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MECHANICS

Natig K. AKHMEDOYV, Talekh V. SHIRINOV

ASYMPTOTIC ANALYSIS OF A SPACE
PROBLEM OF ELASTICITY THEORY
FOR NONHOMOGENEOUS HOLLOW

CONE OF SMALL THICKNESS

Abstract

By the method of direct asymptotic integration of equations of elasticity
theory the space deflected mode of nonhomogeneous truncated hollow cone of
small thickness is investigated. The nonhomogeneous and homogeneous solu-
tions are constructed. On the base of qualitative analysis the nature of deflected
mode is clarified.

At the papers [1, 2] the deflected mode of truncated hollow cone of small thick-
ness was investigated. In [3] by the method of asymptotic integratian of equations
of elasticity theory the first boundary value problem of elasticity theory for non-
homogeneous truncated hollow cone was investigated. At the given paper by the
asymptotic integratian method the second boundary value problem of elasticity the-
ory for nonhomogeneous truncated hollow cone is studied.

1. Consider the axially symmetric problem of elasticity theory for
nonhomogeneous truncated hollow cane of small thickness, which repre-
sents a body with two conic and two spherical boundaries. Relate the cone
to a spherical system of coordinates r, 6, ¢:

ri<r<re; 0;<0<0y 0<p<2n
The equilibrium equations in permutation have the form:
Lu= (Ly+ed Ly +e*97Ly)u=0 (1.1)

Here T = (ur,ug)” ; ur = u, (p,n), ug = ug (p,n) are the vectors permutation
components: L are matrix differential operators of the form

OGO +ecot (fg +¢en) 0 —2He?  —e0G —eHO — (G + H) €% cot (0 + en)
Lo =
€0 (H + A\) +2eGO  OHO + (2eG + €0X) cot (0 + en) — He? csc? (g + en)

2¢H A0+ 0G + e (G + ) cot (B + €n)
L, = ;o Lo = H
GO+ 0 2eG

H O
0O G

7
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H=2G+X n= o— 90, p = - are new dimensionless variabless; 6y = 91+02

ro

is
an opening angle of mean surface of cone; ¢ = 20 91 is a small parameter, Wthh
characterizes the thickness of cone; ro = \/r172; 7 E [—1;1]; 6 € ( ; 2) .

We’ll suppose, that Lame parameter G = G (1), A = X (n) are arbitrary positive
piecewise functions of the variable 7.

Suppose, that on lateral surface the following boundary conditions

*(p) when n=+1 (1.2)

2. Consider the construction of partial solution of the equations (1.1),
satisfying the boundary conditions (1.2), i.e. nonhomogeneous solutions.

We suppose that the functions given on conic bounds are sufficiently smooth
functions and relative to ¢ have the order unit.

The solution (1.1)-(1.2) we’ll look for in the form

U =Ty + ety + XUy + -+ -

U; = (uri, ugi) ; 0= 0,152 (2.1)

The construction (2.1) in (1.1)-(1.2) leads to the system, successive integration
by 7,gives the relation for the expansion coefficients (2.1).
For uy we get

1
uo = f(p)- | [ G (n)dn G (z)dz+ [ (p);
Jorm) Jo

ugo = h(p /H /H z)dz +h™ (p), (2.2)

where
F)=f ) =f (p) 5 h(p)=h"(p)—h (p).

The analysis of stress strate shows, that the stresses relative to ¢ have the order

O(e™1).

3. Consider the question on construction of homogeneous solutions.
Suppose in (1.2) g (p) = 0. Looking for the solutions of homogeneous systems in
the form

u(pyn) = p""7 - (n) ; 7 (n) = (a;b)"

after the separation of variables we get the following problem:

(Lo+e(z=3) (L1 —eLy) + 2 (2= §)° L) 7 =T,



Transactions of NAS Azerbaijan 199
[Asymptotic analisys of a spaces problem]

Let’s use the asymptotic method [4] for the solution (3.1), founded on three
iterative processes.

If in (2.1), (2.2) put the g* (p) = 0 we get that to the first iteration process
corresponds the trivial homogeneous solution.

The solution having the character of an edge effect corresponding to the second
asymptotic process for nonhomogeneous truncated hollow cone with a fixed lateral
surface doesn’t exist.

Let’s turn into construction of the third iteration process. The solution (3.1) we
look in the form

78 () =« (Wo+eWi+...),

z=¢"(ag+ear +..), (3.2)

where

Wz' = (ai,bi)T, 1= 0, 1,2,....

After the substitution (3.2) in (3.1) for the first members of expansion we get
the spectral problem
A (ag) Wo =0, (3.3)

where

A(ag) Wo = {€ (o) Wo; W (£1) =0},
= __ N\ — T_/ 9 _
/ (CM()) Wy = <L3W0> + o ((L4W0) + L4 W0> + CMOLQW().

Ly =

G 0
0 H

0 G
|

The spectral problem (3.3) coincides with the problem describing the potential
solution of homogeneous on thickness plate, which is studied in [5, 6].
On the next stage of asymptotic integration we receive a boundary value
problem for the determination W and ay:

( (Cl(()) Wl = — (Bl + Cl(oBg + 01133 + 20[00[1L2) WU,
(3.4)
Wi(£1) =0,

where

O O
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d d
@) d_n(G)Jr)\d_n
B3 =
d d

The problem (3.4) is solvable provided that the right-hand side of (3.4) is or-
thogonal to the solution of the conjugate problem

T5-K

A* (ag) Wy = A (=) W, =0, (3.5)

where
— T
Wy = (ag,bp)" -
Satisfying this condition, for a; we get

By
ol = ——
1 E27

where
1

dag_ 3 —s dag dﬁa
FE = — t 6, — bp— +bp— | —
1 /[Gdnaoco 0+2G<0d77+0d77>
21

4G + 3\ db dby,
_Q (53d_7;) + a0_0> +

2 dn
dby - db,
+ <2Gd—0b0 - Abod—()) cot 0y + a (G + ) boag cot 00] dn;
U U

dag—  day dby _ dby,
G ==y —bo—= | + A [ ==ap — ag—2
< ’ 0dn>+ <dna° “ay )T

+ap (2Gb053 + 2Haoag)] .

So, the solutions corresponding the third iteration process have the form

o
u£3) = p_%esz Uﬁz),
k=1

o
ug?’) = p_%ssz Ug(z),
k=1

U = [pocg W) (1) — paWk (1) + O ()] exp (¢ avgp, In p) ,

Ust) = [%}f (poT}) + 200 p1 T}, — gyl (p2Ts)' + O (6)} exp (e agx Inp) ,
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H S A
1GGE+N T T A e

Here Uy (n) is a solution of Popkovich generalized spectral problem for nonho-
mogeneous case

po = (3.6)

(Po TN + a2 [2(p1TL) — (p2Ug)" — p2UY] + agypo ¥y = 0,
oV — poa, ¥ =0 when n = =+1,

(poTY) +2a2,p1V), — a2, (p2¥%) = 0 when n = £1.

From (3.6) it follows that the stresses ogg, 0gr, 0rr, 0y, relative to e have the
order unit.

Note that the third asymptotic process determines the solutions (3.6), which
have the character of a boundary layer. The first members (3.6) are completely
equivalent to Saint-Venant edge effect of nonhomogeneous plate [5, 6].

4. Consider the question on removal of stresses from end surface of a
cone. Suppose, that on spherical part of boundary the stresses

orr = f15(n); 0rg = fos (n) whenp = pg; (s =1,2). (4.1)

are given.
Here fi5(n), f2s (n) are smooth functions and satisfy the equilibrium conditions.

Let’s represent the permutations in the form u, = ZC’kp -3 . ax (n),

ZC’W b (n) - (4.2)
For the stresses we’ll get

o0
_3
orr =3 Chp™ 2 B ().
k=1

Org = chp Ty (n),

1
Ei(n) = <zk — 5) Hap + X (Zak + ts_lbfyc + by, cot (B + 677)) ,

1) =G (< + (- 5 ) e). (13)

For the determination of the constants C} let’s use the Lagrange variation prin-
ciple [7]. In considered case the variational principle has the form

1

sz/ [(orr = f15) Our + (0ro — f2s) dug) -sin (0 + en) dn = 0. (4.4)

-1 p=ps
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Substituting (4.2)-(4.3) in (4.4) and supposing 6C as a independent variations
we get the infinite system of linear algebraic equations

ZDjk . Ck = t]‘; (j = 1,2, ) . (45)
k=1

Here
1
Djy = (pf”z" + p;’““j) : / [Ex (1) aj (1) + Ti (1) bj ()] sin (6 + en) dn,
-1

1

2 3
tj= Zp§j+§ / [f1s (n) aj (n) + fas (n) bj (n)] sin (6o + n) dn.

s=1 1

In [8] the solvability and convergence of reduction method for the system (4.5)
was proved.
We look for the unknown constants By in the form

By = By +eBgy + . (4.6)

After substituting (4.6) in (4.5) and allowing for (3.6) we get the following system
of infinite algebraic equations:

Y Bro-gik=hj (=1,2,.). (4.7)
k=1

Here

00 () — ;) 0
07

20,0 o
P1¥ k+0403 Qo dnx
Oé()j

9 1
9ik = Z/
s=174

£
1

23
hj = Zl)ﬁ/ [fls (pooéo_j?‘l’g —pQ‘I’j) + fos (a()_jl (p20) — o) (po\I’;-')l) -
s=1 1

—2016]-1[)1 \Il;} dn.

The determination By, (¢ = 1,2,...) is invariably reduced to the reversion of the
same matrices, which coincide with the matrices (4.7).

Note that when G = const, A = const from the solution of the given problem
we get the known results of paper [3].

Authors express their thanks to M.F. Mekhtiev for useful discussions.
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