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ON BEHAVIOUR OF SOLUTIONS OF NONLINEAR
BOUNDARY VALUE PROBLEMS IN CONIC
DOMAINS

Abstract

The exact estimation of behaviour of solutions and their derivatives near the
conic point have been obtained, it has been proved that u () has squaresummable
exactly wheighted second generalized derivatives.

Let’s consider a mixed boundary value problem in bounded domain 2 C R"”,
n > 2 for the equation

e (x,u,ug) + a(z,u,uy) =0, xz € (1)
T

Denote by 02 the boundary of domain € and 92 = T'y UT's. The Dirichlet
conditions are given on I'1; Neumann conditions on I's. Relative to domain € we
shall require the fulfilment of isoperimetric inequalities [1].

In the given paper our aim is to obtain exact estimates of behaviour of solution
and its derivative near the conic points and, unlike paper [2], obtain estimates for
|u(x)] and |Vu (x)| with e = 0. In paper [2] the review of results on these themes is
given.

Let’s make some denotations By (0) is ball of radius d with the center at the
point 0. Q4 = QN By (0) is come in R, i.e. for sufficiently small d

QO ={(r,w) /0<r<d; w=(w,wy,....,wn_1) € G},

(r,w) are spherical coordinates. G is a domain on a unit sphere S" ! with
infinitely differentiable boundary 0G, Td = {(r,w)/0<r < d; w € G} = nglu
Ulg, C 99 is lateral surface, of the cone QF, G, = Qf N {|z| =p}, 0<p < d.
de = rm ldrdw, aQ, = p"ldw, dw is an element of area of the unit sphere,
Vul? (8“) %2 |Voul?, where |V,u| is projection of vector Vu on tangent
plane to the sphere S"~! at the point w

Pu n—-10u 1

Vu:w—i— n 8r+ 2Bt

Here A u is the Laplace-Beltrami operator on a unit sphere.
Denote by W7, (€2) the space of functions having generalized derivatives till the
order m in € with norm

S Sl [

|k|=0"q

Alkly
3J:Ifl. Ozkn

in which all continuously differentiable functions in € vanishing on I'y, in par-
ticular

HUH%’Vio(Q) = / (r“uix + 7072 |Vl + ro‘_4u2> dx
Q
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are dense set.

Denote by Wy, (€2) the Sobolev space of functions W3 (€2) in which all continu-
ously differentiable functions in  vanishing on I'; are dense set.

Later on we shall need Hardy inequalities and different consequences of this
inequality.

For any function u € W21,0 (Qg) the following inequality is valid

4
o lde < —————— [ 2lde, o <4 —n, (2)
(4—n—a)? "

d d
Q0 Q0

which is obtained by integration with respect to w € G of the correspondent Hardy
inequality (see [3]) provided that integral in the right-hand side is finite.

Allowing for isoperimetricity condition of domain ) consider the eigenvalues
problem

Aju+AA+n—-2)u=0, wed, ul,, =0, %\71:0, (3)

where 0G € vy U~y;. It follows from paper [4] that there exists the least positive
eigenvalue A = A (G) of this problem. Then by means of the variational principle
Yu € W3 (G) we obtain that

1
2 2

Note that constants in inequalitites (2), (4) are the best ones.
If we’ll multiply inequality (4) by 1/r, integrate with respect to r € (0, d), then
for any function

5
= —, xel“gg}

ueV:{UGWQ(Q)/U@):OJGF%J’ an

1
/r_nu2da: < 2/r2_” \Vul? de, (5)
A+ A (n—2)
g g
if integral in the right-hand side is finite.
For any function v € V' the following inequality is valid

2
/Ta4u2dx < [(2 — n;toz> +AA+n— 2)] /ra2 |Vul|? dz, (6)

d d
Q0 QO

at the finiteness of the integral in the right-hand side. Here o < 4 — n. In order
to obtain this inequality we shall muliply inequality (4) by 1/r and integrarte with
respect to r € (0,d), then

/ra4u2d:1; < 21/ra4 |Voul? de. (7)
AM+A(n—2)
af af
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If @« < 4 —n inequality (6) is obtained by summation of inequalitites (2) and
(7). If @ =4 —n inequality (6) coincides with (5).
We call function u (x) € W2170 (Q) satisfying the integral identity

/ lai (@, u,uz) 1, + a(z,u,ug) n (x)] de =0, (8)
Q

for any function 7 (x) € Wy, (92) the generalized solution of the mixed boundary-
value problem for equation (1).

Relative to the coefficient we’ll require the fulfilment of the following conditions.
Functions a; (z,u,p) are measurable at = € Q and any v € R, p € R, differentiable
with respect to p;, j = 1,...,n and satisfy the inequalities

ai 5 Wy
v(uhe < XD e e <y, vee r Q
Dj
8@1‘ (O’O’p) Y] ..
Tﬁ_csg,z,j—l,n, (10)
" 1/2
[Za? (x,u,p)] < g (Jul) (Ipl + g (z)) , 0<g(z) € Ly (), (11)
=1

where 5{ is Kronecker symbol, ¢ >n, ¢(0) < oc.

Function a (x, u, p) measurable at z € Q, v € R, p € R" satisfying the inequal-
ity

la (z,u,p)| < g (Ju]) (p° + f (2)) | (12)

where 0 < f(z) € Ly (2), ¢ >n, v(t) (u(t),p (t),us(t)) is positive nonde-
creasing function at ¢t > 0, p, v > 0, py, puy > 0.

In paper [5] the boundedness and Holder continuity of generalized solution of (8)
have been proved under the conditions (9)-(12). Assuming the value
M = vmz&max |u(x)| to be known there exists v > 0, Cy > 0 dependent only

on M7n7q”uhu‘1nu27vaﬂ that
u(@)] = u(z) —u(0)] < Colz[", [z] <d.

Theorem 1. Let u(z) be a generalized solution of (8) and conditions (9)-(12)
and the conditions that for any k > 0 there exists dg > 0 such that for any p € R"

n 1/2
(Z as (2 0,p) — (o,o,p>12> < K pl+h (), (13)
i=1
as soon as |x| + |u| < dy, 0 < h(x) € Ly, ¢ > n be fulfilled.

Besides if g(z) e W3 _5(Q), h(z) e W2 _54(Q), f(z) e Wiy(Q), a <4—n,

moreover,
A>2—(n+a)/2 (14)
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then the following estimate is valid

/TO‘—Z Vul? de < C(1+ |lgllwo_, () +
Q

1 llg 20+ IBllwo_, @ + 115 @), (15)

where constant C' depends only on quantities M, v, iy, g, tt, @, 1y A, q, mesS), mesG.

Proof. For any § € (0,d) if r is radius vector of the point z € Q then quantities
rs = |r —6l| # 0, Vo € Q, where for the fixed point z € S"“1\G and unit radius
vector | = 0z = (I1, ..., 1) vector 8l does’t belong to Qd. Therefore the function
n(x) = rg‘_zu (z) is admissible in identity (8). We obtain

2,0

/T?Qai (:L‘,u,ux)uzid:v+/r§l2u($)a(x’”7“x)d$+
5 Q

+/ (a —2)u(z)rd *a; (v, u,uz) (z; — 0l;) dz = 0. (16)
Q

By means of condition (10) we have

a; (0,0,p) =pi + a7, a} =a;(0,0,0), i=1n

a; (z,u,p) pi = |p|> + a¥pi + [a; (x,u, p) — a; (0,0,p)] p;. (17)

Taking this into account, choosing some small number d and dividing domain
Q) into two subdomains Q¢ and Q\Q¢ we estimate the obtained integrals in each of
subdomains separately. At that we apply inequality (6), use one estimate from [6]
and the fact that u (z) is Holder continuous. Finally, using conditions of the theorem
passing to the limit as 6 — +0 we obtain the required estimate.

Remark. If n =2 0 € 09 is a corner point G = (0,wyp) , wo is size of the angle
in the neighbourhood of 0, QZ = (0,d) x (0,wp). In this case eigenvalues problem
(3) has the following form

W+ Nu=0, u=uw), wed

ou
=0, — =0. 18
w@ha=0 5ol (15)
The least positive eigenvalue of this problem is A = 7. Condition (14) will take
on the form -
—>2—-a, a2
wo

Let’s go over to the estimation of |u (x)|. Previously we’ll prove a lemma
Lemma. Let u(x) be a generalized solution of problem (1) and conditions (9)-
(12) be satisfied. Then for any function

0
v(z) € V{v € W3 () /v(x) =0, zelf; Y=o, I’GFSQ}

an
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and almost all p € (0,d) the following equality is fulfilled

/ [a; (z,u,uz) Vg + a(x,u, ug) v(x)] de = /ai (x,u, ug) v (x)cos(r,z;)dG, (19)
Y Gy

In order to prove it we sabstitute n(xz) = v (x) (Xﬁ>h (z), Vv e Wi, (Q) into
the integral identity (8), where x, (z) is characteristic function of the set Qf and
(Xp)h is its Sobolev averaging. Such 7 is admissible by virtue of theorem 1. In the
obtained equation passing to the limit as h — 0 we obtain (37). Passage to the limit
is justified by usage of properties of mean functions [7] and theorem 1.

Theorem 2. Let u(x) be a generalized solution of problem (1), conditions
(9)-(12) and the condition

n 1/2

(Z [ai (z,u,p) — a; (0, 0,19)]2) < O (J]) [pl + h (2), (20)

i=1

for any x € Q4, uw € R, p € R" be fulfilled, where § (r) is nondecreasing positive
5 (r)

d
function satisfying the Diny condition [——=dr < occo. In addition we assume that
0o T

the following conditions are satisfied
) S>> 2 _ B _ 2 .
a; (@, u,p) pi = vo |p|” — p3 |ul” —w o (2);

a(@,u,p)u < po lp° + g ul’ +ue (2), (21)
where 2n/ (n —2) > > 2; OSCP(CC)GLq/Q(Q)a q>mn, vg>0, pg, pg =>0;

g (1') € W20—n (Q) ) h (m) € W20—n,0 (Q) ’ f (.Z‘) € W4D—n,0 (Q) ) (22>

G G Qf

s>20(G), 0<p<d.
Then the estimation
ju ()] < C'aMY (23)

is valid, where X (G) is the least positive eigenvalue of problem (3) and constant C
depends only on the known quantities of the problem.

Proof. Let’s substitute v (z) = r2 " () into identity (19). Such a function is
admissible by virtue of inequality (5) and theorem 1. Taking into account (17) and
estimating integrals with multipliers a) and expression u u;, we obtain

-2
/rQn |Vu|? de < n2/u2dw + / [ai (z,u, ug) — a; (0,0, ug)]| %

Qr G or

X [P g, | + (2 = ) 7 | Ju ()] dx+/r2_n‘“(3«")’ la (2, u, ug)| da+

Qg
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+p/|u [a; (z,u,uz) — a; (0,0, ug)] [cos (r, 2;)|,_, dw+

4o llolhwg. oy + 07 [0 (o) o p [ i (24)
G G
Using denotation v ( f dr f (ru + 1 |V,ul ) dw and estimating integrals in

the right-hand side of (24) by means of inequalitites (4), (5) Cauchy inequality with
¢ > 0 and Holder property of u () we obtain

v(p)<ep®, 0<p<d (25)

where constant C' depends on M, d, v, i, fty, 14, 1, A, ¢, mesG, mes§2, ]|g||q Qs

d
5 (r)
1Hlhwg., o0 I9lhwg o0 1w oo W lggnes [ 2
0
Let’s consider function
z (2) = p~ MGy (p2), 0<p<d (26)

in layer Q' = {2’/ 1/2 < |2/| <1}, w =0 out of £, and use one of inequalities from
[6]. Taking into account estimate (25) we obtain

lu(z)|de < Cp™t?*, 2<q<2n/(n—2), n>2. (27)

p/2<|x|<p

Then taking into consideration one of results from [6] by virtue of assumption of
our theorem we obtain

ju(z)] < MM (28)

where x € Q4 N {p/2 < |z| < p < d} and M is a constant dependent on the known
quantities. Supposing |z| = 2p we’ll obtain the required estimate (23).

The theorem is proved.

Theorem 3. Let u(x) be a generalized solution of problem (1) and assumptions
of theorem 1 be satisfied. Besides, let’s for x € Q and for any u,p € R" functions
a; (z,u,p), i=1,n and a(x,u,p) be differentiable with respect to their arguments
and the inequalities

(%l

a; (1‘, uap) Di Z Vo ’p‘Q — %o (.’E)

2) . Z (’aaz

2,7=1
10
+;'a;

da
8:@

@2
ou

1/2
) < pa (|u]) (Ipl + @1 () (29)

9\ 1/2
) < s (ul) (Ipl* + 22 (=) )
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be fulfilled, where p; (x), i =0,1,2 are nonnegative functions, moreover, @, (x),
@9 () € Lyya (Q), @1 (x) € Ly (Q), ¢ >n. Then u(x) € W2, (Q) and the following
estimate is valid

2
lullwz @) < CL+[Ifllg0 + [1fllg /2.0 + 19ollyz. +1@2llg/20 + lleillgo +

+1[hlfy2_

2,0

@ * M9l + I1F1ve @ + Co / plotha/i=n[ /2 (1) 4 o (z) +
Q

+o8/% () + f92 (2) + g7 ()]} (30)

where a < 4—n and provided that the last integral is finite, c¢1,co > 0 depend on the
known parameters.

Proof. In order to prove the theorem equation is considered in the sequence of
domains €, ,, which are intersections of Qg and some layers. Making some transfor-
mations and using one estimate from [6] and summing all the obtained inequalities
over k =1,2,... using theorem 1 we obtain the required corollary.

Corollary. Let all be the conditions of theorem 3 except equation (14) be fulfilled.
Then generalized solution of problem (1) u(z) € W2 (), if

1)n>4;

2)n=2and 0 <wy < 5;

3I)n=3 GCGy={w=(0;¢)/0<|0] <wo<m, 0<p<2r}, where wy is
solution of equation py s (coswo) = 0 for Legendre function.

Proof. 1) According to theorem 3 u (x) € W7 _, (). Condition (14) turns on
to trivial one if & = 4 — n because A = A (G) > 0. Now the statement follows from
inequality

2 n—4 4-n, 2
/umdaz <d /T Uy dr < const .
2 af

2) If we suppose a = 0 in theorem 3 then condition (13) will be trivial one. If
n = 2 the statement follows from the remark.

3) Equation (14) turns on to A (G) > 1/2. Let Qg C S? be domain in which the
eigenvalue problem (3) is solvable for A\ (G) = 1/2 and 9y = 9y U 9% :

Apu+(1/2)(1+1/2)u=0, weQ (31)
ou
u|3190 = 0, % 32Q0 =0

Condition A > 1/2 means that Q C Qg [8]. We solve problem (31) in the form
u = v (f). Then for v () we obtain

1 d . dv 1 1
sin6 db (Sln9d9> T2 (H?)U_O’ O lil< o 2
ov
v(—wp) =0, on (wo) = 0.

Solution of this equation is Legendre function of the first genus v (6) = p; /5 (cos0),
which has exactly one zero in the interval 0 < § < 7 which we denote by wq (see

[9])-
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The corollary is proved.

Theorem 4. Let u (z) be a generalized solution of (1). Let funcions a; (z,u,p),
a(z,u,p) be differentiable with respect to their arguments and conditions (9)-(12),
(29) with q = oo be satisfied. Besides, let conditions of theorem 2 be satisfied. Then

IV (z)] < el MO (33)

where X (QG) is the least positive eigenvalue of problem (8), and constant ¢ depends
only on the known quantities.

Proof. As in the proof of theorem 2 consider function z (z') = p~M%u (pz’),
0 < p<dinlayer @ = {2// 1/2 < |a'| < 1} assuming that u = 0 outside of .
Under our conditions it is valid the theorem from [6] on boundedness of modulus of
gradient of solution inside of domain and smooth pieces of boundary

vmiQpaax ‘V'z| < M; (34)

where M; > 0. Then for the function u (z) we obtain

(Vu ()] < MMtz eQdn {p/2 < |z| <p<d}. (35)

2
If we suppose |z| = 3 p, then we obtain the required estimate.
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