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ON SOME QUALITATIVE PROPERTIES OF
SOLUTIONS OF DEGENERATED QUASILINEAR
EQUATIONS

Abstract

In the paper questions on the existence and uniqueness of generalized solution
of the Dirichlet problem for the equation of the form

> o o (e D) = 1 (0 0

3,j=1

in weighted Sobolev’s classes and some qualitative properties of the obtained
solution are investigated.

In the given paper questions of unique existence of generalized solution of the
Dirichlet problem for equation of the form

> o (o (o D) = £ (0 )

1,j=1

in weighted Sobolev’s classes and some qualitative properties of the obtained solution
(in unboundd domains and close to irregular points of the boundary) are studied.

Note that similar questions associated with the qualitative properties of solutions
of equation (1) earlier were considered in papers [1, 2] and questions of existence of
generalized solution- in [3, 4, 5].

We study questions of unique existence of generalized solution of the homoge-
neous Dirichlet problem for equation (1) in unbounded and nonsmooth domains.

Let 1 < p < o0 and ¢, w' P be locally integrable functions reciving a.e. finite
positive values in R"™, n > 1, where p’:% at 1 <p < o0.

In the cited below theorems 1, 2 we will suppose that ¢ € Ay there exist C > 0
and § > 0 such that for any ball Q C R" and compact e C Q

1799(( )) <|’Q‘|>

holds, where |e| denotes the Lebesgue measure of the set e, and ¥ (e) = / vdx;

e
(¥, w) € Ap, is a pair of functions (9, w):
11 9 1 1—p’ ﬁ
sup Q"9 (Q)7 (w " (Q))" < oo
QCR®
Suppose, that D is an arbitrary open domain in R™. Denote by Lg (D) measur-
able in D functions u () bounded by the norm

3=

gy = | [ln@ro@ds ] for 1<p<.
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Belonging of domain D € K. means: there exists € (0, 1) such that for any point
x € D there exists ball Q% ) with the center at the point x of the radius R (x)
satisfying the inequality

[

D’ > € ‘Qf’é(m)

Let C™ (D) denote infinitely differentiable in D functions vanishing on the
boundary of domain. Define the semi norm in this space

11 = 1941220

The following imbedding theorem was proved in [6, 7]: Let 1 < p < g < o0
D € K. be unbounded domain, ¥ € A, (V,w) € Apg, f€CH(D), flop=0,t
the inequality

1fllzs oy < CIV e oy - (2)

holds, where C' > 0 and it doesn’t depend on f.

This inequality remains valid for any function f € Lip (D), f|,p = 0. In fact,
there exists a sequence of smooth functions fx, such that fr — f, Vfi — f. For
example, average of the function f with the smooth kernel [8] has this property.
Then by virtue of the imbedding theorem (2)

1kl s oy < CIV fll Loy »

where C' > 0 doesn’t depend on k.

Passing to the limit as k — oo in this inequality, since |V fi| < M and V fi — f
a.e. in D, then by means of the Lebesgue theorem in the right-hand side one can
pass to the limit under the integral sign.

It follows from the previous inequality that for norm f

lim kaHL‘l ) < Chm vakHLP(D

k—o0

The right-hand side by virtue of aforesaid tends to ||V fi|l;p(p), and the left-
hand side by virtue of the Fateaux theorem

/hm\hF0 {/VWﬂ
. k—oo

1fllze oy < CUIV Iz D)

for any f € Lip(D), flop = 0.
By virtue of (2) this seminorm defines also the norm in the space C* (D).

Denote the completion of functions f € Lip (D), f|,p = 0 by the norm || f||" by
H (D), then for any f € H (D)

Therefore,

1fllze oy < CUIV Iz D)

holds.
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Theorem 1. Let 2 < p < q, ¥ (x) <w (z) for almost all x € D, D is a bounded
domainor p=g=2and D € K, :
(V,w) € Apg, 9 € A, V.=H (D), f €V’ the conditions

Zaik (2,1, Du) Uy, | < wug[P~" + g (2) w?, (3a)
i=1
where N
g(x) € Ly (D), Y aiptia iz, > w |ugl’, (3b)
ik=1
Z (aik (iL‘, u, DU) Uy, — ik (.%', v, Dﬁ) 19&?1) (u&?k - 192%) >0 (30)

i=1
be satisfied.
Then there exists a unique solution of equation (1) in the class V.
We shall solve equation (1) by the method of monotone operators in Banach
space. Put H = Loy then V.C H C V.
Letu eV, A:V — V' be an operator acting by the rule

<A (’LL) ) QD> = /aik‘ (x7 u, DU) ungpmkdqj
D

for any ¢ € V, where (A (u), ) means value of the functional A (u) on the element
o €V, V'-conjugate to V.

Then equation (1) is equivalent to the operator equation Au = f, u eV, fe V'

Proof. In order to prove the theorem 1 it’s sufficient to establish the following
properties of the operator A: 1) boundedness; 2) coerciveness; 3) monotonicity; 4)
semi-continuity (see [9]).

The boundedness of the operator A follows from (3a)

/

P
(A(w),9)| < C /w|uxrpdx+ /rgrp’ dz /w\mpdw
D

D D

Hence
—1
lA @Iy < C (™ + gl ) -

Let f € V', and consider equation
Auw)=f, ue V.

Then by virtue of (3b)

v = 22l

which means the coerciveness of the operator A.
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The monotonicity of the operator A ((Au— Ad,u—139) >0 if u # ) follows
from (3b). Let’s show semi-continuity. By virtue of condition (3a) for any u, ¢, 1) €
V' we have

n
Z aix (z,u+tp, Du+tDy) (uxz + t%i) Vg, | <
i,k=1

< C(IDuP™t + 7 D) Dl + gwb (DY, [t < to.

The left-hand side is continuous with respect to the parameter ¢, and the right-
hand side is integrable function, then on the base of the Lebesgue theorem

(A(u+19) ) — (Au) ) as t—0.

The semi-continuity is proved. Theorem 1 is also proved.
Let (¥,w) € Apg, where 1 <p < g < oo D is a bounded domain.

Theorem 2. Let 1 <p<gqg<oo, r>¢, u,az(%—%)ﬁ+%>l,ube

a solution of equation (1) from the class V = H(D) Then the following estimate
holds

sup lu(z)| < C (19 (D)OH) H;’;

p—1
L5(D)

Proof. Note that f € V'. This follows from the finiteness of the norm || f| || (D)
In fact

[roasl <[] el <
5 L3 (D)
f 11 f -1 1
SH@ ellpg 2D e <5 9(D) T gl -
L1(D) Ly(D)
or f

11

|UW~§H§ D)

Ly(D)

Therefore on the basis of theorem 1 there exists a unique solution u € V of
equation (1). By virtue of the definition of solution v € V'

G/(U,QD) = /aik (IE,U, DU) ul‘ngde.f = —/fQde
D D

for any ¢ € V. Then there exists a sequence of function {u;} and {¢;} from C* (D),
which are fundamental in the norm of the space V', a (uj, ¢;.) — a(u, ¢) as j,k — oo.
Therefore

a(uj, ) = —/f%dl"*'(;jk,
D

where d;;, — 0 as j,k — oo.
Denote u;, ¢ and d;; again by u, ¢ and ¢ respectively, then

a(u,gp):—/fgodac—i-é.
D
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Let’s choose test function

_ _J u@)| =k at |u(x)] >k,
g"—“’f(%)—{o, ot |u(@)] <k, k>0,

then ¢ € V' and therefore

Z/a““ x,u, Du) ug,uy, de = /fukdx

i,k= le

where Dy, = {z € D : |u(x)| > k}, k€ R'. Hence, subject to the condition we shall

have
/w\ux|pda:§ /uk\f|dm’+5.

Dy, Dy
Therefore
1 1
/w lug|? da < /19 | da / P9 Tde |+ 6,
Dy, Dy, Dy,
1 1
r " !
p /] q L1
wug P de < 5 ddz PNuglfde | 9 (Dg)” a +9.

Taking into account the imbedding theorem and Holder inequality, we obtain

q T(pl—l)
1
/ﬁuk\qu < 9 (Dy)7@D T D }f;: 9 dx +6.
Dk Dk
Denote by Cy = / ‘%‘T Ydx | and by z (k) = /79 |ug| dx, we obtain
D Dy,

Let

then

1 «
_gz _ Y (Dg) and 2z <CCP™ <—ZZ>

Integrating this inequality and taking into account the fact that

2 (0) :/|u| d, 2 <s%p|uy> _o.
D
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We obtain

120 1
sup |u| < COF 217w =09 (D)* 1,
D 0
where C doesn’t depend on u, ¥, D.
Theorem 2 is proved.
In the following results the locally summable function w (z) satisfies the condition:

there exist € > 0 and « > 0 for any compact E from the ball Q%

p—1
p 1 1 _ 1
1Bl m/w@)d”f |E|/w Pi(2)dr| < aR (1)
E E

is satisfied, where |E| is n-dimensional Lebesgue measure of set E, number 1 < p <
00, v is a positive real number.

Note that power function of the form |z|® for —p < s < 1 satisfies the condition
/
Al )
Denote by H (D) the completion of functions f € Lip (D) by the norm

11 = 1522y + 1922y

where w satisfies condition (4).
Element u = {u;} will be called the solution of equation

if
> [wlur2 ), (o, do = 0 ©)

i=1"p
uj € C® (D), ¢ € C* (D), moreover {u;}, {¢,} are fundamental in the norm
H (D), where §, — 0 as j,k — oo.

Lemma 1. Let Q% be a ball of radius R with the center at the point 0 and having
limiting points on the surface of aphere Sr. Let I' be that part of the boundary of
domain D, which lies strictly inside of the ball Qr. Let u = {u;} be a nonnegative
solution of equation (5) vanishing on T'. It holds the condition (4) for the function
w (). Then there exists constant M depending only on n, «, p, such that if

QR

Dl <« =
D] < =

then the following inequality is satisfied

u(0) < %mgxu (x).

In order to prove lemma 1 we shall follow the technique. (see [10])
In [10] it is applied to the linear equation without degeneration.
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We denote by Dy the set of points z € D N Q% at which
2

u (0)

1) Suppose that

| Dol > @- (7)
4n M

Then we shall show that the statement of lemma 1 is valid. Later we shall show
that the statement of lemma 1 is valid without assumption (7) but with changing
the constant M to 4" M in the inequality. For each £ > 0 we denote the set of points
x € D, where u; (z) > t by D;. For the simplicity we shall write u instead of u;. The
boundary of the set D; consists of the points of level set u (x) = t of the function

u (), which will be denoted by E; and of the points situated on the sphere Sgr
A
(x| = R). Suppose E; = By N QY%.

2
By the Kronrode formula [13] for level surface we have

@
[ o e e
0 A Dy
Ey
where D; = {x eDNQ%|u(x) < U;O)}
2

It follows form (8) that there exists 0 < ¢y < @ which
/w_f’ilda < 2 /w_f'ildx
[Vu| — u(0) '
A D1
By,
Applying to the integral
1 p—1 _1 _p=1
/da: / (wp|Vu\ P ><w p|Vu| ™ » )da
A A
Ey, Ey,

the Holder inequality, we obtain
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A
since Ey, separates the sets Dy and Dy = OE\D in the ball QOE, moreover
2 2

Q Q% Q% 11
o= 1Ly IO (LY g

Now let’s choose M such that the following condition be fulfilled
1 1 1

: +1
on M > M’ ie. M > 2” .

0
Then we have [Dy| = (25| 5 D] > |Dy|.
Everywhere below n-dimensional Lebesgue measure D will be denoted by |D].
By isoperimetric inequality

A n=1
mesEr, > B|Do| ™,
ne

where 3 is the constant dependent only on dimension n of the space. Therefore (9)
implies

n—1
/g D P
/wyvu\p—ld(; > Qf_l- USRS (10)

A __1_
Eyq w rldx
Dy

Let ¢t >0, h >0, r>0.. Let’s introduce the functions
MO g t<u<t+h,
Y = 1 at u>t+ h,

0 at u<t,
r+h—|z|
g at r<|z|<r+h,

Yy = 1 at |z <,
0 at |z|>r+h.

Suppose ¢ = ¢, - ¥, in identity (6) (therefore function ¢ € H (D) is a test
function). Then

/w |V [P72 ),V Vipyda + /w Vi [P72 0,V Vo da = 65,
D D

where 0; — 0 as j — oo. (For the simplicity we omit the indices in u; and 6;). We
have

1
w |Vul? dx — 7 / w|VulP 2 Vu - %dm +ap =0,
T

t<u<t+h t+zx<u
lz|<r r<|z|<r+h

1
h

1 1
ap = h/w |Vul? ¢y de — h/w |VulP~2 Vu - ’%cphdx,
Gh G,
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where
Gp={rzeD:t<u(x)<t+h, r<|z|<r+h}.
Passing to the limit as h — 0 by virtue of Lebesgue theorem for almost all

t >0, r > 0 we shall have

/ w|VulP~? gZdU - / w|VulP~2. g:fda = 4. (11)

i o}
In fact, by means of Federer formula (see [13])

t+h

1 1
7 w |Vul? de = 7 /ds / w|VuPtdo | —
{5} t e
1 ) ou
— w |VulP™" do = w |[VulP™* —do,
on
= =y

as h — 0 for a.e. t € R'.
(We have used the fact that ‘%‘ = |Vu| will be fulfilled on the level surface of

the function u)

ou

r+h
1 ou 1 ou
— p—2Y% _ -~ p—2 p—2
/ w |Vul 5 h/ds / w |Vul 5 —do | — / w | Vul 5 —do,
peany: ' oy e

as h — 0 for a.e. > 0.
Analogously one can prove that }lLin% ap =0

By means of equality (11) we shall show the estimate

p—1
5 <0Dscu>
/w |Vu|P~2 82‘ do < 6w (Fi,R) - %T <

47 (o)
u(z) > to, & <|z| < R}.
% ]att—to, we obtain

where Fi p = {x eEDNQY
Integrating (11) with respect to [2R

R 9 0 _ R
/w[VuV’ 2 s < /w|Vu|p Yde+6 = <

on 6

A QiR
Ey, 0
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1

pl

1 R
<o@np- | [wlvards| 454, (12)
Quor
where Oy = {z: 2R < |z| < 3R, u(z) > to}.
It remains to show the estimate
p
o)
p 0 .
/ w|VulP dx < 7 / wdzx | ;
QtoR FtoR

Put ¢ = (u—tg)& (‘%) in identity (6) where £ € [5,1], £(t) = 1 for ¢ €

12,51, [¢| < Co. Then
!
D ep p—1 p—2 z & _
w|VulPPdx +p | & w(u—to)|Vul 'VU'H'ECZI‘—O,
Fiyr Fior
/ w |[Vul? &Pdx < 1%?0 / lu — to| w |[VulP de <
Fior Fior
' P
C
< p?o /w|Vu|p§pd$ /w|u—t0|pd:1: :
Fiyr Fior
hence,
Co\? C b
/ w|VulP dx < (1)];) / wlu—to|P de < I <%§§u> w (FyR), (13)
Quor Fior

Taking into account the last estimate in (12) we obtain

p—1
oscu
o |Ou (nt ) w (D) Pt
/w|Vu|P 2 5 ’dagfiw(FtOR)-ORw—l-GéﬁK T (mgxu) ,

n
A
Ey,

Hence subject to (10) we obtain

‘DO‘P"T_I RP

/wda: /wﬂll

L \D Dy J

maxu (x) > )
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_p
—1
where C = %
By virtue of condition (4) we obtain
C (Do N R\
maxu (x) > <> <> u(0) — 4. (14)
D a1 \|D |D|
o . Q%] |Q%| o
Taking into account conditions |Do| > 737, [D| < 57 and the arbitrariness

of § we derive from (14) that
maxu (x) > CMv iy (0),

where C doesn’t depend on M.
Now if we choose such M that the condition

CMp%l>2

be fulfilled, then the first part of lemma 1 will be complete.
2) Let now condition (7) be violated. Lemma 1 will be also valid without as-
sumption (7) if one chooses rather greater constant M = 2" M instead of M.
Suppose that for domain D and solution u (x) of equation (5), condition (7) isn’t
satisfied.
Assume
M (r) = maxu (z) =u(z,), (0<r<R).

|z|=r

zeD

Let’s prove that for any r (O <r< %) it will be found A (0 <A< g) such

that
M(T+A)><1+2$>M(r). (15)

R
Let’s introduce the following denotations: (7" is ball with the radius 2m+T with
the center at the point z,; D) is a component of the point set z € D, where

u(z) > 27;,;1M (r), containing the point x,

2m—1
T

M (r).

Function )" is the solution of equation (5). For it inequality (7) have the fol-
lowing form in the ball Q"

=u(x)

Q]

Let m = 0, if inequality (7) is valid then we can apply the first point of lemma
1 to the function u () and we shall obtain the statement of lemma 1. If inequality
(7) isn’t satisfied, then
/
|D;| < 1
M

But for function u} it will take the form
|97

T

‘Df‘ >(;\2;[ and etc.



102 Transactions of NAS Azerbaijan
[A.D.Guliyev, F.I. Mamedov]

We assert that there exists number m; such that inequality (7) is satisfied for
function u;'. We can show it by the following way. At the point z, we have
[Vu| # 0.

In fact, for sufficiently large m either inequality (7) is fulfilled or there exists the
sequence of numbers m; — oo as j — oo such that for each m; the level surface

2mi —1

u(e) = 5

M (r)

will intersect the corresponding ball ;7. But then on the surface of each ball Q, "
a point y; will exist for which

uy)) —u (e Fe M)

> 20
lyj — | B 2% 2R
is satisfied.
Hence,
M (r)
|Vu\|$r > R #0.

Now it follows from |Vu| # 0 that the surface of level of the function u () passing
through the point x, in the vicinity of x, has a bounded curvature.

o+3
on whose surface lies the point z,, and whose rest points lie in domain u (z) > M (r).

But then this ball is contained in D™+ and therefore

\Dro“b(l- R ) )

Therefore there will be found mg such that there is a ball with the radius Jmoi3

4 9mo+l1

and it means that there exists number m; (0 < mj < mg), for which inequality
(7) is satisfied, where €, is a unit ball in R™. Therefore applying lemma 1 to the
function w*', we obtain

maau (x) > 20" (2) =
Dy

or

R gy 4 2 !
M (r+ gom ) 2 ma™ () + =M () 2 (14 0 | M (7).

It remains to put A = But inequality (15) implies

2m1+1 .
maxu (x) >2u(0).

In fact, let r1 be an upper bound of » < R such that

M (r) > u(0) (1+i;>.
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If r; < %, then

M) >0 ) (1422) >0 (14 2022

and we get the contradiction to the fact that r; is an upper bound of r for which
(15) is fulfilled.
Thereby it means
M (r1) > 2u(0).

Thus lemma 1 is completely proved.

Now after proving lemma 1 we can refer to the standard reasonings of paper [12]
and prove the following theorems.

Theorem 3. Let Qi be the ball with the radius R with the center at the point
0. Let D be domain situated inside the ball containing point O and having limiting
points on the boundary of the ball. Let I be that part of the boundary of domain D
which is situated strictly inside the ball. Furthermore,

Q|
D| = Ll
| D o<

where M 1is a constant of lemma 1.
Suppose that w (xz) € H (D) is a solution positive in D and vanishing on T'. All
the assumptions of lemma 1 are satisfied with respect to w (x).

Then
Rt
u<0>3exp{— : }maxu@),
Con-1) D

where constant C depends only on n, p and a from condition (4).

Theorem 4 (of Fragmen-Lindelof type). Let D be a bounded domain of
solid angle type of dimension n, and exactly for all natural m starting with some my
the inequality

DN Qam| < n|Qam|

be satisfied, where Qom is the ball with the radius 2™ with the center at the point 0.

Further let 5

77 < 2nM7
where M is a constant of lemma 1.

Suppose that u (x) € H (D) is positive in D solution of equation (5) vanishing on
the boundary 0D of the domain D. Condition (4) is fulfilled with respect to w (x).
Then either

1) u(z) <0 everywhere in D or, 2) if we assume

M (R) =maxu (z)

lz|=R
en 111m , wnere 18 constan epenaent on on o, p, ana on armension
then | = where k tant dependent only ~ and on d
—00 T
Rk"n—l

of the space.
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Theorem 5. Let D be the domain with the limiting point 0. Let equation (5) be
defined in D. Condition (4) is satisfied with respect to w (x). Further let there exist
number n satisfying the inequality

1
2n M

n <

(here M is the constant of lemma 1, such that

DN QY-

<n|Q5-n]

for all numbers m starting with same mq. Then if we suppose M (r) = maxu (x),
xzeD
1

1
then M (r) < Crrn™=T . Constants C and k depend only on P, n, o and C depends
also on m and my.
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