Transactions of NAS Azerbaijan 7

MATHEMATICS

Nizami Yu. ABBASOV

ON BEHAVIOUR NEAR THE BOUNDARY OF
SOLUTIONS OF THE SECOND ORDER
NON-UNIFORMLY DEGENERATE PARABOLIC
EQUATIONS

Abstract

In the paper a class of the second order parabolic equations of non-divergence
structure, allowing the non-uniform power degeneration at boundary point of do-
main is considered. The sufficient reqularity condition of this point with respect
to the first boundary value problem for the mentioned equations is found.

Let R,,+1 be an (n+ 1) — dimensional Euclidean space of the points (z,t) =
= (z1,...,Zn,t), D be a bounded domain in R,+1, I' (D) be a parabolic boundary
of D, (0,0) € I' (D). Consider the following parabolic equation in D

n

Lu = Z ij (7,1) Ugz; + Zbi (x,t) ug, +c(z,t)u—us =0 (1)
ij—1 i—1

in assumption that ||a;; (z,t)| is a real symmetric matrix where for all (z,t) € D
and any n— dimensional vector

VY i@, )€ <D ai (w,4) 66 <Y Ni(w,t) € (2)
=1 =1

ij=1

n

Qy 2
Here v € (0,1] is a constant, A; (z,t) = (|£L‘|a + \/|t|> , x|, = Z |z | 2Hok
k=1
—2<o; <210 =1,...,n.

Relative to minor coefficients of the operator £ we’ll assume the conditions
|b; (z,t)| <bo; i=1,....,n; —byp <c(z,t) <0; (x,t)€ D (3)

are satisfied, where by is non-negative constant.

The aim of the present paper is the determination of sufficient regularity con-
ditions of the point (0,0) with respect to the first boundary value problem for the
equation (1). Note that the investigations on regularity of boundary points for
the second order parabolic equations take the beginning with the classical works of
I.G.Petrovsky [1] and A.N.Tikhonov [2]. The regularity condition of boundary point
for the heat equation is obtained in [3] (see also [4]). For the equations with variable
coefficients, the boundary properties of solutions are studied in [5-8]. Relative to the
second order parabolic equations of divergence structure, we show in this connection
papers [9-10].
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At first let’s agree to some denotations. For an n-dimensional vector xz° and

n 2
positive numbers R and k. Egyi, (2°) is the ellipsoid {:L’ : Z (xlgi?) < (kR)2} for
i=1
th < 12 C’E}? (x ) is the cylinder Er. ( ) (t1 t2) For arbitrary cylinder C,
we’'ll denote its lateral surface and lower foundation by S (C) and F' (C) respectively.
Notation C (-- ) denotes that a positive constant C' depends only on the quantities
appearing in parentheses.
Let a = (a1, ...,ap), at = max{ay,...,a,}, a~ = min{ay,...,a,}. The func-
tion u (z,t) € C*! (D) is called L-subparabolic in D if Lu (x,t) > 0 for (z,t) € D.
The function wu (x,t) is called L—superbolic in D, if the function —u (x,t) is L-

subparabolic in D.
9bR2 0 bR2 _
Let C! = C’R T (0), C?* = CR 7 (0), C* = C"\C? where the constant
be (0,1) will be choosen later. For s > 0 and 8 > 0 introduce the function

G5 (x,t) = ° exp [ 4BtZR%] , if >0,
0, if t <0.

Without loss of generality we’ll assume that the coefficients of the operator £
are extended in R,41\D with preservation of the conditions (2)-(3).

Lemma 1. If relative to coefficients of the operator L the conditions (2)-(3) were
satisfied, then there exist s (v, a,n,bg,b) and (3 (v, a,n,by,b) such that for any fixed
point (y,7) € C3 the function Gf{’ﬂ (x —y,t —7) is L-subparabolic in C3\ {(y,7)}
at R <1.

Proof. It’s sufficient to consider the case ¢ > 7. For simplicity we denote the
function qu’ﬂ (z,t) simply by G (x,t). We have

LG (x—y,t—T)

J= G(x—y,t—r)

(t—7)=

Sy B )

452 t—7) 52 Roito;

n

azz 1 ( ] )
Z R% 45(75—7); R% Zb (0t) e

n

B 1 t) (@i —yi)* (@i — )
Tele =7 2 5 52 [ T Py e

i=1

1 — (x,t) lz; — vl
+s—2mz o Z by (t—T). (4)

i=1

If (x,t) € C3 then |x;| < TR i=1,..,n.
Thus

n
_2 2
2|, < RY 177%a <172+ nR,

Vit < \/%bRSQR.
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So )
2|, + /]t < (17%?71 + 2) R. (5)
n
On the other hand for (z,t) € C3 cither S i > R2 or [f] > Y.
Therefore there exists a natural numbellr:;(), 1 < igp < n, such that |z;| >
Qig

n" iR or [t| > %R. So we have

S T/
|z], + V[t Zmin{maa |t|} > Rmin {n 2+ai07\[} >

4

> Rmin {n2+la , \ZB} =ag (a,n,b) R. (6)

From (5)-(6) we conclude that when a; > 0

at

2 Q) 2
A (1) < (1772+a— n+ 2) R < (17ra— n+ 2) R,

i (z,t) > ag' R > a8‘+RO‘i.
If a; < 0, then
i (z,t) <ag'RY < af R,

2 a; 2 a
A (1) > (172+a— n -+ 2) R > (17z+a— n -+ 2) R,

Thus in any case

C1 (e, n,b) R* < )\ (z,t) < O (a,m, b) R i
Using (7) in (4) we obtain

1 ’}/Cl - (fEi—yi)2 ’I”LCQ bo " 17% %
J24ﬁ(t7)<ﬂ ”)Z Re ”‘2ﬁf2ﬁ<ZR )X

Besides

) < - + =1 <2VI1TR.
Pl P Pl
Therefore assuming in (8)

B =~C1
and subject to the fact that R <1 and o™ < 2 we conclude

J> s nCQ bo\/ 17n _ 9b0

B 2")/201 B ’yCl 8
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Now it’s sufficient to select

°T 272Ch

+7

nCoy V1Tn 9
b 1
+ 09 ( ~Ch 8) (10)

and the lemma is proved.

Further, not specifying this we’ll assume that the parameters g and s of the
function G;’,’g (x,t) are chosen according to the equalities (9) and (10).

From the proof of the lemma it follows that

bBs < C3 (v, a,n, bo)b1*| 2 ‘.

allowing for |a~| < 2, we choose and fix an arbitrary number be (0, 1) satisfying the
inequality

bBs < % (11)

Let E be a B-set disposed in C3. We call the measure 4 on E (s,3,R) -
admissable, if

/G# (x —y,t =7)dpu(y,7) < 1, when (x,t) ¢ E.
E

The number p‘;ﬁ (E) = sup u (F), where the exact upper bound is taken on all
the (s, 3, R)- admissable measures, is called parabolic (s, 3, R)- capacity of the set
E.

Later on for shortening 0of Izlotza‘(c)ion we’ll denote p;ﬁ (E) simply by pr (EF).
Lemma 2. Let B = CE_;p R%¢ (2°), where B C C*. Then

Ci(s,8) (pR)* < pr(B) < Cs (s, 8) (pR)*.

Proof. We are restricted to proving of estimation of capacity below. Let u be
2
singular measure with the density a, concentrated at the point (xo, 10 — ”QTR).

Consider the function

I(z,t) :/Gjéﬁ(x—y,t—T)dﬂ(y,T) =
B

2 p2
= / Gf%’ﬂ (x — 2%t — 1"+ p*R?) du <a:0,t0— p2R> .
(-2}

For (z,t) € S (B) we have

22\ —S
I(x,t) = / <t—t0+’02R> x
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2R2 2R2
X exp | — p du (xo,to — p) <

2R2 2 -
18 (t— 10+ 22)
22\ ¢
< (Zﬁ) e — (pR)™> (48s)" e~0%, (12)
s
since the function z7%exp — 2B\ defined on the semi-axis 0,00) attains its max-
406z
imum value at z = %. If the point (z,t) is disposed on upper foundation of B
then
I(x,t) < (pR)™ % 2%a. (13)

Now assume a = (pR)* min {(4Bs) " ePs 2751,

Subject to the fact that the estimation (12) holds for (x,t) € Ryyq, if
z & Eryp (2°), and the inequality (13) is valid for (z,t) € Ry4q when ¢ > ¢V and if
we observe that I (z,t) = 0 when ¢t <t — p?R?, we conclude

I(z,t) <1 when (z,t)¢ B.
From here it follows that the measure p is (s, 3, R)-admissable, and therefore

a’R?

Pr(B) = p { (mo,to - ) } = (pR)* min {(463)*5 e 2*5} .

The proof of the lemma is completed.
Let

_bR2

Cl=Cpy® " (0), (2%,1%) €T (CY), C° (1) = O™ (29),

2 2
€O (2°,10) = Oy T (29), 7 (20,1%) = Oy T (29).

Lemma 3. Let the domain C° (a:o, to) having the limiting points on T’ ((C5 (xo, to))
and intersecting with CO (xo,to) is disposed in D. Let further the positive L-
subparabolic function u(x,t), continuous in D wvanishing on T (D) N C? (:UO,tO) be
determined in D. Then if Er = CT7 (2°,t°)\D and R <1 then

supu > (1 + 1y (v, a,n,bo) R %pp (Eg)) sup . (14)
D DNCO(x0,0)

Proof. For shortening of notation we’ll denote the cylinder C (aco, to) simple by
C', 1 =5,6,7. Without loss of generality we can assume that pr (Er) > 0, otherwise

the inequality (14) is obvious. Fix an arbitrary € € (0,pr (ERr)) and let measure p
on Hpr be such that

U(x,t) = /G(m —y,t—7)du(y,7) <1 when (z,t) ¢ Eg, (15)
Er

1 (ER) > pr (ER) — ¢, (16)

,t). Fix the point (y,7) € C” and n-dimensional vector x

where G (z,t) = G%’ﬁ (x
0). Here and further 9H is Euclidean boundary of the domain

such that x € 0ER.g (x
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H. Now we find that value ¢ > 7 for which the function ¥ (¢) = G (z —y,t — 1)
attains its maximum. By equaling the derivative 1J; to zero, we obtain

n

b LZM
4fs—  Rw '

On the other hand

n % n 2 % n 2
(Z(ﬂfz];ayz)Q> 2(2@) _<Z(y1};f?)> >8R - R="TR.

i=1 =1 =1

Thus t — 7 > %RQ. Then from the inequality (11) follows that 7 — 7 > bR2.
Subject to monotonicity of ¥ (t) upto the first maximum, we conclude

- 49R? _ 49

sup Gz —y,t—7) < (bR?) "ex [—]: bR?) " ex [—] 17
(z,t)ESP((C5) ( Y ) ( ) P 43bR2 ( ) P 430 (17)
(y,m)ec?

Further we obtain

4R?
4pp %

inf G(z—y,t—7)<(bR*) “exp |-
(z,t)eCB
(y,m)ec?

= (bR?) " exp [—} , (18)

since if z,y € Ep,1 (xo), then

n % n '—.’IJ-2 % n '—.’I}~2 %
(Z(ﬂ«"};y)?) S(ZW) +<Zw> < 2R.

i=1 =1 =1

Now we consider the auxiliary function

W (z,t) =M [1 — U (z,t) + (bR*) " exp {4‘2{] PR (ER)} —u(z,t),

where M = supu. It’s clear that the function W (z,t) is L-superparabolic in D by
D

virtue of lemma 1 and the condition ¢ (z,t) < 0. According to the inequality (17)
W (z,t) > 0 for (z,t) € T' (D) NS (C®). Besides W (z,t) for (z,t) € I' (D) N C® by
virtue of the inequality (15). Finally W (z,t) > 0 for (z,t) € F (C°) outside of Ep,
because there U (x,t) = 0. Thus W (z,t) > 0 for (z,t) € T'(D). By the maximum
principle W (x,t) > 0 for (x,t) € D and in particular allowing for (18) and (16)

s 49
<M|1— inf Ul(x,t)+ (bR? _ 2 pr(ER)| <
s M1 e U@+ (0R) exp | ()| <

—s 4 49 —s 4
Now subject to arbitrariness of € and denoting b~* (exp [—%] — exp {%D by

1, we obtain

sup u < M [1 —n R *pr (ER)] .
DncCs
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Hence the required estimation (14) follows. The lemma is proved.

3bR2

Let €5 = Ci ™0 (0).

Theorem 1. Let the domain C* having the limiting points on parabolic bound-
aries of the both cylinders C' and C? be disposed in D. Let further the positive
L-subparabolic function u (x,t) continuous in D and vanishing on T (D) N C3 be
determined in D. Then if Hr = C3\D and R < 1, then

supu > (1+ny (v, @,n,b9) R **pr (Hg)) sup u.
D DAr(C4)

Proof. Without loss of generality we can assume that sup uw = 1. Let
Dnr(c4)

(z*,t*) € € DNT (C*) be a point in which u(z*,t*) = 1. At first assume that
(x*,t*) € F (C4), ie. (z%t*) = (m*,to), where 0 = —%. We choose on F ((C4) a
minimum number of the points (:Bl, to) s e (J:m, to) such that

m
i) €t e o7 (@, 20);
i=1
ii) one of the points (.Ti, to) coincides with the point (w*, to);

iii) for any i, 1 < i < m there be found j, 1 <1 < m such that 27/ € 9€ r 1 (:L"‘),
A'"LY

where the constant A > 1 will be chosen later.

It’s clear that the number m depends only on e and n. From properties of cover-
ing it follows that for any ig, 1 < ig < m there exists the chain (xil,to) R (azik,to)
such that (a:ik,to) = (:U*,to), zhitl ¢ (%’Aim;l (xil); [l =0,..,k—1. From sub-
additivity of parabolic capacity we conclude on existence of ig, 1 < iy < m, such

that
pr (Hr (€7 (9, 17)) > PUIR),

_ mR *pr(Hp)
Let 6 = 21m(1+%106)
CsR? (see lemma 2). Denote C” (z%,t°) \D by H. Then

, where the constant Cg (v, a, m, bo) is such that pr (Hg) <

Pr(Hr

pr (H) > 2R, (19)
m

Assume that sup  u > 1—4. Then according to lemma 3 and the inequality

DNCS (z0,0)
(19)
supu > sup  u> (L+m R *pr(H))(1-106)>
D DNC5 (z70,0)

s (1 AU (ot
m 2m (14 2 2eellin) )

and in this case the statement of the theorem is proved.

Let now u (z,t) < 1—§ for (z,t) € C®(z%,t") N D. Consider the function
V1 (z,t) = u(z,t)—1+6. It’s easy to see that the function ¥; (z,t) is L- subparabolic
in D, since § < 1.

M p—2s
=1+-—"—"R H
+ o pr (HR),
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Let Dy ={(,1) : (z,t) € D, ¥ (z,t) > 0}. By assumption C® (2%, %) CRp41\Ds.
For (z/,t') € T (C*) denote by Ci, (2/,¢) the cylinder C'(a/,t); i = 4,...,8, em-
phasizing that in it R = R’. Now we find such A4 > 1 that C% (2/,t') C CSp («/,¢').
It’s clear that for the validity of inclusion it’s sufficient that

b(AR)?

>bR%, AR(AR)? >8R“™%; i=1,...n.

2
The last inequalities are satisfied, if we fix A = 82+~ . Then the statement of
lemma 3 is valid, if all its conditions are satisfied, but the domain D is disposed in
the cylinder CGA R (:170, to) .

Let (:cil,to),...,(xik,to)— be abovementioned chain. By construction
2 /

. I_p(R
Cc?, (x“,to) \D; contains the cylinder C;,pb(Ap) . (2'), and the parabolic (s, 3, %)-
a A

capacity of which according to lemma 2, is not less than C7 (p,~y, a, n, bg) (%)28. For
this p depends only on « and n. Let

_ mCz
2(14+mCh)
Assume that sup Y > 0(1—o0), ie. sup u > 1 — 0. Using
D1NCY, (271,t0) D1NCY, (21,t0)
A A

lemma 3 we obtain sup > (1+4+nC7)d(1—o0).
D1NCE (21,t0)
Thus

supu > sup u>1-64+14+nC7)dé(1—-0)=1406nCr—
D DNCY, (1,10)

31, C
—60 (14 n,C7) :1+%

and in this case the statement of the theorem is proved.
Assume that u(z,t) < 1 —do for (z,t) € D NCY (2,¢%). Consider the £-
A

superparabolic function Y2 (x,t) = u (z,t) — 1+ do in D. Let
Dy = {(x,t) : (z,t) € D,J2 (z,t) > 0}.

By assumption C% (a:il,to) C Ry41\D2. If now
A

sup Vg >d0(l—0), ie. sup w>1-— 802,
DanCO, (a2,t0) DNCy (22,10)
A2 A2

then using lemma 3 we obtain

4 (50'77107’

supu > sup u>1—-dc+(14+nCrdo(l—0)=1 5

D Dmtcﬁ% (272,0)

and in this case the statement of the theorem is proved. If u(z,t) < 1 — o2 for
(z,t) € CY (x”,to), then we continue this process analogously. At the latest than
vl
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in k-th step we’ll prove the theorem, since u (a:ik,to) =u (w*,to) = 1. Thus the
theorem is proved, if (z*,t*) € F (C*). Let now (2*,t*) € S (C*) and t* > %, It’s
clear that * € 0€R.9 (0). From above mentioned reasonings it follows that either
the theorem is proved or u (z,t) < 1 — o™ for (z,t) € DNCO, (a*,1°).
o
We choose the minimum number p of points (:U*, tl) s ooy (¥, 1P) on the segment
[ connecting the points (w*,to) and (z*,t*) such that

p
PHIcJCh (arth); P =t
=1 A"

jj) the cylinder C” 4 (a;*, t”l) ; 1 =20,...,p— 1 is contained in the intersection
Am+1

Cop (a*,t')NC% (a7, 8.
Am™m Am
It’s clear that p depends only on « and n. By construction and lemma 2

PR ((ngx*, ti\D) > Cg (v, a,n,bp) (Aim)%. Consider the L-subparabolic function
A

Am

7 2(14n,Cs)

wi (z,t) = u(x,t) — 1+ dof* in D, where o7 = min {a &} Let D! =
{(z,t) : (z,t) € € D,w; (z,t) > 0}. By assumption C%, (z*,t') C Ryy1\D. If
Am

sup wy > 60 (1 —0q), ie. sup u>1-— 50?“,
Dlﬁ(C(ii (z*,t1) Dﬁ(CGL (z*,t1)
AT A

then using lemma 3 we obtain

sup - wr = (L+mCs) oot (1= ).
DINCS . (z*t!)

Am—1
Thus
do''n, C
supu > sup w>1— 60"+ (1+1,C5) 607 (1 — o) > 1 4 2218
D DNCS ,  (x*th) 2

A'rﬁ—l

and in this case the statement of the theorem is proved. If u(x,t) < 1 — do*t?
for (z,t) € DN C6i (x*,tl), then we continue the process analogously. At the
Am

latest than on p-th step we prove the theorem, since u (z*,t?) = u (x*,t*) = 1. The
theorem is completely proved.

Corollary 1. The statement of theorem remains valid, if all its conditions
are satisfied, but the domain D disposed in C', has the limiting points on T ((Cl),

intersects C* and u’F(D)ﬁ(Cl = 0. In addition sup w = sup u.
DNr(c*) DNC*
This corollary follows from theorem 1 and maximum principle.

2
Corollary 2. Let A; = max {37 1723‘17 } Then the statement of the theorem

remains valid, if all its conditions are satisfied, but the domain D disposed in (leR,
has the limiting points on T' (CilR), intersects C* and U|F(D)O<C§‘1R =0.

For the proving it’s sufficient to note that C! C (ij‘lR.
Consider the first boundary value problem for the equation (1)

Lu=0, (z,t)€D; ulpp =9, ¢€l[l'(D). (20)
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Let uy, (z,t) be a generalized solution by Wiener-Landis [5] of this problem. We
shall assume its existence not specifying this.

The point (0, 0) is called regular with respect to the first boundary value problem
(19), if for any ¢ (z,t) € C'[I' (D)] the limiting equality

(z,tl)lir(lo,o) e (JJ, t) e (07 0)
(x,t)eD

is valid.

Let for natural numbers j H (j) = Ci;j\D’ Pj =Dy (H (4))-

Theorem 2. If relative to the coefficients of the operator L the conditions (2)-
(8) are satisfied in the domain D, then for regularity of the point (0,0) with respect
to the first boundary value problem (19) it’s sufficient that

OO .
> APIp; = . (21)
j=1

Proof. According to [5] it’s sufficient to show the following: whatever were the
numbers g1 > 0, €5 > 0, the subdomain D’ of the domain D completely disposed
in the halfspace t < 0 and L-subparabolic function u (z,t) < 1 in D', there exists
6 > 0 such that from u|F(D,)mC§1 < 0 it follows “|D/m<c§ < egy.

Let jg be the least natural number for which Al_j0 < €1, and j > jo be a natural
number such that there exists a point (2/,¢') in D' N (Cirj’ where u (2/,t') > eo.
1
Allowing for H (j) C Ci_j \D" and using corollary 2 from from the theorem 1 we

1

obtain
j—1
25(jo+1 2s(i+1
1> Mj, > (1 + AT )pjo-H) Mj1 > > [] (1 +mp AP )Pi+1> Mj >
1=Jo
j .
> H (1 + 77214%81]91') €2,
i=jo+1
where M; = sup ut; i = jo,...,j; ut (z,t) = max{u(z,t),0}. Hence it follows
pnci_,
that
j | )
> In(1+nAPip;) <In—. (22)
i=jo+1 €2

On the other hand, according lemma, 2
Di S 09 (’)/,Oé,n,bo)AIQSi; ’L:]Oaa]
So we have

In (1 + 0y AT¥p;) > Cio (7, a1, b0) AF'pis i = jo, v 5.
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Therefore, we conclude from (21)

J
. 1
g AF'p; < Ot In —.
.= €2
1=j0+1

By virtue of the condition (20) the last inequality can’t be satisfied when j >
Jj* (e1,€2,7,a,m,by). Now it’s sufficient to choose § = A;j*, and the theorem is
proved.

Remark. We can write the condition (20) in integral form. Namely, for regu-
larity of the point (0,0) with respect to the first boundary value problem (19) it’s

sufficient that
1

/pz (Ha) . _

22s+1
0

The author expresses his gratitude to his supervisor correspondent-member of
NAS of Azerbaijan, Prof. I.T.Mamedov for his constant attention to the work.
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