Abstract

The order of best approximation of multi variable function with the sums of
fewer variable functions in the space of mizred norm was established. For this
we use exact annihilator of class of fewer variable functions.
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ONE DIRECT THEOREM IN THE SPACE WITH THE
MIXED NORM

At the given paper the order of the best approximation of multivariable function with
the sums of fewer variable functions in the space by the mixed norm was established.
For this the exact annihilator of a class of fewer variable functions is used, previously
established in [2]. Let the real function f = f(z), =z = (x1,...,2,) be determined
on the bounded set @ of n-dimensional Euclidean space R,, = R,, (x1, ..., Z,,). Denote
by xsz = (iL‘Z', Lijd1yeeey l’k)

Let the set ) be given by the inequalities

where aq <xm) , By (ajm) are fixed real functions.
Consider the norm of multivariable function f relative to the variable x; in the

space Ly, . y
Bi(vrrw) _ b
171, £ ( / @ dx,-)

Tirtn
and denote by L, (Q) ,p = (p1,...,pn) the space of the functions f = f(z) for
which there exists and finite the integral

\(H-~ (11,.) ...Hpnl)

Take the group of the variable u, C {z1,...,2n}, Uy € up, vF#p; v, p=1m
and denote by > the class of functions of the form

Z(pv ﬁ Z(pv (u’U) € LﬁQ?

v=1

df
1£1l, =

Pn

where the functions ¢, = ¢, (u,) are determined on ), projections of the set @
on the space R (u,). Consider the best approximation of the multivariable function
f € Ly (Q) by the summ of few variable functions in the space the mixed norm

L7 (Q)

By (£.30) = yinf || - Ui%

We'll use the notation of exact annihilator of a class of functions introduced by
Babaev M.-B.A. (see for ex. [1]).

P
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Consider the normalized space X and the set H C X. The family of the
continuous operators {Vg}gocn, Vo : X — X depending on some parameter 6 €
€ G C Ry, we'll call exact annihilator of the set H if

feEH<—= Vyf=0, V0eG

Following to [1] let’s construct the exact annihilator of the class > the sum of
fewer variable functions in Ly .

Let f=f(z), 2€Q, f:Q—R,

0= (91, ...,Hn) €Q), ¢ = (0, ...,9]', ...,0),
df ;
Aif L g f=f(w+8) = f (),

Nijf =D (Ajf), ...
Let D be some set of the subsets

ﬁ:{1’7n}D:{5177(5m},51Cﬁ, 'L:].,m’ 6Z¢5j7 Z#]? ﬁ:(sgp

for every § = {5(1), oo, 0101 }, where |d] is the number of elements of the set 4.
The mixed differences

Absay, .. 050 f

we’ll denote by Asf = A, f .
Let D be a set of all subsets m not being the subsets of any

'D:{(annggm':l,m}

from 41, ..., 0m.
To the set D let’s associate the totality of linear operators for the function f
measurable in Q.

S

ZA(va ,Lf $,$+9€Q
DafZ{ 4
0, if xor z4+60¢Q

We previosly proved.
Theorem A ([2]). For the function f € Ly (Q)

fe {ZS% (uv)} <Dy f=0 for almost all (z,0) € R*™.
v=1

In other words the family of the linear operators {Vp, }y. is an exact anihiator
of a class the sums of fewer variable functions

S - {ﬁ;so <uv>}
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in the space Ly (Q).

Allowing for theorem A we’ll determine D—modulus of continuity of the function
fely(K), K=1I" 1=]0,1] by the following form

wp (f)Lﬁ(K) = SEE ||vDef||Lﬁ(k) (1)

Due to the fact that exact annhiator reprsents linear combination of finite mixed
diferences it is easy to see that wp (f) Ly(K) satisfies the continuity modulus proper-
ties: it equals to zero at 6 = (0, ...,0), doesn’t decrease as a function from 6 and it
is continuous function from 6.

Theorem 1. For every function f € Ly (K) it holds the estimation

5[5 X] <25 en iy

For proving theorem 1 we need
Lemma 1. For p;,, 0<p; <oo, i=1,n exist o € K such that

Vo, ot @], < 250755 sup Vo, f (@)l
heK

Here in the left-hand side of the inequality the integration is made relatively to
T € K.

For proving this lemma we’ll use the following results.

Lemma A [1]. For 0 <p<oo, Ja € K is such that

7’L

(Voo @750 <27 592 IV (@) -

where on the left part the integration is made relative to x € K.

Proof of lemma 1. Apply lemma A for the case n = 1 to the variable

1

/‘V($1—a1)...(zn—an)f(alv-"7an)|p1 dri <
0

1

<2 sup / ‘Vhl(m,w)m(zn,an)f($17a2,...,an)|m dxq
h1€[0,1] o

or

IV(e1—a)conman £ (@15 an) ||, <

< 2Sup/ ‘vhl (z2—a2).. (wn—an)f(xlva% -"70571)‘]31 dry =

_ 21/p1S;Llp thl(xrw)m(xnfan)f (21,002, ...,Oén)le :
1

Let’s apply now lemma A to the norm of the right-hand of the relation (2) relative
to the variable z9 in L, we’ll get
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p2
H thl(zg—ag)...(mn—an)f (1'17 a2, ..y an)le T
p2
< 25;321) H }|vh1h2(x37a3)...(xnfan)f (xlv T2, q3; ..., al)le o
p2
= ||V (@2-0)..(en—an)f (1,02, ..., )| gy =
< Qs}llp ||vhlhg(mg—ag).‘.(azn—an)f (5517 €r2,q03, ..., O‘n)‘ Z?pQ
2
= thl(ngag)...(xnfan)f (331, Qz, ..., an)lep2 <
1
<2m Sup IV hiha(@s—as)...en—an) (@122, 03, an)| (3)
2
Using relation (3) in the inequality (2) we’ll get
Hv(ml—al).“(a:n—an)f (041, ) an)lepz =
a1
< ||2P1sup va(w—az)-..(xn—an)f (1,9, ...\ an)le =
il p2
1
=2n S;Llp th1(x2*a2)..-(mn*an)f (a;l, a9, ..., an) HP1P2 <
1

1 1
S 2p1 S;Llp2p2 S}lllp HVhth(m_ag)._.(xn_an)f (xl, T2, (3, ..., an) lem =
1 2

141
= 2P P2 :uhp [Vhino f (21,22, a3, ooy )], (4)
1n2

Applying this operation consequently to other variables we’ll get the relation (4)
of the statement of lemma 1.
Proof of theroem 1. In [2] we established that it holds the equality

vmf@):f(:cw)—iw(%i) |

s=1

0
where ¢ <&/‘58> = @ (z\xs,, x5, + 05,)
Using this relation for every a € K we get
def
f@) = Vp, . f(a)= go(x) € )
Then by virtue of lemma 1 we have
19507 (@)1, ) = 17 @) 00 @)1, ) <

n

>
< 257 sup [V, f (@) ]y,
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It follows that
E[£,30] = 1 @) = @ @y <

n n
1

> L >4
< 2k=1 sup VD, f ()l k) = 285" wp (F) k) -

Theorem 1 is proved.
Theorem 2. For any function f € Ly (K) it holds ordinal equality

Ep (f, Z) ﬁwm (N ) -

Upper estimation is established in theorem 1, and lower estimation follows from
lower estimation of a best approximation (theorem 1 of paper [2]) ealier established
by us due to definition of a module of the continuity (1).

Actually it is obtained more - in theorem 1 of the given paper is established
double-sided estimation with concrete constants.

The quantity of the differnces Asf in Vp, f , evidently, depends from D. The
greatest number of such differences present in an exact annihilator of set of the sums

n
of form 3¢, (;) and it equals to 2" — (n + 1) . This case D = {§1,...,0,}, & =
i=1

n . .
={i} wu; ={x;}. In Vpof up to cancellation participates > b2 values of f .
i=1
In case when some (more that two) variables take part only in one w;, number of
differences in exact annihilator we can cancel essentially. Take the number 0 = kg <

< ki1 <..<ky=mn and denote

li = {176]‘71-1-1, -.-71‘]{,’]'} , Tj = {9]@].71_;,_1, ...,ij}, 71=1,q.

Let n, C {1,...,q}, i =1,l. Consider the set

Vi=ty, = {ts] sen;}, V=A{v1,...,u}.

Determine the differences for the function f relative to the group of the variables
Ti

Vo f=f (z+7) = f(z), where 7/ =(0,..,7j,..,0)=

= (07 "'7079I€j71+1,...,9kj707 70) ) A’T‘ijf = ATi (ATJf)

For every
n= {77(1)7 --,77(“7')} s A=Ay Ty f
Finally, let

YALf if maxtTeEK
"

VEF=) Al Vif=
’ zn: ! . 0 if =z or z+7¢K
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where summation is taken on all n C {1,...,q} , contained in none of 7n,...,n;.
Denote by ), the set of all sums of the form

l c p
{van}; S U o), S =Y L ()
=1 v v v v

Using the method of proving theorem 1 it is possible to prove that it is true

Theorem 3. For the function f € L,(T), b = (p1,-.,Pn) , 0 < pi < 00
fedPt«v, f=0 foramostall (z,7) € K>

In case t; = {x;}, ¢ = 1,n from theorem 3 follows theorem 1 from [2].

The exact annihilator of the set of functions of the form ¢ (x1, 2, z3) + 1 (23, x4)
consisted of 6 differences and 48 values of the function f . If in this example we
put t; = {x1,22}, to = {x3}, ts = {x4} then according to theorem 3 the exact
annihilator of this set will take the form V,_f = (A, + Ar,,) [, i.e. will consist
of two differences and 12 values of the function f .

Determine v modulus of continuouty of the function f € Lz (K) by the following
form

wo (f) k) = sup Hvllif—fHLF(K)

Theorem 4. For any function f € Ly (K) if holds relation

E; (f, Z) ﬁwv (F) ) -

The lower estimation is established similarly to estimation of the best approximation,
cited in theorem 1 from [2], where instead of the coefficient N [Vp]™7 will be a
number corresponding to quantity of addends of finite differences, participating in
a continuity module w, (f).

The upper estimation is established similarly to theorem 1 of the present paper.
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