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Valid F. SALMANOV

ON BIORTHOGONALITY OF TWO SYSTEMS OF
FUNCTIONS

Abstract

In the paper the explicit form of biorthogonal system for the system of expo-
nents {ei[(”+a1)t+5(t”;e‘i[(k+(’2)t+5(t)]}oo 0.5 05 obtained, where
n=0,k=

=1
- Ba, —-0<t<m, o, B, €R, 1=1,2
are real parameters.

Consider the following system of exponents:

{ei[(nml)tw(t)]; o—il(han) (1) }°° (1)
n=0,k=1
where
— /817 - <t< 07
/B(t)_{ﬂQ, _0<t<7T, O[Z,/BZGR, 221,2

is a real parameters which satisfy the following conditions

0<— (Oél + 042) + —ﬁl;ﬁQ <1,

(2)
0< 2t <,

Note that earlier at §(t) = 0 and a3 = ag the basicity of system (1) in
L,(—m,7), p € (1,400) was considered in [1-3]. Moreover in [2,3] the explicit
form of biorthogonal system for system (1) was found in the considered cases. Fur-
ther the system of exponents (1) was considered in [4] in more general form, and the
existence of biorthogonal systems to this system in L, (—m,m), p € (1,400) was
proved at definite conditions on parameters «;, 3;, ¢ = 1,2.

System (1) is a model case for eigen-values problem and the function of the first
order discontinuous differential operator

v (2) =Xy (z), z€(—m0)U(0,m) .

It is very important to know the explicit form of biorthogonal system. By
considering many questions concerned with biorthogonal series by system (1) (for
example uniform equiconvergence of biorthogonal series with trigonometric series
of summable functions on a compact). In the present paper the explicit form of
biorthogonal system to the system of exponents (1) is determined.

So, let

h 0) = L ( 0 4 1)—? (ez‘e _ 1):2 e~ i(a10+53(0)+81—F2)

% ( nmcn mZCms—zSG n>0

My

0
hic 0) = 3¢ (¢ + 1) (60— 1) 1 023,15 8)

k
Z( kmck mZCZ}szSG’ E>1
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where M1=—(a1+a2)+(ﬂ —B2) /7 py = (B2 = F1) /7.

Here (z + 1)"} and 2"} are branches of the many-valued functions (z + 1)** and
zH1 respectively, analytical on complex plane cut along the negative part of the real
axis (—7 < argz <), and (z+ 1)} and 2/ are such branches of the functions
(z — 1)"2 and 2#2, respectively, analytical on complex surface, cut along the positive
part of an real axis (0 < argz < 27).

cn = pp—1)..(p—n+1)

n!
The following theorem is true.
Theorem. Let u;, i = 1,2 satisfy conditions (2). Then the system of exponent

(1) the system {h} (0),h; (9)}2103 satisfy the following conditions

-are binomial coefficients.

m ™

/h;’l‘ (t) eilmtan)t+5(0)] p — s / ht (t) e~ i(s+a2)t+81)] 11 —
T x (4)
/h}; () eil(mta)t+B(1)] gy — 0, / hy (t) e~ il(s+a)t+B8(1)] 1p — Oks

where dpm— 1s Kroneker symbol, m,n >0, k,s > 1.
At proving the fundamental role plays the following
Lemma 1. The following identity is true:

i/ ThdT _ {z"(z—i—l)_ibl(z 1)+1 Jzl<1,
3 J EAICEERAC >,

where n = 0,00, L— is a circle of unit radius with the center in the origin which is
passes round from e~ to €™ in positive direction.

Proof of the lemma. Let /5, be a part of circle with the center -1 and the
radius d; which is situated inside a unit circle, and [s, is a part of a circle with the
center +1 and radius o which is contained inside circle. L™ and L~ are the parts
of a circle L on upper and lower half-planes respectively (fig.1).
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Fig. 1.

Li s, ={rel®: [r+1>0, |r—1/> 6}
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It is clear from the definition of a singular integral that

I / T n 1 / TdT
= 111m D— —_—
oo 27; T+ (-3 (r—2) 2mi)(r+ D) (7= DA (T - 2)

L
81,82 61,62

Denote Lj, 5, = ls, ULy 5 Uls, ULL 5 .

; ; o
(T+ D)% (r - 13
tour Ly, 5 . Consequently, by Cauchy theorem we have:

Then the function ¢ (1) = will be analytical inside the con-

1 ngr (24 1) (=112, zelnt L3, s,
/ (7 + 1)M11 (r— 1)?1 (1—2)

21

L*
51,62

0, z€C\Int Ly 5,

It is evident that V|z| <1, 3§(2) >0, V§; € (0,0(2)), j=1,2 2z € IntL; ;,

or
n —K —p
lim / — dr - _ { 8" (z+1)1_11 (z=1)1°, |2l <1,
g;:gig% 5 (T+DI (- 13 (T —2) szl > 1.
1:92
TdT
It remains to prove that lim =0, j=1,2
P 5,—0+0 ) (7 + 1) (1 — 12 (r — 2) J

ls;
The proof is carried out for the case j = 1, and the case j = 2 is proved analogously.
It is evident that if 7 € ls5, then |7 + 1| = 01, |7| < 1. From the inequality of
triangle it follows that

F+1 <l —zl+lr+1=|r =2 +d, or
’T_Z’2‘2+1‘—(51 .
It is clear that Vz # —1 and V¢, € (0; Iz;rll)

|z + 1]

—z| >
-2z 21

1
It is also evident for little §; when 7 € l5,, |7 —1] > 7 Allowing for these

inequalities we estimate the integral

/ dr </ |7|™|dT] <
T+ D2 (=13 (r—2)| = ) [T+ 1m|r =12t — 2]

1
A -
</ 4| /|d7|_ S e = —— 1M 0,
gL IZ+1I |z+1| |z +1] 1 |z + 1]

lsy

at (51 — 0+0.
So, lemma 1 is proved.
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Lemma 2. The following identity is true

1 —d 0, <1,
I”_ - 2—/ T+1\H1 7—771 7/;2 = { _Z—|Tf|(i1)_”1 (2;1)_H2 |Z| >1
7” T (T)fl (T)Jrl (T - Z) z /-1 z /41 :

where n = 1,00, L is a circle of a unit radius with the center of origin which is
passed round from e~ to e in positive direction.

Proof. Let [s, be a part of a circle with the center at the point —1 and of radius
01 which is situated out of the circle. And [s, is a part of the circle with the center
at the point +1 and the radius do, which lies out of the unit circle. LT and L™ are
the parts of a unit circle L on upper and lower half-planes respectively (fig.2)

Li,éz:{TELii [T+ 1> 61, |7 —1] > b2} .

+
i Lsgs,
I,

151 \\(
-1 +1 g
L5152
-1

Fig. 2.

It is clear from the definition of singular integral that

1 "d
I;:lim—_/ mTTuz +

T+ 1 T—1
I (1 —2)
81,09 T 1 T +1
1 T"dT
o B Iz
2mi (7’—}—1)1(7—1)2

T T

(1—=2)

-1 +1

Denote
_ - +
L, 5, =1y ULy, 5, Uls, ULG 5

1\ M — 1\ H2
Then the function ¢ (1) = 77" <T+ > <T > is analytical in the
T/ T /1
outside of the contour Lj ;. .
Consequently, by Caushy theorem, we have:

[ £ [ o) s, seOT
— 2 p(0), z € Int ngl,ag .
L*

81,09



Transactions of NAS of Azerbaijan 159
[On biorthogonality of two systems of functions]

—H1 —H2

1
7™ — 0, as

T e e e

T — 00, or p(c0)=0.
It is evident that V [z| > 1, 3 d(2) >0, Vd; € (0;0(2)), j = 1,2]linebreak

z € C\Int Ly 5 or

: e(m)dr [ —p(z), |z]>1,
5115%0 T—2 { 0, [o] <1
53040 1 4

It remains to prove that

lim —
6j*>0+0 T —Z
ls,
The proof is carried out for j = 1.
It is evident that if 7 € [5, then |7 + 1| = ;. From the inequality of triangle it
follows that
lz+ 1| <|r—z|+|r+1=|T—2]+d or

T —z| > |2+ 1] =61 .

1
Form the last it follows that Vz # —1 and Vd; € ( |2 + ‘>

2
|z 4+ 1
el > B2
For little 6; when 7 € I5,, then |7 — 1| > 1, 1 < |7| < 2. Let’s estimate the
integral
—-n

[e0 fr[~"ar] 3

T—2 |~ T4+ =1 -
5 ls, - - |7 — 2|

< / |7—|H1|7—|H2|d7—| < / 2#12H2|d7—| <
B L o e L e e PRV it B

ls; “1 (2) 2

166 i _ 165, e 16w,
o = 1 0, at 6 —0+0.

allowing for the obtained inequalities

The case j = 2 is proved analogously.

So, lemma 2 is proved.

The proof of the theorem is based on the solution of the following Riemann
problem of theory of analytical functions: Find the pair of the functions F'* () and
F~ (z) analytical inside and outside of a unit circle by its values on the boundary

{F+(7'):G(7')F_(7')—|—g(7'),TGL\{:I:I}, (5)
F~(00)=0

where

(6)

G (7_) _ e—i(oq arg T+ag arg 7+206(arg 7))
g (T) — ¢—iln argr-{—,@(argT))f (arg 7_)
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Here L is a unit circle which is passed round in positive direction, f(¢) is a
piece-wise Holder function which has a break at the point t = 0, ie., f(t) €
KCp, py [—m, 7], where 0 < p; < 1, ¢ = 1,2 are Holder exponents, and arg z is a
branch of the multivalued function arg z on the plane cut along the negative part of
a real axis.

We’ll solve this problem by the method, developed in monograph of F.D.Gakhov
[5, p.436]. We have:

1 G (_1 — O) 1 g_i(a17T+a27r+2,82)
2w G(=140) 2w e il-oam—oamt2f,)

= i Ine” (2a1ﬂ+2a2ﬂ)i672i52+2i51 = i In 6727Ti(041+012)62i(ﬁ1*52) =
211 271
! ) ) ; B1— By
=5 (=2mi (o1 + az) + 2i (By — By) — 2mize1) = — (1 + ) + PP,

1. G(1—-0) 1 2 1 Y
= In—— = In— = _Ine2Ba—b1) =
P = omi MG +0)  2mi e om0 C
.. . By — B
=5 (2 (By — B) — 2miees) = % — a9 .
We look for the solution which is bounded on a closed unit circle. From the
condition of the theorem on «; and j3, it follows that for this case &; =g = 0.
Further we calculate I' (2):

1 /IH[T f 7'+1 2G (1)

I'(z) =— dr =
(2) 271 T—Z T
L
a1+012 b1-b2 BQ Tﬂl = e —i(a arg T+ag arg T+28(arg 7))
1 +1 p
T 2mi / T—2z =
L
B1-B2 P18
L [TT;FOQ R 27_§a1+a2)e252’}
= - dr+
211 T — 2
L+
n [7_0411+a2_ﬁ1 ﬁ27_ﬁ11 B2 2i(8,— ﬁg)T_(1a1+a2)€2ﬁli:|
1 — — _
_ d pu—
+2m’ T—Z T
I-
_ L [lnemRt _2522'/ dr [ 2By, |]<1,
271 T—Zz 271 T—z 0, |z| > 1.
L L

From X (z) = " it follows that:
Xf () =e 2, Xp(2)=1.

2021 / (r+ 1) (7 - 1)+1 e~ HorargT+f@re ) ¢ (arg 1) dr

2mi T—z

L
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or
2851 (a1645( )f( )
4 = -
(2) 2 / (et + 1)“1 (e — 1)+1 (1 — ze—10)

Then the solution of the Riemann problem will be the following function:

17 —i(a10+8(0)) £ (9) dO
2 / 0 : 23 i6 {iz( ) —if (Z + 1)lill (z - 1)i21
2 ) (e +1)74 (e —1)47% (1 — ze™ %)
—7r7r 7
B o205 e~i(c10+8(9) £ (9) df 24+ 1\" [z—1\" @
F~(z) = 2 / (e + 1) (e — 1)1 (1 — ze= ) ( z ) < z )
1 -1 +1

Ff(z) =

It is absolutely clear that at |z| < 1

1 o0
B —i0k _k
T2
k=0
[o¢] . >
4D =30, () = )Y (1)l
k=0 k=0
and at |z| > 1
10k fk
1— ze—i0 Z ‘
z+1\" 1
( . >_1:(1+;> Z Nl
Iz B .
Z ) 2/ 11 k=0
Then

_ _ ) —p
S R o Gt ) NP

i (Z):Z/ o

Xi( nmcn mzczzs—zsﬁ e)dezn

m=0
o T 0 4 1) (i _ )2
F~(z) = Z/ (e )2;(6 )+1efz(a19+ﬁ(9)+2ﬁ174ﬁ2)x
n:liﬂ_
x Y (=nrTmenmy o™ F(0) do 27"
s=1

m=1
Further grouping the corresponding coefficients for a7 (6) and hy (6) (n >0,k > 1)

we’ll obtain the following expressions:

Wt (0) = % (¢ +1)" (£ — 1)/121 o i(c104B(0)+5,—,) Z (—1yr o Zcm 5 pmish
m=0
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k m
1 ; L . " . _ .
h,; (9) _ o (eze + 1)1711 (619 _ 1);21 e~ H(e10+5(0)+20,—40>) Z (‘Uk qujz_m ZCZ;_Sezsg .
m=1 s=1

FW@:E:/mﬂﬁfWM%ﬂ 2] <1
e (8)

fw(@__—E:/V@(mfxmdw:h 2] > 1
k=1_"

Now let’s prove the validity of relations (4). Put in (6) f (9) = el(m+a)f+80)] >
0. In this case solution of the Riemann problem will be:

™

1 ei(m+1)9d0
F+ _ — - . . 1 H1 _ 1 Mo
) 2m / (e + 1) (e —1)72 (e — 2) (z+ 17 (= - 13

-7

oo 4
F () = 2P / el(m+1)0 g9 24+ 1\" [z -1\
?) = 27 (e + 1) (e — 1)'2 (e — 2) z )4\ 2z )

—T

After the substitution 7 = €% these integrals have the following form:

F+ (Z) — L/ T"dr (Z + 1)#1 (Z . 1)#2
2 ) (17 + 1)’111 (r— 1)/j_21 (1 —2) -1 +1
L
2P TMdT 2+ 1\ [z —1\"
P =G [ e () ()
2m J (r+D (r =13 (T —2) z ) 2 )4
Based on lemma we obtain that
n B 2™, ‘Z’ <1, _ B eQﬂQisz:iuzlllb’
F(”‘{O,M>L Fr@=1 "0, 251

Comparing the obtained expressions F* (z) with (8) we have:

/W@MWWWWWM—%W /@MWWWMWWM—O

—T —T

where n,m >0, k>1.
Let’s prove now the second pair of relations (4).
If we put in (6) f (§) = e /l(sTe2)0+80)] 5 > 1 then
1 /7r o ila16+az0+26(0)] ,~ish gg
(

Ft = — . . .
(2) 27 e? + 1) (e — 1)1 (1 — ze—0)

(z+1D5 (2 -1)3

—T

z z

. 2Bt 6—1‘[0410-1—0420—}—2,8(0)}e—isﬁde 24+ 1\H1 [z —1\H
(2) = or / (€9 + 1) (e — 1)/ (1 — ze~ 1) ( ) ( )

—T

-1 +1
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is the solution of the Riemann problem (5). A
At first let’s calculate F~ (z). For this we’ll make the substitution 7 = €% in the
integral. Then

. ( ) egﬁgi / T:?lT:?2€_2i’6(argT)T_sdT 241 B/ 1\ M2
z) = =
2mi J (T+ 1) (7 — 1)i21 (r—2) z —1 £ /Jh

B eQﬁ?i/ T:§a1+a2)e—2i,@(arg7—)7_—sd7_ (Z+1>u1 (Z— 1>u2 B
27i S m (T+1>u1 s <T—1>uz z )4\ 2z )4

1 +1 (T - Z)

T 1 T 41
z+ 1 251 z—1 H2
-G (52 ()
z 1 z +1
where
P / 7_\(rteR) =2i0(g ) s gy
1= - )
27 T+ 1\M T —1\*"2
L- TH11< - ) Tﬁ( - > (r—2)
-1 +1
eQﬁQi/ T:gaﬁaﬂ6_2iﬁ(arg7)7_5d7
Jo =
211

; My K2 ’
" T—|—1> 1 (7’—1)
L+t T ( 741 (r—2)
T ) 7 T )

here L~ and L™ are parts of a circle L in the lower and upper half-planes, respec-
tively. Note that — (a1 + a2) = g + po.

If 7€ L™ then 8 (argT) = 8;, 73 = e2(Ba=Pr)irh2

Therefore

; ’ ’ —N —
62521/ T’jlﬂ% Zibir=sdr

271 1 251 ) -1 Ha2 =
T e (T e (T2) " -

T 1

J1 =

B i/ T %dT

 2mi T+ 1\ (T -1\ ’

L- (tr—2)
T 1 T

If 7 € Lt then 3 (arg7) = (3, Tfﬁ = 7.

Therefore

+1

; ’ v —2 —
2Bt T’_11+’26 2ibrr=sdr
Jo =
M1

21 T+ 1\"2 T—1\"
b (T2 () e
—1 +1

:%/ (T+1>“1 Q:dq)*‘? (r—z)

L+
T T

-1 +1

Hence we obtain that

F()—i/ T78%dT 24+ 1\ [z -1\
T o (T-l—l)“l (7’—1)“2 z )4 z +1'

T 1 T +1
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Based on lemma 2 we obtain that

N - P |
F (Z)—{o, 2l < L.

From the relation F* (z) = e=2/212"" /2 F~ (2) it follows that

_ 2851 M1 M2 —s
oy e 2y 23270 2] > 1
F*(z) { 0, |z <L

Comparing the obtained expressions F* (z) with (8) we have:

/ Wt () e-ills+a2)+80)] gg —

/hk (9) e ls+a2)04+80] g — 5, n >0, ks>1.

—T

The theorem is proved.
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