 (t! +0). Further,let �r(0; �] = f' 2 �(0; �]j 0 < t1 < t2 � � =) tr1' (t2) � C'tr2' (t1)gbe a class of functions of continuous modulus type of the r-th order.Denote by �r;�(0; �]� (0; �] a class of the functions ! (�; �) determined on (0; �]2and belonging to �r(0; �] by the �rst and ��(0; �] by the second argument. Let' 2 �r;�(0; �]� (0; �]. Denote by

Zr;�' = nf 2 CT 2 j !r;�f (�; �) = O (' (�; �))o
Introduce the norm kfkZr;�' = max(kfkC ; sup�;�2(0;�]!

r;�f (�; �)' (�; �)
) in Zr;�' .

By the traditional scheme we can prove that in this norm Zr;�' is a Banach space.
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The following theorem holdsTheorem 6. Let ' 2 �r;�(0; �]� (0; �]. If

�Z
0

�Z
0

' (s; t)st dsdt+ �r �Z
�

�Z
0

' (s; t)sr+1t dsdt+ �� �Z
0

�Z
�

' (s; t)st�+1 dsdt+

+�r�� �Z
�

�Z
�

' (s; t)sr+1t�+1dsdt = O (' (�; �)) ; (40)
then singular operator (26) acts from Zr;�' to Zr;�' and is bounded.Proof. Let f 2 Zr;�' ; ' 2 �r;�(0; �] � (0; �] and condition (29) be satis�ed.Then !r;�f (�; �) � ' (�; �) kfkZr;�' . From here and from conditions (40) it followsthat all the conditions of theorem 5 are satis�ed as a result of which the estimation

!r;�~f (�; �) � C kfkZr;�'

0@ �Z
0

rZ
0

' (s; t)st dsdt+ �r �Z
�

�Z
0

' (s; t)sr+1t dsdt+

+�� �Z
0

�Z
�

' (s; t)st�+1 dsdt+ �r�� �Z
�

�Z
�

' (s; t)sr+1t�+1dsdt+ �� �Z
0

' (s; �)s ds+
+�r �Z

0
' (�; t)t dt+ �r�� �Z

�
' (s; �)sr+1 ds+ �r�� �Z

�
' (�; t)t�+1 dt

1A (41)
holds.We show that the expression in the parentheses in the right hand side of (41)is O (' (�; �)). The sum of the �rst four addends by condition is O (' (�; �)). We
estimate �� �Z

0
' (s; �)s ds. Consider two cases:

1. 0 < � � �2 . In this case we have
�� �Z

0
�Z

�
' (s; t)st�+1 dsdt � ���

�Z
0

�Z
�

' (s; t)st� dsdt � C�� �Z
0

' (s; �)s ds �Z
� dt �

� C�� �Z
0

' (s; �)s ds =) �� �Z
0

' (s; �)s ds = O (' (�; �)) (42)
2. �2 < � � �. We have

�Z
0

�Z
0

' (s; t)st dsdt � 2�� �Z
0

' (s; �)s�� ds �Z
0 t��1dt � 1�23�

�Z
0

' (s; �)s ds =)
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=) �� �Z
0

' (s; �)s ds = O (' (�; �)) : (43)
Analogously,

�r �Z
0

' (�; t)t dt = O (' (�; �)) : (44)
We now consider the expression �r�� �Z

�
' (s; �)sr+1 ds.

1. 0 < � � �2 . In this case we obtain
�r�� �Z

�
�Z

�
' (s; t)sr+1t�+1dsdt � 2���r����+1

�Z
�

' (s; �)sr+1 ds �Z
� dt =)

=) �r�� �Z
�

' (s; �)sr+1 ds � 2�+1���r�� �Z
�

�Z
�

' (s; t)sr+1t�+1dsdt = O (' (�; �)) : (45)
2. �2 < � � � and in this case we can prove that

�r�� �Z
�

' (s; �)sr+1 ds � C�r �Z
�

�Z
0

' (s; t)sr+1t dsdt = O (' (�; �)) : (46)
Analogously, we have

�r�� �Z
�

' (�; t)t�+1 dt = O (' (�; �)) : (47)
From estimations (42)-(47) it follows that

!r;�~f (�; �) � C kfkZr;�' ' (�; �) (48)
Thus, we proved that ~f 2 Zr;�' .The boundedness of action of the operator S, i.e., the relation ~fZr;�'

� C kfkZr;�'

follows from estimate (48) and lemma 1. The theorem is proved.
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