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MAXIMUM PRINCIPLE FOR ONE PROBLEM OF
STOCHASTIC OPTIMAL CONTROL WITH

VARIABLE DELAY
Abstract

The stochastic problem of optimal control with variable delay is considered.At �rst the necessary condition is obtained for stochastic systems without phaselimitation. Further using Ekland variational principle the maximum principleis proved for stochastic control systems with delay of phase limitations.
Let (
; F; P ) be a complete probability space with de�ned on it non-decreasing
ow of �-algebras �F t; t 2 [t0; t1]	 embedded in F = �� (ws; t0 � s � t) : wt is aone-dimensional Wiener process de�ned on a probability space (
; F; P ) and on[t0; t1]. L2F (t0; t1; Rn) is a space of measurable by (t; !) and associated processes

x : [t0; t1]�
! Rn such that E t1R
t0
jxtj2dt <1. L2FC (t0; t1; Rn) is a space of random

functions xt 2 L2F (t0; t1; Rn) with almost sure (a.s.) continuous trajectories.Consider the following stochastic delay system.
dx1 = g �xt; xt�h(t); ut; t� dt+ � �xt; xt�h(t); t� dwt; t 2 (t0; t1] (1)

xt = �(t) ; t 2 [t0 � h (t0) ; t0] ; h (t) > 0 (2)
ut 2 U@ �

�u 2 L2F (t0; t1;Rm) jut 2 U � Rm; a:s:	 (3)
Here

x (�) 2 L2F (t0; t1; Rn) ; � (�) 2 L2F ([t0 � h (t0) ; t0] ;Rn) ; dh (t)dt < 1
Let it be required to minimize the functional

J (u) = E
8<
:p (xt1) +

t1Z
t0
l (xt; ut; t) dt

9=
; (4)

on the set of admissible controls U@ under the condition
Eq (xt1) 2 G � Rk : (5)

Assume that the following conditions are ful�lled:I. The function (l; g; �) is continuous on totality of arguments
l : Rn �Rm � [t0; t1]! R

g : Rn �Rn �Rm � [t0; t1]! Rn
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� : Rn �Rn � [t0; t1]! Rn�n

II. The functions l; g; � are continuously di�erentiable by (x; y) and satisfy thecondition of linear growth.III. The function p (x) : Rn ! R is continuously di�erentiable and satis�es thecondition:
jp (x) j+ jpx (x) j � N (1 + jxj)

IV. The function q (x) : Rn ! Rk is continuously di�erentiable and satis�es thecondition:
jq (x) j+ jqx (x) j � N (1 + jxj)

At �rst the stochastic problem of optimal control (1)-(4) is considered. Thefollowing result is obtained:Theorem 1. Let the conditions I-III be ful�lled and
�x0t ; u0t � be a solution

of problem (1)-(4). If the random processes  t 2 L2FC (t0; t1;Rn) and �t 2L2FC (t0; t1;Rn�n) ; are the solutions of the adjoint equation:

8>>>>>>>><
>>>>>>>>:

d t = �
�Hx

� t; x0t ; y0t ; u0t ; t�+Hy
� z; x0z; y0z ; u0z; z� jz=s(t)ds (t)dt

� dt+
+�tdwt; t0 � t < t1 � h (t1)
d t = �Hx

� t; x0t ; y0t ; u0t ; t� dt+ �tdwt; t1 � h (t1) � t < t1
 t1 = �px �x0t1�

(6)

then maxu2UH � t; x0t ; y0t ; u; t� = H � t; x0t ; y0t ; u0; t� a:s: (7)
Here � (t) = t � h (t) ; yt = xt�h(t); � = s (�) is a solution of the equation� = � (t) and

H ( t; xt; yt; u; t) =  �t g (xt; yt; u; t) + ��t� (xt; yt; t)� l (xt; ut; t) :
Then using the obtained result the following theorem is proved for the problemof optimal control with phase limitations (5).Theorem 2. Let conditions I-IV be ful�lled and

�x0t ; u0t � be a solution of problem

(1)-(5). If exist the constants (�0; �1) 2 Rk+1 and the random processes  t 2L2FC (t0; t1; Rn), �t 2 L2FC (t0; t1; Rn�n) such that

a) �0 � 0; �1 is normal to the set G at the point Eq �x0t1� ; �20 + j�1j2 = 1
b)

8>>>>>>>><
>>>>>>>>:

d t = �
�Hx

� t; x0t ; y0t ; u0t ; t�+Hy
� z; x0z; y0z ; u0z; z� jz=s(t)ds (t)dt

� dt+
+�tdwt; t0 � t < t1 � h (t1)
d t = �Hx

� t; x0t ; y0t ; u0t ; t� dt+ �tdwt; t1 � h (t1) � t < t1
 t1 = ��0px �x0t1�� �1qx �x0t1�

(8)
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then maxu2UH � t; x0t ; y0t ; u; t� = H � t; x0t ; y0t ; u0; t� a:s: (9)

Here

H ( t; xt; yt; u; t) =  �t g (xt; yt; u; t) + ��t� (xt; yt; t)� �0l (xt; ut; t) :
The proof of theorem 1. Let �ut = u0t +�ut be some admissible control and�xt = x0t + �xt be its corresponding trajectory. For calculations of the increase offunctional (4) we'll use the equalities:8>>>>>>>>>>><
>>>>>>>>>>>:

d�xt = d ��xt � x0t � = hg ��xt; �xt�h(t); �ut; t�� g �x0t ; x0t�h(t); u0t ; t�i dt++ h� ��xt; �xt�h(t); t�� � �x0t ; x0t�h(t); t�i dwt =
= f��ug �x0t ; x0t�h(t); u0t ; t�+ gx �x0t ; x0t�h(t); u0t ; t��xt++gy �x0t ; x0t�h(t); u0t ; t��xt�h(t)gdt+ f�x �x0t ; x0t�h(t); t��xt++�y �x0t ; x0t�h(t); t��xt�h(t)gdwt + d�1t ; t 2 (0; t1] ;�xt = 0 ; t 2 [�h (t0) ; t0]

(10)

where
�1t =

8<
:

1Z
0

hgx �x0t + �1�xt; �xt�h(t); �ut; t�� gx �x0t ; x0t�h(t); �u; t�i�xtd�1+

+ 1Z
0

hgy �x0t ; x0t�h(t) + �2�xt�h(t); �ut; t�� gy �x0t ; x0t�h(t); �u; t�i�x0t�h(t)d�2
9=
; dt+

+
8<
:

1Z
0

h�x �x0t + �1�xt; �xt�h(t); t�� �x �x0t ; x0t�h(t); t�i d�1+

+ 1Z
0

h�y �x0t ; x0t�h(t) + �2�xt�h(t); t�� �y �x0t ; x0t�h(t); t�i d�2
9=
; dwt (11)

and d ( �t�xt) = d �t�xt
+  �td�xt + n��t�x �x0t ; x0t�h(t); t��xt+

+��t�y �x0t ; x0t�h(t); t��xt�h(t)+
+��t

1Z
0

h�x �x0t + �1�xt; �xt�h(t); t�� �x �x0t ; x0t�h(t); t��xti d�1+

+��t
1Z

0

h�y �x0t ; x0t�h(t) +�xt�h(t); t�� �y �x0t ; x0t�h(t); t�i�xt�h(t)d�2
9=
; dt ; (12)
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which is obtained by means of the Ito formula.The increase of functional (4) along the admissible control has the form:
��uJ (u) = J (�u)�J �u0� = E

8<
:p (�xt1)� p (x0) +

t1Z
t0

�l (�xt; �ut; t)� l �x0t ; u0t ; t�� dt
9=
; =

= E
8<
:px (�xt1)�xt1 +

t1Z
t0

��ul �x0t ; u0t ; t�+ lx �x0t ; u0t ; t��xt� dt
9=
;+ d�21 (13)

where
�21 = E

1Z
0

�p�x �x0t1 + �1�xt1�� p�x �x0t1���xt1d�1+

+E
8<
:

t1Z
t0

�l�x �x0t1 + �1�xt; �ut; t�+ l�x �x0t ; u0t ; t���xtd�1
9=
; dt :

Subject to (11) and (12) expression (13) takes the following form:
�J �u0� = �E

t1Z
t0
d �t�xt � E

t1Z
t0
d �t n[��ug �x0t ; x0t�h(t); u0t ; t�+

+gx �x0t ; x0t�h(t); u0t ; t��xt + gy �x0; x0t�h(t); u0t ; t�x0t�h(t)�xt�h(t)i dt+
+ h�x �x0t ; x0t�h(t); t��xt + �y �x0t ; x0t�h(t); t��xt�h(t)i dwt�

�E
t1Z

t0
��t h�x �x0t ; x0t�h(t); t��xt + �y �x0t ; x0t�h(t); t��xt�h(t)i dt+

+E t1Z
t0

���ul �x0t ; u0t ; t�+ lx �x0t ; u0t ; t��xt� dt+ �t0;t1 (14)
where �t0;t1 = �2t+

+E t1Z
t0

8<
:

1Z
0

 �t �gx �x0t + �1�xt; �xt�h(t); u0t ; t�� gx �x0t ; �xt�h(t); u0t ; t���xtd�1+

+ 1Z
0

 �t �gy �x0t ; �xt�h(t) + �2�xt�h(t); u0t ; t�� gy �x0t ; �xt�h(t); u0t ; t���xt�h(t)d�2
9=
; dt+

+E t1Z
t0

8<
:

1Z
0

��t ��x �x0t + �1�xt; �xt�h(t); t�� �x �x0t ; �xt�h(t); t���xtd�1+
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+ 1Z
0

��0 ��y �x0t ; �xt�h(t) + �1�xt�h(t); t�� �y �x0t ; �xt�h(t); t���xt�h(t)d�2
9=
; dt (15)

By means of simple transformations expression (14) takes the form:
��uJ �u0� = E

t1Z
t0

h �t��ug �x0t ; x0t�h(t); u0t ; t����ul �x0t ; u0t ; t�i dt�

�E
t1Z

t0

hd �t +  �t gx �x0t ; x0t�h(t); u0t ; t�+ ��t�x �x0t ; u0t ; t�� l0x �x0t ; u0t ; t�i�x (t) dt�

�E
t1Z

t0

h �t gy �x0t ; x0t�h(t); u0t ; t�+ ��t�y �x0t ; u0t ; t�i�xt�h(t)dt+ �t0;t1 :
Subject to (6) the increase functional formula takes the form:
�J �u0� = �E

t1Z
t0

h �t��ug �x0t ; x0t�h(t); u0t ; t����ul �x0t ; u0t ; t�i dt+ �t0;t1 : (16)
Consider the following needle-shaped variation:
�ut = �u�t ; " = � 0; t�2[�; � + "); " > 0 ; � 2 [t0; t1)� � u0t ; t 2 [�; � + ") ; � 2 L2 �
; F �; P ;Rm� (17)
Let x�t;" be a trajectory corresponding the control u�t;" = u0t + �u�t;". Thenexpression (16) takes the form
��J �u0� = �E

�+"Z
�

h �t��g �x0t ; x0t�h(t); u0t ; t���� l �x0t ; u0t ; t�i dt+ ��;�+"
We'll use the following lemma:Lemma. Let conditions I-III be ful�lled. Then

E
�����x

�t;" � x0t"
�����
2

� N ; if "! 0
According to lemma and (15) we obtain the estimation

��;�+" = o (")
and

��J �u0� = �E h �t��g �x0�; x0��h(�); u0�; ����� l �x0�; u0�; ��i "+ o (") � 0 (18)
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Whence from the su�cient smallness of " and from (15) we have

E h �t��g �x0�; x0��h(�); u0�; ����� l �x0�; u0�; ��i � 0 :
From the arbitrariness � 2 [t0; t1] we obtain the ful�lment (7).Theorem 1 is proved.Proof of theorem 2. Introduce the following functional for any natural j:

Jj (u) = Sj
0
@Ep (xt1) + E

t1Z
t0
l (xt; ut; t) dt; Eq (xt1)

1
A =

= min
(c;y)2"

vuuut
������c�

1j � Ep (xt1)� E
t1Z

t0
l (xt; ut; t) dt

������
2

+ ky � Eq (xt1)k2
where " = �(c; y) : c � J0; y 2 G	Here J0 is a minimum value of functional in problem (1)-(5). V is a space ofcontrol with the metric:

d (u; �) = Emes ft0 � t � t1; �t 6= utg
Use the following results:Theorem (Ekland variational principle). K is a complete metric spacef : K ! R [ f+1g is a lower semi-continuous function, "; � > 0, and x0 is some

point for which the condition

f (x0) � inf f (x) + "�
is ful�lled.

Then there exists the point �x 2 K for which

1) f (�x) � f (x0) ;
2) d (x0; �x) � � ;
3) 8x 2 K ; f (�x) � f (x) + "d (x; �x)
are ful�lled.Lemma. Assume that the conditions I-IV are ful�lled and

d�u(n)t ; ut�! 0 ; n!1

Then limn!1
� supt0�t�t1

E ���x(n)t � xt���2
� = 0

Since the functional Jj : V ! Rn is continuous, according to the Ekland varia-

tional principle we have: 9ujt : d�ujt ; u0t� � p"j and 8u 2 V is ful�lled:
Jj �uj� � Jj (u) +p"jd �uj ; u� ; "j = 1j :
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This inequality means that �xjt ; ujt� is a solution of the following problem:

Jj �uj� = Jj (u) +p"jE
t1Z

t0
� �ut; ujt� dt! min (19)

dxt = g �xt; xt�h(t); ut; t� dt+ � �xt; xt�h(t); t� dwt (20)
xt = �(t) ; t 2 [�h (t0) ; t0] ; h (t) > 0 (21)

ut 2 U@ (22)
where � (u; �) = � 0; u = �1; u 6= � .

Since �xjt ; ujt� is a solution of problem (19)-(22) then according to theorem 1
there exists random processes  jt 2 L2FC (t0; t1;Rn) ; �jt 2 L2FC (t0; t1;Rn�n) andthe constants ��j0; �j1� 2 Rk+1 such that
8>>>>><
>>>>>:

d t = �
hHx

� jt ; xjt ; yjt ; ujt ; t�+Hy
� jz; xjz; xjz; ujz; z� jz=s(t) ds(t)dt

i dt++�jtdwt; t0 � t � t1 � h (t1)d jt = �Hx
� jt ; xjt ; yjt ; ujt ; t� dt+Bjt dwt ; t1 � h (t1) � t < t1

 jt1 = ��j0px �xjt1�� �j1qx �xjt1�
(23)

��j0; �j1� =

0
BBBBBBB@

�cj + 1j + Ep�xjt1�+ E
t1Z

t0
l �xjt ; ujt ; t� dt

J0j ; �yj + Eq �xjt1�J0j

1
CCCCCCCA

(24)

and maxu2� H
� jt ; xjt ; yjt ; u; t� = H � jt ; xjt ; yjt ; uj ; t� : (25)

Here
H � jt ; xjt ; yjt ; ujt ; t� =  j�t g �xjt ; yjt ; ujt ; t�+ �j�t � �xjt ; yjt ; t�� �0l �xjt ; ujt ; t�
Hence by virtue of assumptions I-III passing to the limit in equalities (23)-(25),we get the proof of theorem 2.
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