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MAXIMUM PRINCIPLE FOR ONE PROBLEM OF

STOCHASTIC OPTIMAL CONTROL WITH
VARIABLE DELAY

Abstract

The stochastic problem of optimal control with variable delay is considered.
At first the necessary condition is obtained for stochastic systems without phase
limitation. Further using Ekland variational principle the mazimum principle

is proved for stochastic control systems with delay of phase limitations.

Let (€2, F, P) be a complete probability space with defined on it non-decreasing
flow of o-algebras {Ft,t € [to,tl]} embedded in F' = G (ws,tp <s<t). w;is a
one-dimensional Wiener process defined on a probability space (€2, F, P) and on
[to,t1]. L% (to,t1, R™) is a space of measurable by (¢,w) and associated processes

t1
z : [to, t1] X Q — R™ such that E [ |z4|?dt < 0o. LEC (tg,t1, R") is a space of random

to
functions z; € L% (t, t1, R") with almost sure (a.s.) continuous trajectories.
Cousider the following stochastic delay system.

dri =g (-Ttaxt—h(t)autat) dt +o (iEt,fEt—h(t)at) dwy;t € (to, 1]

il?t:q)(t), tE[to—h(to);to], h(t)>0

u, € Up = {u € L% (to,t1; R™) |uy € U C R™, a.s.}
Here

© () € L (fo, 1, B") . () € L ([to — h (to) s o] s B") , diﬁf) <!

Let it be required to minimize the functional

t1
J(w)y=E<p(zy)+ /l(act,ut,t) dt

to

on the set of admissible controls Uy under the condition
Eq(zy,) € G C RF .

Assume that the following conditions are fulfilled:
I. The function (I, g, o) is continuous on totality of arguments

[:R"x R™ x [to,tﬂ—)R

g:RnXRnXRmX [to,tﬂ—)Rn
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oc:R"x R" x [to,tl] — R™™

II. The functions [, g, are continuously differentiable by (z,y) and satisfy the
condition of linear growth.

ITI. The function p (z) : R™ — R is continuously differentiable and satisfies the
condition:

p () [+ [pz () | < N (1 4 [)

IV. The function ¢ (z) : R® — R* is continuously differentiable and satisfies the
condition:

g () |+ lgz (2) | < N (1 + |2])

At first the stochastic problem of optimal control (1)-(4) is considered. The
following result is obtained:

Theorem 1. Let the conditions I-III be fulfilled and (29,u?) be a solution
of problem (1)-(4). If the random processes 1+, € L%C (to,t1; R") and B, €
L2.C (to, t1; R ™), are the solutions of the adjoint equation:

ds (t)
dt

(
dwt = - |:Hl’ (’(/)t,CEg,yg,U?,t) + Hy (d)zaxgay,(z)augaz) |z:s(t) dt+

—i—ﬂtdwt, to <t<t;— h (tl)

dip; = —Hy (¢, 2,y uf 1) dt + Bydwy, 1 —h(t) <t <ty

L ¥, = —pa (1))

then
rz?ea(}(H (¢ta$gayg’uat) =H (¢t7wgaygauoat) a.s. (7)
Here 7(t) =t —h(t); y = z,_p@; T = s(7) is a solution of the equation
7 =7 (t) and

H ('l/)ta Tt, yt’uat) = 1/):9 (*/I:tayta u’t) + /8:0- (xtaytat) —1 (xtaut,t) .

Then using the obtained result the following theorem is proved for the problem
of optimal control with phase limitations (5).

Theorem 2. Let conditions I-1V be fulfilled and (mg, ug) be a solution of problem
(1)-(5). If exist the constants (Mo, A\1) € RFT! and the random processes 1, €
L3.C (to, t1, R"), B, € L%C (to, t1, R™™) such that

a) Ao >0, i is normal to the set G at the point Eq (z), M nP=1

b)

ds (t)
dt

(
mmz—hd%wh&ﬁﬂ+ﬂﬂ%w%&@wﬂzm) i+

+ﬁtdwt, to <t<t;— h (tl)

d¢t =—H, (¢t7$gaygvug,t) dt + /Btdwta t1—h (tl) St<ty

L Q,btl = —A\oPz (ﬂfgl) — AM¢qz (-7;1(5)1)
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then

IJ?[}(H ("/}tvxtaytau t) (¢tvmgay?7u07t) a.sS. (9)

Here

H (wtvxtvyt7u7t) = QM:Q (LUt,yt,u,t) + ﬂ:a (:L‘hytu t) - >‘Ol (xt7ut7t) .

The proof of theorem 1. Let @i; = u) + Au; be some admissible control and
z¢ = 2¥ + Az be its corresponding trajectory. For calculations of the increase of
functional (4) we’ll use the equalities:

( dAz; = d (it — x?) = [g (it,it,h(t),ﬂt,t) —g (x?,:vg_h(t) ut, )} dt+
+ [a (ft,ft,h(t),t) —0 (x?,x?ﬁh(t),t)} dw; =

) = {Azg (x?,w?ﬁh(t),u?,o + 9z (a:?,x?ﬁh( " ,ud, ) A+ (10)
+gy (m?,x?ﬁh(t) ug,t) Azy_pytdt + {os (mt,avg ht ),t) Az+
+oy (acg,acg_h(t) ) Azy_pp Ydws +dnf, t e (0,t1] ,

| Az =0, te[~h(t);to]

where

1

n = / [gx (27 + 11 A, By_p(yy, ity t) — go (x?,ngh(t),ﬁ,t)] Azydpi+
0

1
+/ xt ) .'Et h ) =+ /J;QA[L't,h(t), at, t) — gy (.T?, wgﬁh(t),ﬁ, t):| A.’L‘gih(t)d/ig dt+
0
1
+ / |:O-I (fl:? + ,UlA.'Et, .'it_h(t),t) — O <.’E?, x?—h(t)’t)] d/.tl‘i_
0

1
+/ [Uy (:vg, ngh(t) + /LQAJ;t,h(t),t> — 0oy (a:?,x?fh(t),tﬂ dps p dwy (11)
0

and
d (i Azy) = dipt Ay, + PEdAzs + {ﬁfgom (a;g, x?ﬁh(t),t) Azt

'I‘,B;O'y (,’L‘?, x?—h(t)’ t) Al't_h(t)’l'

1

-h@f/ |:0'm (:U? +M1A:vt,iﬁt,h(t),t) — 0y (ajg,xgih(t)’t) Axt} dp+
0

1

i / (o (2020 ey + Aznyt) = oy (2030 0t) | Avendi pdt , (12)
0
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which is obtained by means of the Ito formula.
The increase of functional (4) along the admissible control has the form:

t1
Agd (u) = J(u)—J (uo) =F p(xtl)—p(mo)—f—/[l(act,ut,t)—l(xg,u?,t)]dt =

t1
= F pm(xtl)Axt1+/|:A l(mt,ut, )+l (a:t,ut, )Awt} dt —i—dn% (13)
to

where

1
E/ pa (at, + mAay,) = py (1,)] Az, dpy +
0
t1
+E / (15 (2 + Ay, g, t) + U (27, g, t)] Azedpy p dt

to

Subject to (11) and (12) expression (13) takes the following form:
:—E/d'l/)tA.’Bt E/d'l,bt .’L't,$g h() 'U/g,t>+

+9z (xtaxg h(t)? g, )Aﬂ?tJng (370 zp_ h(t) Ugﬂf) Ty p (1) DTt h()} di+

+ |:0'$ (acg, .’E?_h(t),t> Az + oy (m?, acg_h(t), t) A$t—h(t)} dwi—

_E/,B;‘ [am <x?,x?_h(t),t> Azy + oy <:v?,:vg_h(t),t) Amt,h(t)} dt+

+E/ [Aal (x?,ug,t) + 1, (:v?,u?,t) Aa:t] dt +ny, 4, (14)
to
where
Mgty = M+
t (1
+E/ /7/): (92 (x? + Mletaj:tfh(t)’ug’t) — 0z (:v?, Ty n(t)s Ugat)) Azydpy+
o \0

1
+/¢;‘ (gy (x?,a‘:t,h( o+ Mo Az, h(t)s ut,t) — gy (x?,a_ct,h( ) ut, )) Az, h(t )dug dt+
0

+E/ /ﬁ: (00 () + [y Az, Ty_py,t) — 0g (xgaft—h(t)at)) Azydp,+
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1
+/ﬁ oy (20, Beoney + AT _p(1), 1) — 0y (20, Ty, 1)) Azy_peydps p dt (15)
0

By means of simple transformations expression (14) takes the form:

AgJ (u°) = E/ [WKAQQ (J:gamg—h(t)’ug’ ) Aql (xf, ut, )] di=

—E/ [di/)f + 1} g (x?,x?ﬁh(t),u?,ﬂ + Bfog (22, uf,t) — 1, (:vg,ug,t)] Az (t) dt—

to

1
—E/ [1/)2‘9;; <x(t)7w?—h(t)7u?7t) + 5:‘711 (xl[f)augat)} Axtfh(t)dt + Moty -

to

Subject to (6) the increase functional formula takes the form:

AJ () = —E/ [@Aw (mg,xg_h(t),ut, ) Agl (29,0, )] dt+ny, . (16)

Consider the following needle-shaped variation:

i 0 . 0, té[0,9+8), e>0; HE[to,tl)
Ay = Aug 6_{u—u§, tel0,0+¢), vel?(Q F° P;R™) (17)
Let xﬁg be a trajectory corresponding the control u?}s = u) + Aufﬁ. Then

expression (16) takes the form

O0+¢
AgJ (UO) =-K / [¢:Ayg (m?,m?,h(t),ug, ) A l(wtauta )} dt + ny 0+e

We’ll use the following lemma:
Lemma. Let conditions I-III be fulfilled. Then

2
<N, if e—0

According to lemma and (15) we obtain the estimation

N gte = 0 (€)

and

AgJ (u) = —E [z/)myg (xg,ngh(g), ul, 9) — AL (2, ), 9)} eto(e)>0 (18)
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Whence from the sufficient smallness of € and from (15) we have
E [waVg (xg,ngh(a),ug,@ — Ayl (:vg,ug,O)] <0.
From the arbitrariness 6 € [to,t;] we obtain the fulfilment (7).

Theorem 1 is proved.
Proof of theorem 2. Introduce the following functional for any natural j:

t1
JJ (U) = S] Ep (mtl) + E/l (xtautat) dta Eq (xtl) =

to
t 2
. 1
= min c—.—Ep(wtl)—E/l(wt,Ut,t)dt +lly — Eq(z,)|
0

where ¢ = {(c,y) : ¢ < J?, y € G}
Here J° is a minimum value of functional in problem (1)-(5). V is a space of
control with the metric:

d(u,v) = Emes{to <t <t1; vi#u}

Use the following results:

Theorem (Ekland variational principle). K is a complete metric space
[+ K - RU{+o0} is a lower semi-continuous function, e, A\ > 0, and zq is some
point for which the condition

f(@o) < inf f (z) + €A

1s fulfilled.
Then there exists the point T € K for which
1) 1 (@) < f (o) ,
2) d(l‘o,.’i) <A )
)Vre K, f(z)<[f(z)+ed(z,T)
are fulfilled.
Lemma. Assume that the conditions I-IV are fulfilled and

d(ugn),ut> -0, n—= o0

Then

2
lim { sup E :1:1(5”) —wt‘ } =0
n—oo to<t<t;

Since the functional Jj : V — R"™ is continuous, according to the Ekland varia-
tional principle we have: Eluz ) (ui,u?) <& and Vu € V is fulfilled:

7 (0) < 0y )+ VEd () =
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This inequality means that (xg, ul ) is a solution of the following problem:

J; (W) = J; (u) + \/QE]I(S (ut,ug> dt — min (19)
to

dr; =g (xt, Ty_p(t), Ut t) dt + o (xt, xt,h(t),t) dw; (20)

zy=®(t), t€[—h(ty),to], h(t)>0 (21)

uy € Uy (22)

0, u=v
1, utv’
) is a solution of problem (19)-(22) then according to theorem 1

where 0 (u,v) = {

Since (a;g,u]
there exists random processes 1/){ € L2C (to,t1; R"), B{ € L2C (to, t1; R™*") and
the constants (Ag, A{) € R**1 such that

dl/)t = - |:H:E (wgaxzaygaug’t> + Hy <¢§,$i,mi,uiaz) |z:s(t) dfj(tt)] di+
+Bdwy, to <t <ty —h(t)

. = , 23
dip = —H, (wi,wi,yi,ui,t) dt+ Bldwy , th—h(h) <t <t .
{1 = —Aépm (mil) — /\{qm (m{l)
t1
ey () 8 [ (i) |
'Y i —Yit Fa <ng>
(M. M) = i , i (24)
and o S
mEaXH (dfgaxgayiauat> =H( ‘gixg’yg7u]7t) . (25)
ucy
Here

H (vl oyl udt) = ol g (ol vl ol t) + 600 (2l t) =zl (d . t)

Hence by virtue of assumptions I-III passing to the limit in equalities (23)-(25),
we get the proof of theorem 2.
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