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Ra�q K. TAGIYEV

OPTIMAL CONTROL BY THE COEFFICIENTS OFA PARABOLIC EQUATION
AbstractIn this paper a problem on the optimal control by the coe�cients of a parabolictype equation is considered. The correctness problems of statement of problemare investigated, the di�erentiability of objective functional is proved, the expres-sion for its gradient is obtained, the necessary optimality condition of control isestablished.

The problems on optimal control problems by the coe�cients of equations ofmathematical physics are of great applied signi�cance [1-3]. By studying the cor-rectness of statement of these problems and by obtaining the necessary optimalityconditions for them, di�culties concerned with their strong nonlinearity arise. Theseproblems are nonlinear even when the equation describing the system status is linear,and the minimized functional is linear.In this paper the optimal control problem by the coe�cients of a parabolicequation is investigated. The similar problems earilear were studied in the papers[1,4-6] and others, provided that the coe�cients of operation are found out in thespaces L1 and W1. In the present paper the coe�cients of a parabolic equationare sought in the spaces Lq and W 1p , where p and q are some �nite numbers.For the optimal control problem considered below, the problems of correctnessand statement are investigated, the di�erentiability of objective functional is proved,the expression for its gradient is obtained and the necessary condition for optimalcontrol is established.1. Statement of problem. Let 
 be a bounded domain of two dimensionalEuclidean space E2 satisfying the condition of the cone [7, p.93], � be a boundaryof the domain 
 which is issumed to be continuous by Lipschitz, T > 0 be a givennumber, 0 � t � T; QT = 
� (0; T ) ; ST = �� [0; T ]; x = (x1; x2) be an arbitrarypoint of the domain 
. The functional spaces C( �QT ); Lq (QT ) ; �W 12 (
); W 1;1p (QT );W 1;12 (QT ); W 2;12 (QT );�V 1;02 (QT ); (p; q � 1) used bellow are determined, for example,in [7].Let the state of controlled process be described by the following parabolic typelinear equation
@u@t �

2X
��1

@@x�
���(x; t) @u@x�

�+ �0 (x; t)u = f (x; t) ;
(x; t) 2 QT ; (1)where f(x; t) is a given function from

L2 (QT ) ; � = �(x; t) = (�0(x; t); �1(x; t); �2(x; t))
is a control, u = u(x; t) is a solution of equation (1).
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Let the following boundary conditions be given for equation (1)

u jt=0 = '0(x); x 2 
; u jST = 0; (2)
where '0(x) is a given function from �W 12 (
).Let the control � = �(x; t) be found in the following set of feasable controls

V = V0 � V1 � V2 � B � Lq(QT )�W 1;1p (QT )�W 1;1p (QT ); (3)
where V0 = n�0 = �0(x; t) : �0 2 Lq(QT ); k�0kLq(QT ) � d0o ; (4)

V� = ��� = ��(x; t) : �� 2W 1;1p (QT ); 0 < �� � �� � ��(x; t) �
� �� a.e. QT , 



@��@t





Lp(QT ) � d�; 



@��@xi




Lp(QT ) � d(�)i ;

i = 1; 2g ; � = 1; 2: (5)
Here d0; ��; ��; d(�)i ; d�(i; � = 1; 2); p � 4; q > 2 are given numbers.Consider the minimization problem of the functional.

J(�) = ku(x; T ; �)� '1(x)k2L2(
) (6)
on the solutions u = u(x; t) = u(x; t; �) of boundary value problem (1), (2) ofcorresponding to all feasible controls � 2 V . Below this problem is called problem(1)-(6).Under the solution of boundary value problem (1), (2) for each � 2 V we shallunderstand the function u = u(x; t) = u(x; t; �) from �V 1;02 (QT ) satisfying the identityZ

QT

 �u@�@t + 2X
��1��

@u@x� @�@x� + �0u�
! dxdt =

= Z
 '(x)�(x:0)dx+
Z
QT

f�dxdt; (7)
for any function � = �(x; t) from �W 12 (
) equal to zero at t = T . At acceptedabove assumptions from the results of the book [7, ch.III. 4] it follows that at each� 2 V boundary value problem (1), (2) has a unique solution from V 1;02 (
T ) andthe estimation kukV 1;0

2 (QT ) �M hkfkL2(QT ) + k'0kL2(
)i (8)
is valid.Here and everywhere belowM denotes positive constants which are independentof feasible controls and estimated quantities.Besides, the solution of problem (1), (2) from �V 1;02 (QT ) belongs also to spaceW 2;12;0 (QT ) = W 2;12 (QT ) \ �W 1;02 (QT ), satisfying equation (1) at a.e. (x; t) 2 QT andthe estimation [7. ch. III, 6]

kukW 2;1
2 (QT ) �M hkfkL2(QT ) + k'0kW 12 (
)i (9)
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holds.

2. Correctness of statement of the problem.Theorem 1. Let the conditions at statement of problem (1)-(6) be satis�ed.

Then in problem (1)-(6) the set of optimal controls V� = ��� 2 V : J(��) = inf�2V J(�)
�

is nonempty, weakly compact in B and any minimizing sequence f�(n)g weakly inB converges to V�.Proof. We show that the functional J(�) is weakly continuous on V . Let� = (�0; �1; �2) 2 V be some control, n�(n) = ��(n)0 ; �(n)1 ; �(n)2 �o � V be an arbi-trary sequence such that �(n) ! � weekly in B: (10)
Let u(n) = u(n)(x; t) = u �x; t; �(n)� be a solution of boundary value problem (1),(2) from W 2;12;0 (QT ) at � = �(n). Then from estimation (9) it follows that


u(n)


W 2;1

2 (QT ) � const;8n = 1; 2; :::.) (11)
Hence, from (10) and from compactness of embeddings W 1;1p (QT ) ! C( �QT );W 2;12 (QT ) ! Lr(QT );8r 2 (0;1) ;W 2;12 (QT ) ! Lr(
) [7, p.78], [8, p.33] it followsthat from the sequence ��(n); u(n)	 we can extract such subsequence which we denoteby ��(n); u(n)	 that �(n)0 ! �0 weekly in Lq(QT ); (12)

�(n)� ! ��(� = 1; 2) weekly in W 1;1p (QT ) and strongly in C( �QT ); (12b)
u(n) ! u weekly inW 2;12 (QT ) and strongly in Lr(QT ); 8r 2 (0;1); (12c)

u(n) jt=T ! u jt=T strongly in L2(
); (12d)
where u = u(x; t) is some function from W 2;12;0 (Q). We show that u = u(x; t) == u(x; t; �), i.e. the function u = u(x; t) is a solution of problem (1), (2) at � 2 V .The functions u(n) = u(n)(x; t); n = 1; 2; ::: satisfy the identity

Z
QT

 �u(n)@�@t + 2X
�=1�(n)� @u(n)@x� @�@x� + �(n)0 n(n)�! dxdt =

= Z
 '(x)�(x; 0)dx+
Z
QT

f�dxdt; n = 1; 2; :::; (13)
8� = �(x; t) 2 �W 1;12 (QT ); �(x; T ) = 0:

Using (12 b), (12 c) and (11) we obtain thatZ
QT

�(n)� @u(n)@x� @�@x�dxdt!
Z
QT

�� @u@x� @�@x�dxdt; (� = 1; 2): (14)
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Besides, it is clear thatZ

QT

�(n)� u(n)�dxdt = ZQT

�(n)0 u�dxdt+ ZQT

�(n)0 (u(n) � u)�dxdt: (15)
Since u 2 L2q=(q�2)(QT ); � 2 L2(QT ) then u� 2 Lq(q�1)(QT ). Hence, from (12 )it follows that Z

QT

�(n)0 u�dxdt! Z
QT

�0u�dxdt: (16)
Further, using the known inequality (1.8) from [7, p.75], the condition k�0kLq(QT ) �d0 and (12b) we have�������

Z
QT

�(n)0 (u(n) � u)�dxdt
������� � d0 


u(n) � u


L2q=(q�2)(QT )�

�k�kL2(QT ) ! 0:Allowing for these relations and (14) in (15) we obtainZ
QT

�(n)0 u(n)�dxdt! Z
QT

�0u�dxdt: (17)
Now passing to the limit in (13) as n ! 1 and allowing for (14), (17) and (12b) we obtain that the function u = u(x; t) satis�es identity (7). Hence and fromu 2 W 2;12;0 (QT ) it follows that the function u = u(x; t) satis�es equation (1) at a.e.(x; t) 2 QT and boundary conditions (2) are satis�ed. Thus u = u(x; t) = u(x; t; �).Finally, using (22) from (1) we obtain that J ��(n)� ! J(�), i.e, the functionalJ(�) is weakly continuous on V . Besides, the set V de�ned by relations (3), (5)is convex, closed and bounded in the re
exive Banach space B. Therefore, thestatement of theorem 1 follows from the Weierstrass theorem [9, p.49]. The theoremis proved.We now consider the minimization problem of the functional

I�(�) = J(�) + � k� � !k2B (18)
on the set V de�ned by relations (3)-(5) under conditions (1), (2) where � � 0 isa given number, ! = (!0; !1; !2) 2 B is a given element, the functional J(�) isdetermined by formula (6). We shall call this problem (1)-(5), (18).Theorem 2. Let the conditions of theorem 1 be satis�ed and � � 0. Then for

any ! 2 B problem (1)-(5), (18) has at least one solution. If � > 0 then there

exists dense subset G of the space B such that for any ! 2 G, problem (1)-(5), (18)

has a unique solution.Proof. The functional I�(�) represents a sum of weakly continuous functionalJ(�) and weakly semi-continuous below functional � k� � !k2B ; (� � 0). Conse-quently, the functional I�(�) is weakly semi-continuous below on V . Then fromWeierstrass theorem [99 p. 49] it follows that at � � 0 problem (1)-(5), (18) has atleast one solution.



Transactions of NAS of Azerbaijan
[Optimal control by the coef.of a parab.equat.]

251
Now let � > 0. As was proved in theorem 1 the functional J(�) is weakly con-tinuous on V . Therefore J(�) is continuous by the norm of the B on V . Besides,the functional J(�) on V is bounded from below, the space B is uniformly convexand the set V is closed bounded in B. Then by the known theorem [10], there existsa dense subset G of the space ! 2 G such that for any � > 0 problem (1)-(5), (8)has a unique solution. Theorem 2 is proved.
3. Di�erentiability of functional and necessary optimality condition.Let us introduce the following adjoint problem on de�ning the function  = (x; t) =  (x; t; �) from the conditions

@ @t + 2X
�=1

@@x�
��� @ @x�

�� �0 = 0; (x; t) 2 QT ; (19)
 jt=T = �2[u; (xT ; �)� '1(x)]; x 2 
;  jST = 0; (20)where u = u(x; t; �) is a solution of problem (1), (2) at � 2 V .Under the solution of problem (19), (20) at each � 2 V we will understand thefunction  =  (x; t) from �V 1;02 (QT ) satisfying the identityZ

QT

  @�@t + 2X
�=1��

@ @x� @�@x� + �0u�
! dxdt =

= �2ZQT

[u; (xT ; �)� '1(x)]�(x; T )dx; (21)
8� = �(x; t) 2 �W 1;12 (QT ); �(x; 0) = 0:If instead of variable t we take a new independent variable � = T � t in relations(19), (20) then we obtain boundary value problem of type (1), (2). Therefore fromthe results of the book [7 ch.IV, 4] It follows that problem (19), (20) at each � 2 Vhas a unique solution from �V 1;02 (QT ). Moreover, if '1(x) 2 �W 12 (
), then the solutionof problem (19), (20) belongs to the space W 2;12;0 (QT ); satis�es equation (19) at a.e.(x; t) 2 QT ; and the estimate [7.ch. III, x6]

k kW 2;1
2 (QT ) �M ku(x; T ; �)� '1(x)kW 12 (
) (22)

holds. Besides allowing for the inequality [11 p.161]
ku(x; T ; �)kW 12 (
) �M kukW 2;1

2 (QT )and estimation (6), from (22) we obtain
k kW 2;1

2 (QT ) �M hkfkL2(QT ) + k'0kW 12 (
) + k'1kW 12 (
)i : (23)
Now we introduce the following boundary value problem on de�ning the functions�i = �i(x; t) = �i(x; t; �) (i = 1; 2) from the conditions

� 2X
�=1

@2�i@x2� � @2�i@t2 + �i = @u@xi @ @xi ; (x; t) 2 QT ; (24)
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@�i@� jST � 2X

�=1
@�i@x� cos (�; x�)�����ST = 0;

@�i@t jt=0 = @�i@t jt=T = 0; x 2 
; (i = 1; 2); (25)
where u = u(x; t; �);  =  (x; t; �) are solutions of problems (1), (2) and (19), (20)at � 2 V; respectively � is a unit exterior normal to �.Under the solution of problem (24), (25) we we'll understand the function �i =�i(x; t) = �i(x; t; �) from W 1;12 (QT ) satisfying the identity.Z

QT

 2X
�=1

@�i@x� @�@x� + @�i@t @�@t + �i�
! dxdt =

= ZQT

@u@xi @ @xi �dxdt; (i = 1; 2) : (26)
Boundary value problem (24), (25) is a Neumann problem for elliptic equation(24).According to lemma 3.3 from [7,p.95] the estimations



 @u@xi





L4(QT ) �M kukW 2;1
2 (QT ) ;



 @ @xi





L4(QT ) �M k kW 2;1
2 (QT ) ; (i = 1; 2) (27)

are valid.Hence, if follows that @u@xi @ @xi 2 L2(QT ); (i = 1; 2). Then from the Lax Milgramlemma [12, p.39]. It follows that problem (24), (25) at each � 2 V has a uniquesolution from W 1;12 (QT ) and
k�ikW 1;1

2 (QT ) �M 



 @u@xi




L4(QT )





 @ @xi




L4(QT ) ; (i = 1; 2) :

Then here allowing for estimations (27), (9) and (23) we have
k�ikW 1;1

2 (QT ) �M hkfkL2(QT ) + k'0kW 12 (
)i�
� hkfkL2(QT ) + k'0kW 12 (
) + k'1kL2(QT )i ; (i = 1; 2): (28)

Theorem 3. Let the conditions of theorem 1 be satisfed and '1(x) 2 �W 12 (
).
Then functional (6) is continuously di�erentiable by Frechet on V and gradient has

the form J 0(�) = (u(x; t; �) (x; t; �) ; �1 (x; t; �) ;
� (x; t; �) : (29)
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Proof. Let �� = (��0; ��1; ��2) 2 B be an increment of control on the element� 2 V such that �+�� 2 V . Then the solution of problem (1), (2) gets the increment

�u(x; t) = u (x; t; � + ��)� u (x; t; �) :
From conditions (1), (2) it follows that the function on �u = �u (x; t) 2W 2;12;0 (QT )is a solution of the problem

@�u@t � 2X
�=1

@@x�
�(�� + ���)@�u@x�

�+ (�0 + ��0) �u =
= 2X

�=1
@@x�
���� @u@x�

�� ��0u; (x; t) 2 QT ; (30)
�u jt=0 = 0; x 2 
; �u jST=0 (31)and for it the estimation [7, ch. II, 6]

k�ukW 2;1
2 (QT ) �M " 2X

�=1
�����




��� @2u@x2�





L2(QT )
+



@���@x� @u@x�





L2(QT )
!+ k��0ukL2(QT ) (32)

is valid.Using the boundedness of the embedding W 1;1p (QT ) ! C � �QT � [7, p. 78], theH�older, inequality (27) and condition p � 4 we obtain



��� @2u@x2�




L2(QT ) +





@���@x� @u@x�




L2(QT ) �

� k���kC( �QT )




 @2u@x2�





L2(QT ) +




@2���@x�





L2(QT )




 @u@x�





L2(QT ) �
�M k���kW 1;1p (QT ) kukW 2;1

2 (QT ) ; (� = 1; 2): (33)
Besides, using the H�older inequality, boundedness of embeddingW 2;12 (QT )! Lr(QT ); 8r 2 (0;1) ; [8, p.33] and the condition q > 2, we have

k��0ukL2(QT ) � k��0kLq(QT ) kukL2q=(q�2) �
�M k��0ukL2(QT ) kukW 2;1

2 (QT ) : (34)
Allowing for (35) and (34) in (32) and using (9) we obtain the estimation

k�ukW 2;1
2 (QT ) �M hkfkL2(QT ) + k'0kW 12 (
)i k��kB : (35)
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We now consider the increment of functional (1)

�J(�) = J (� + ��)� J(�) = 2ZQT

[u(x; T ; �)� '1(x)]�
��u(x; T )dx+ k�u(x; T )k2L2(
) : (36)Using conditions (19), (20) and (30), (31) this expression is easily represented inthe following form

�J(�) = ZQT

 2X
i=1

@u@xi @ @xi ��i + u ��0
! dxdt+R(��);

where
R(��) = ZQT

 2X
i=1

@�u@xi @ @xi ��i + �u ��0
! dxdt+

+ k�u(x; T )k2L2(
) : (37)If we put � = ��i in (26) and allow for obtained equality in (36), then we have
�J(�) = ZQT

" 2X
i=1
 �i��i + @�i@t @��i@t + 2X

�=1
@�i@x� @��i@x�

!+ u ��0
#�

�dxdt+R(��): (38)We now lead the estimation of the remainder term R(��). Using the H�olderinequality, boundedness of embeddings
W 1;1p (QT )! C( �QT );W 2;12 (QT )! L2q=(q�2)(QT )

(q > 2) [7, p. 78], [8, p. 33] and estimations (23), (35), we have�������
Z
QT

 2X
i=1

@�u@xi @ @xi ��i + �u ��0
! dxdt

������� �

� 2X
i=1 k��ikC( �QT )





 �u@xi




L2(QT )





 � @xi




L2(QT )+

+ k��0kLq(QT ) k��kL2q=(q�2)(QT ) k kL2(QT ) �M hkfkL2(QT ) + k'0kW 12 (
)i�
� hkfkL2(QT ) + k'0kW 12 (
) + k'1kW 12 (
)i k��k2B :Hence and from (35) it follows that for the remainder term R(��) determinedby equality (32), the estimation

jR(��)j �M hkfkL2(QT ) + k'0kW 12 (
)i�
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� hkfkL2(QT ) + k'0kW 12 (
) + k'1kW 12 (
)i k��k2B (39)

is valid.Then from equality (38) and estimation (39) it follows that functional (6) isdi�erentiable by Frenchet on V and for its gradient equality (29) is valid.It remains to show that � ! J 0(�) is a continuous mapping from V in B�, whereB� � Lq=(q�1)(QT )�W 1;1p=(p�1)(QT )�W 1;1p=(p�1)(QT ) is a space adjoint to B.Let � =  (x; t; � + ��)� (x; t; �) ; ��i = �i(x; t; �+��)��i(x; t; �) (i = 1; 2) beincrements of solutions of problems (19), (20) and (24), (25), respectively. Reasoninganalogously as was obtained estimation (35) for the function �u and estimation (28)the function �i it is easily shown that for the functions � and ��i (i = 1; 2) theestimations
k� kW 2;1

2 (QT ) �M hkfkL2(QT ) + k'0kW 12 (
) + k'1kW 12 (
)i k��kB ; (40)
k��ikW 1;1

2 (QT ) �M hkfkL2(QT ) + k'0kW 12 (
)i�
� hkfkL2(QT ) + k'0kW 12 (
) + k'1kW 12 (
)i �k��kB + k��k2B� (i = 1; 2) (41)

are valid.Then using equality (28) estimations (8), (23), (35), (40), (41) we obtain theestimations 

J 0 (� + ��)� J 0(�)

B� �M hkfkL2(QT ) + k'0kW 12 (
)i�
� hkfkL2(QT ) + k'0kW 12 (
) + k'1kW 12 (
)i �k��kB + k��k2B� ;from which the continuity of J 0(�) on V follows.Theorem 3 is proved.Now we formulate a necessary optimality condition for solution of problem (1)-(6).Theorem 4. Let the conditions of theorem 3 be satis�ed and

�� = (��0(x; t); ��1(x; t); ��2(x; t)) 2 V
be an optimal control for problem (1)-(6). Then the following inequality is satis�edZ

QT

" 2X
�=1 [���(x; t)�2 (x; t)� ���(x; t)) + @���@t

�@��@t � @���@t
�+

+ 2X
k=1

@���@xk
�@��@xk � @���@xk

�#+ u� (x; t) � (x; t) (�0(x; t)� ��0(x; t))
) dxdt � 0 (42)

for any function � = (�0(x; t); �1(x; t); �2(x; t)) 2 V , where u�(x; t); �(x; t) and���(x; t) (� = 1; 2) are solutions of problems (1), (2); (19), (20); and (24), (25) at� = �� respectively.
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Proof. According to theorem 3 the functional J(�) is continuously di�erentiableby Frechet on V and for its gradient formula (29) is valid. The set V de�ned byrelations (3)-(5) is convex. Then by the known theorem [9, p.28] on the element� 2 V � delivering the minimum to the functional J(�), it is necessary the ful�lmentof the inequality

< J 0(��); � � �� >B � 0;for any � 2 V . Hence and from (29) the validity of inequality (42) follows.The theorem is proved.
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