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BENDING OF RECTANGLE ANISOTROPIC PLATE
WITH LOCAL CURVED STRUCTURES

Abstract

The bending of linear anisotropic plate made of laminary composite ma-
terials with local curved materials under normal load is studied in frames of
continual theory. To solve the problem a small parameter method is used. Zero
approxzimation is the solution of the problem for homogeneous limear orthotropic
plate. Recurrent equations was obtained for corresponding approzimation. The
methods for finding the quantities of each approximation in an analytic form
are stated.

It follows from the observation of the cut of different laminary composite mate-
rials that bending in the structure may be periodic and local [3].

In the papers [4.5] following the continual theory [1], a concrete problem was
considered for the case when the bendings in the structure of laminary composites
are periodic.

In the given paper, in the frames of continual theory [1] the bending of a rectangle
anisotropic plate made of laminary composite materials with local curvatures in the
structure under the action of normal load (whose y opposite sides are supported,
and the order two sides are arbitrary fixed) is investigated.

We take the mean surface equation of the chosen curved layer in the following
form [1]:

F(z1,22) = ef (21, 22) (1)

€ is a dimensionless small parameter 0 < ¢ < 1, whose sense is determined for each
concrete given function of the curvature form [2].

Let’s assume that in the general case the plate is not orthotropic, but at each
point it has a plane of elastic symmetry parallel to the mean surface [6].

Adopt the mean surface of undeformed plate for the plane z;, xo arranging the
origin in the middle of the supported side, and direct the axis x1 along the supported
side, but the axis xo perpendicular to it. Direct the axis x3 to the side of unloaded
external surface. By the made assumptions with respect to elastic properties the
equations for a generalized Hook law with the cited elasticity modules in the form
1]

011 = Ar1e11 + A12e92 + Atge12,

020 = Aj2e11 + Ageeaa + Aogeia, (2)
o012 = Aiee1r + Azpez + Assei2,

we’ll assume valid.
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Here

Aspo + iojs?’fAspk for sp = 11,12,22,66

Agp(z122) = 00 k=1 ) (3)
52k—1Aspk for sp = 16, 26

k=1
where A, is an elasticity modules of homogeneous linear anisotropic body, A, is
determined also by Ag,, and the parameters of the layer curvature [1], ¢ is a small
parameter. Denote by h the thickness of the plate, by uq,us the permutations of
any points in the direction of axis u; and wug, and by w(x1,x2) deflection of mean
surface, by the form of the function w define the form of curved mean surface [7].
It follows from the conjecture of linear normals that

ow ow

= — —_— _— —_ 4
a1 x3 8.%'1 y U2 x3 8.%'2’ ( )
O*w O*w 5 0*w 5)

Ell = —X3 7 €= —T3——5; €12 = — — 2T .

1 3 0x? 3 03 12 3 0x10x2

Represent the equilibrium equation in the form [8]:
My | 0*M, M
211 n 222 9 12 _ (6)
Oxy 0x3 0x10x2

q is a load distributed on the external surface per unit area. Mi1; Mso is a bending
moment, Mis is a torque:

h h h
2
M11 = /011$3d1'3; M22 = /UgQ.%'gdiL‘g; M12 = /Ulgxgdxg,. (7)
_h h _h
2 2 2

It is assumed that the following conditions are fulfilled on the edges of the plate

2
sz;%zOfora:QZO;b,

0%w a
w:();a—x%zoforml::lzg (8)

The problem on the elastic equilibrium of the plate bended by any forces is
reduced to the definit.ion of the function w(z;,z2) in the domain occupied by the
plate.

This function satisfies the fourth order differential equation with variable coeffi-
cients. Therefore a small parameter method is used for solving the problem.

Represent all the quantities in the form of series by parameter &:

o (0.0] (o] o
M;; = ZskMi(f); oij = Zskagf); Eij = Zeksgﬂ); w== Zskw(k). (9)
k=0 k=0 k=0 k=0
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Allowing for (2), (3), (9) in (6) and performing grouping by the same powers of
e, for each approximation, we get:

I. Zero approximation.
a) Equilibrium equation

0 0 0
) e o) »
833% 8%% 83318562 '
b) Hook’s law
ot} = Anoel? + Arzoel),
a5 = Auz0el} + Agzgely, (107)
Jgg) = 2A660€gg)-
¢) Boundary conditions
2,,(0)
w® = 0; 88% =0 for o = 0; b,
9*w® a
() Sy Pl § =4 10**
w 0; 927 0 for z; 5 (10*)
II. The first approximation.
a) Equilibrium equation
1 1 1
) o) o) »

ax% 8m% Or10xs

b) Hook’s law
ot) = Anoell) + Arzoely) + 2416115,

O'glz) = Algoégll) + Aggoéglz) + 2A161€§g), (11*)
0’&12) = 2A6605§12) + A161€g;) + A261€§01).

¢) Boundary conditions

20
w) = 0; 8(9% =0 for x9 = 0; b,
92w a
(1) _ _ _4 @ ok
w 0; —ax% 0 for x; j:2. (117)

III. The second approximation
a) Equilibrium equation

0z? 03 Or10xs
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b) Hook’s law

0521) = A110€§21) + A120€g22) + 2A1615§12) + Auzeﬁ) + Ameé%),
Ug) = A1206§21) + A2206§22) + 2A2615§12) + A212€§(P + A22€gg), (127)
O'g) = 2A6606§22) + A1616212) + A2616212) + A6626§g).

¢) Boundary conditions

2. (2)
52w 2 a
(2 — - = =+4+—. 12%*
w 0; 927 0 for a1 5 ( )

Now, using Cauchy relation and Hook’s law we get corresponding equation for
w in the form:

9*w®) 9*w®) 9*w®)
Bi1o—5—— + (2B120 + 4Bse0)

O | Byl — p®) 13
x| axf&rg—i_ 220 ox} (122), (13)

Dk(xll'Q).

I. Zero approximation. For k=0, D% =g.

I1. The first approximation. For k =1,
0? Pw® 02 Pw®
pW=_9o|— (B — | Basr=——=
[8$% ( 161 81‘181’2 + 8:3% 261 6:1:18952 +
0> Pw® Pw®
—— | Bijgi——=— + B . 13*
+8371(9x2 ( 161 822 + ba61 922 (137)

ITI. The second approximation. For k£ = 2.

92 92w 92w 92w
D@ = _! Z_|2B Biio——— + Biog————
{695% 1618331(%2 + D112 &c% + D122 8x§
0 2w ?w(© Pw(®
—— |2Boyg1——+— + Boj9—— + B
+8x% 261 92102y + Ba12 (%% + Bago 833%
92 92w 92w 92w )
2 Big1——=— + Bog1——— + 2B 13**
+ 8%181‘2 161 83:% + 261 8%% + 662 8x18x2 ’ ( 3 )

h3
where By, are connected with Agpr; Bspr(z12) = Aspr (21, $2)E
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It should be noted that the zero approximation is the solution of the problem for
a homogeneous linear orthotropic plate. Therefore, the influence of the curvature
on the bending in the structure of the plate will be characterized by the quantities
of the first, second and subsequent approximations.

Now state the methods for finding quantities of each approximation.

1.Zero approximation. Deflection equations will be of the form

) 94w *uw?
Biio——— 2B 4B, —_— —_— = 14
110 9 + (2B120 + 4Bseo) 922023 + Bao 9o q, (14)

where ¢(x2) is a given function. Here we’ll consider the case when the load doesn’t
change along the supported sides. For the indicated plate we can get the solution
in the form of prime series which is the generalization of the known Morris Levy
solution for an orthotropic plate case [7].

We'll search solution (14) in the form of the sum
w® = wo(wa) + w” (2122). (15)

wo(z2) is a partial solution (14) and it is of the form:

where

2 s (17)

are the coefficients of the expansion in Fourier series of the functions ¢(z2) repre-
senting the load distribution law.

(0)

wy ’ solution of homogenous equation (14) we search in the form:

w§0) = ZX7(10) (1) sin nﬂf2. (18)
n=1

Then, for the function X,,(x1) we get the equation

nm\ 2 1 nm

4
BH()X,(LO)IV (1’1) -2 (Blg() + 2B660) <T> X}LO) (1’1) + Bayg (T) XT(LO) (.Ccl) =0.
(19)
We look for the solution of homogenous equation in the form:

Xflo)(xl) =exp(A\fx1); \p = %

Then, for determination of the quantity 3 we have the characteristic equation

Bi10f* — 2 (Bi20 + 2Beso) * + Bazo = 0. (20)
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Hence

Bi..4= i\/[(BHO + 2Bg60) £ v/ (Bi20 + 2Bs0)2 — 4B110Ba20| / Bito-

Thus, we get the following expression for total deflection

OO 4
(0) _ anb C(O) nmw /61 1 C( ) nw 6§0)m1
w ngl (322071'7’1,4 + 1n + +

nmIo
b
Substituting (21) into (10**) we get a system of in homogenous linear algebraic

0)  ~(0)

equations with respect to the constants C,’...Cy, . Having defined the unknown

FC4) T e T2 ) sin (21)

constants we find the quantity of the deflection in zero approximation. In sequel
with regard to zero approximation quantity we define the quantities of subsequent

approximations.

The first approximation.

Consider the case when the curvature in the structure of the considered plate is
only in the plane xo () x3. Accept the functions characterizing the curvature form
in the plate structure in the following form [2]:

Flag) = Le~C2) (22)

Here L is a maximal value of the rise, [y is the introduced geometric which is
shown in figure. Assume that L < Lg, as a small parameter ¢ we take L/ls i.e.
e = L/la, then we have from (1) and (22):

_ [2x9-b)2
F(x2) = lse (%)

Now, taking into account that Bigi = A(x2)Big;, B2s1 = A(z2)Bjg; (1) and

(13*) in (13), for the deflection we obtain the following inhomogenous differential

(23)

equation

9t 9w LEme)

B 2(B 2B B =

1051 +2(Bi2o + 660)0262“‘ 201
)

B 2w 524 . PwO - Pw® | 94
201 0102 03 | \ 10 9z ' U152,022 | By T

9*w©) 9*w(©)
2 le1=—==—+ Bhg——=—= | A| . 24
+ ( 161&10%83132 + 2618:U18x§ (24)
Here Bi4,; Bbg; are the unknown constants [1]:

A(zg) = 88—52 from (23) we have:
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Putting (21), (25) into (24) we get the following inhomogenous differential equa-
tion for determining w(®) (z1;z).

&tw® 4w 4w
B 2(B 2B Boog——— =
1051 2 + 2 (B120 + 2Bseo) Ofc%@x% + D22 Om%
o~ (23) 219 — b 219 — b
Ze 22[0 { |: no(ml) + Ynl (1’1) < 2 ):| sin ??,7T$2+ |:Yn2(x1) < i ) +
n—=1 2l b 21y
29 — b 3 nTLy
+Y,. (1) cos . (26)
215 b
Here
12 /nm\2 /
Yo (1) = Tl <T) By X\ (21); Yo, (1) = —2Yy, (21),

n 3 nmw nmw o4
Yo, (z1) =8 (T) B X,," (71)—8 |:Z_QT + ( b ) } By X, (1),
5

1n7r

(0’
l2 b BQGIX ( )

Yns (xl)

We choose the solution of equation (2) as:

)(z122) ZX 20y, ) sin 02 (27)

2x9 — b\ ?
Allowing for (27) in (26) and partitioning each side to exp [_ < x;l > ] we
2

get:

"

Bo, (22) X" (1) + By, (22) X, (1) + Bon(22) XD (21) = Y,V (2122),  (28)

where
. nNmxo
Bgn ($2) = B110 Sin b 5

By (z2) =
2m9 — b\ ? 2T — b
=2 (3120 + 23660) ko, + kin 2 sin nTs + kop, 2 cos nrr ,
" 2[5 b 2[5 b

Boy,(x2) = Bago {

2x9 — b 2 229 — b 4 . NTIo
kan + kan, k
3n + K4 ( 2% ) + 5< ol sin 5 +
9—0>0 229 — b 3 NTLo
kn4 k7 ;
AT +7<2[2>]C08b

209 — b| . nmxe
2[5 b

Y (z129) = {Yno (21) + Y1 (1)
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229 — b 220 — b\ > nwL
+ Ynz(ﬂll);—b+Yn3($1)< ;lz > ]cos ; 2,

hin = (”—;)4 - 12% (%”)2 F12/18; Ky = —24% [(%”)2 _ %] ,

1 nm\ 3 1
ksn = 16/15; ken =8— | (— ) — = | km = 32/13.
5 /27 6 l2|:<b> l%:| 7 /2

In sequel, applying the Bubnov-Galerkin method having excluding the variable

T9, with respect to the variable 1 we get the following ordinary differential equation:

Dy XV (1) + Dio XV (1) + DisX V(1) = VD (). (29)
Here

b b
Dy = /BOn(l’Q)SiH m;m dxg; Dig = /Bln($2) sin "2
0 0

b dea
b b
D13 = /Bgn(xg) sin mrbe dxo; Yél)(xl)/Ym(xlxg) sin m;:cg dry =
0 0

nx (0) _ nx 5(0) nx 5(0) _nx 5(0)
= bipe’d Arim + bape” b Arim + b3ne’d By o + bape” 0 Pz 1‘1’

where b1y bon; b3n; ban are the known constants.

The homogeneous part of equation (24) is solved as equation (19). Assuming
X (1) = exp (621 )
for determining the quantity B we have the characteristic equation

D118V 4+ D1pBW° 4 Dy = 0.

(30)
Then, fundamental solution of homogeneous equation will be
(1) 1) (1) o))
X7(7/17)en ([L‘l) f C’{}/L)eﬁ1 T _|_ 05111)6_61 ) + C3n662 T1 + C4n€_'32 3;1. (31)

Particular solution (29) is determined by simple algebraic methods, since the
right hand side has a special form [9].

Using the operator writing

Py(D)XV(21) = Y,V (a1) or

(D11 D* + D12D? + Dy3) XV (1) = YD (ay).
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D is a differentiation operator.

dxtV(z1)

DXV =
n d.ilfl

and knowing that
P 0) P (T Py (TR (<) o

Since % ﬂg?% %+ ﬂglg ie. % ﬂg?% is not a root of characteristic equation (30).
Moreover, particular solution (29) is

bi,e b P11 by e B P T pa oI o m A M
X&) (1) = =~ 0) - ONE = ONE = O (32)
P4()‘51 ) P4(_/\51 ) P4(>‘ﬁl ) P4(_)‘52 )
Then, a general solution of in homogeneous equation (26) will be
1) N (x) x (1) -(3%51) o, M
w\ (x1,29) = Z < ng (1) + Xp (x1)> e o /sin ——=. (33)

n=1

Satisfying the boundary conditions (11**) with regard to (33) we get a system
of four inhomogeneous linear algebraic equations for determining the unknown con-
stants C&)...CSJ contained in the expression w(l)(:clacg). So, we completely define
the quantity of the first approximation. Continuing the stated procedure with re-
gard to (12*) in (12) we can define the quantities of the second approximation and
etc.

Thus, in the frames of continual theory the methods for studying the bending of
inhomogeneous anisotropic plate with local curved layers are developed.

The methods for finding the quantities of each approximation are stated in an
analytical form.

<« g >« a2 >

/ 1 b2 b2
i q NY/E) «
///, ¢ ¢ i = |o _/ :Ll =
//;;Q ¢¢¢¢ % ¢ ¢ 9 = I I X
= '/l /
= 4 /
le x3v x3 i

Fig.1.



224 Transactions of NAS of Azerbaijan
[T.Yu.Zeynalova]

References

[1]. Akbarov S.D., Guz A.N. On a continual theory in mechanics of composite
materials with fine curvatures in structure. Prikl. mechanika, 1991, v.27, No2,
pp-3-13. (Russian)

[2]. Akbarov S.D. On a stress-state in a laminar composite material with local
curvatures in structure. Prikl. mechanika, 1988, v.24, No5, pp.3-9. (Russian)

[3]. Tarnopolskii Yu. M; Rose A.V. Peculiarities of analysis of parts made of
reinforced plastic materials. Riga, “Zinatnie”, pp.1969-274. (Russian)

[4]. Zeynalova T.Yu. Defining the stress-strain state of the step with periodically
curved layers. Proceedings of IMM NASA, 2002, v.XXIV, pp.174-179.

[5]. Zeynalova T.Yu. Bending of linear anisotropic plate with curved structures.
Proc.of IMM of NAN of Azerb. v.XVIII (XXVI), 2003.

[6]. Lekhnitskii S.G. Elasticity theory of anisotropic body. M.: ”"Nauka’, 1977,
463 p.(Russian)

[7]. Lekhnitskii S.G. Anisotropic plates. M.: 1957, 635 p.(Russian)

[8]. Timoshenko S.P. Plates and Shells. M.: ”Nauka”, 1966, 635 p.(Russian)

[9]. G.Ahmedov, K.Hasanov, M.Yagubov. Course of ordinary differential equa-
tions. Baku, “Maarif”, 1978, p.444. (Russian)

Tamilla Yu. Zeynalova

Institute of Mathematics and Mechanics of NAS of Azerbaijan.
9, F.Agayev str., AZ1141, Baku, Azerbaijan.

Tel.: (99412) 439 47 20 (off.)

Received July 01, 2003; Revised February 20, 2004.
Translated by Mamedova Sh.N.



