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!Azer Kh. KHANMAMEDOV

EXISTENCE OF A GLOBAL ATTRACTOR FOR
THE PLATE EQUATION IN AN UNBOUNDED
DOMAIN

Abstract

In the paper the asymptotical behaviour of solutions for the plate equation in
R" is studied.The existence of global attractor in W (R") x Ly (R") is proved.

The subject of investigation of the present paper is the question on the existence
of global attractor for the following Cauchy problem:

Yy +ad, + A2+ X0+ fF () =g (z), (t,z)€ Ry x RY, (1)

9(0,2) =9 (z) , U4(0,x) =0 (x), xRV, (2)

where a > 0, A > 0, g € Lo (RN ) are given and non-linear function f (-) satisfies
the following conditions:

feC (R),

f/(u)|§0(1+’u|p)7 p>0’ (N_4)p<4v (3)

f(u)'u25/f(s)d820, for some ¢ > 0. (4)
0

The existence of global attractor of initial-boundary value problem for the equa-
tion (1) in a bounded domain is studied in [1], where the asymptotical compactness of
solutions follows directly from the compactness of imbedding of the Sobolev spaces.
Since the imbedding of the Sobolev spaces in unbounded domains, in general, isn’t
compact, then we can’t apply the method used in [1] in our case.

The basic aim of the present paper is the proof of asymptotical compactness of
solutions which implies the existence of global attractor.

Denote the spaces Wy (RY) and Ly (RY) by H® (s # 0) and H respectively, and
the norms in H* and H by |||, and |[|-|| respectively.
the problem (1)-(2) in the space H? x H is

By the transformation 6 = Z;
t

reduced to the following problem
O t)=A0t)+F(O(t)+G, teR,, (5)
0 (0) = o, (6)
where

A= ( ey _il>, D(A) = H* x H2, F(0(t)
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(o) = ()

The problem (5)-(6) for any y € H? x H under the conditions (3)-(4) has the
unique solution 6 (-) € C ([0, 00) ; H* x H) (see, for example [2]), which satisfies the
following integral equation

0(t) = 0, + / (A (F (0(s)) + G) ds. (7)
0

Hence the problem (1)-(2) in the space H? x H generates strongly continuous

non-linear semi-group V (¢) (¢ > 0) such that < v () ) = V() < Yo >7 where
W (t) a1

Y (t) is a solution of the problem (1)-(2).
Multiplying (1) by 9; + &¢ - ¥ and integrating over R we obtain

1d
5& (ﬁt2 + ||A'l9”2 + 250/79t . 19d$+

RN

+a-eo |0+ A9 + 2/<1> (9) dx | +

RN

+ (o= 20) 19, + 0 (A9 + A91°) +

+50/f (9) - ddx = /g- (V¢ + €9V) du, (8)

RN

where ® (¢ / f(s

By virtue of (4), (8) we have

1d
v (ﬁt2+ | A2 +250/19t-19dx+

RN
fa-zo |92 + A9)% + 2/@ W) da | +
RN

3 €
+ ( - 50> 1917 + 2o A9 + 0 (A= ) 119>+

4
1 2
+€0-6/<I>(19)da:§<1+a>~HgH )

RN
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Choosing g € (O, min {4)\, @, %}) and denoting

1 . {304 60(4)\—50)
W= -min4 — — &o,

OBATE0) o e0d
4 4 1A+ azo) EO’EO}

we obtain from the last inequality

d
o L1002 18012 + 220 01 0o a0 |92 4 A9 + 2 [ @ @) do | +
RN Rr

tow [ 19,2 + 250/1% 9dz + | AG]? + A9 +

RN

2(a+1
a0l +2 feyar | < XL g, (9
Rn
Let B C H? x H be a bounded set. Then from (9) according to (3)-(4) for

VO, € B we have

IV (&) Ooll g2y < C (IBllgzpr) - +L, >0 (10)
where
a+1
Bl = sup oy L=/ ol
U

In particular from (9) the inequality

|€400]| oy < M e |00l yossr, >0, (11)

also follows and consequently

et

Hsx Hs—2 S M : 67wt . HHOHHSXH572 9 t > 07 (12)

Now consider the following sequence of the problems:

O 4+ adf™ + A2 x990 D) = g (@), (t,2) € Ry x BY, (13)m

9™ (0,z) =0, 9™ (0,2) = 0, z € RN, (14)m

where 9° (t, ) = ¥ (t,z) is a solution of the problem (1)-(2).

To prove the asymptotical compactness of solutions of the problem (1)-(2) we
use the following lemmas.

Lemma 1. Let the conditions (3)-(4) are satisfied. Then there exists mg > 1

such that for Ym > mgy and ¥V ( ZO ) €B
1

H““’”(L + Hﬂgm)HQ + Hﬁgn)H < Co (1Bl g2 - lgll), t>0 (15)
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holds.
Proof. Differentiating (13),, with respect to ¢, taking into account (14),, we
have

{ O+ e+ A2 4 xof™ g (90D g o,
" (0,2) =0, 9 (0,2) = g ().

Using the representation of solutions we obtain

t
ﬁgm) tA(()) /(t— 1A 0
=e + [elt7F — m— ds, t > 0. 16)m,
( ﬂgn) ) g 0 F (19( 1)> 19'% K 1o

Using the relations (3) and (10) it’s easy to check that for V¢ > 0 the inequalities

1) 0| < C (1Bl llall) . if N <3, (17)
and
[f @) 0| 5 < C B2 -llgll), if  N=>4, (18)
hold, where
0<d<2, if n =4,
{ § = el it >4

If N < 3, then estimates (11) and (17) allow to derive the estimate (15) from
(16),, for Vm > 1. If N > 4, then according to (11), (12) and (18) from (16); we
have

[9], + [59] ., < & (1Blmsar D). 220

Allowing for the last inequality in (13);, we obtain

[, + o)+ [ ., <@ 1Bl Nal) . 220

2468 —245

Using this estimate in (16)y we obtain more smooth estimate for 9(?) (¢, ). Thus,
the application of this proceedure after finite number of steps gives us the estimate
(15).

Lemma 2. Assume that (3)-(4) hold. Then the estimate

o =], + 7 o] <
< G (1Bl Igl) (1t 4t e, >0 (19)

1s valid for Ym > 1 andV( 30 > € B.
1
Proof. According to (13);-(14); we conclude that

v 9 1A (Yo
— (1) =€ .
19,5 19t 791
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Then by virtue of (11) we have:
|00 = ||+ {06 = o1]| < M olly + J9a1) - e, &> 0.

Using the equation (7) and the representation of solutions of the problem (13),,-
(14),, taking into account (3), (10) and (11) we obtain

[0 = ||+ |05 = v < M (ol + 191y - e+

t

+M - /e—w(t—S) . Hf (ﬁ(m—l) (s)) _

0

= f )l ds < M ([9olly + [191]) - €™ + et (IBll g2 - lll)

t

« /e—w(t—s)

0

‘19<m—1> (s) — 0 (s)H2 ds.

Further we obtain the estimate (19) by using the method of mathematical in-
duction.

Now we prove the asymptotical compactness of the semigroup V (¢) (¢t > 0) in
the space H? x H.

Theorem 3. Assume (3)-(4) hold. Then for any bounded set B C H?x H the set
{V (tn) 00}o2, is H® x H precompact in H*> x H where {0,}°2, C B, t, — +oo.

Proof. Denote the operator generated by the problem (14),, by V' (1), i.e.

o35 ety

0

According to lemma 2 for the proving of the theorem it’s sufficient to show the
precompactness {V" (t,) 0, }2 ;.

Let ¢ (-) € C™® (RN) such that 0 < ¢ (z) <1 and ¢ (z) = { L |z| >2,

0, |z| < 1.
Multiplying (13)m,, by ¢ (%) (ﬁng) + 6019(m°)) and integrating over RY we ob-

tain
b (o 0)- () o [ (G)- (00 o

RN RN
+2€0/g0 (%) -ﬁgmo) - 9m0) g + A/(p (%) . (19(7"0))24-
RN RN
—l—aao/go (%) . (ﬁ(m0)>2dx + 2/<p (%) - P (19(’”0)> dz | +
RN RN

+ (a0 —g9) - /go (%) : (ﬁ§m°)>2 dr + 60/<p <%> : <A19(m0)>2da:+

RN RN
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Yep A /go (%) : (19("%))2 dz + so/ap (%) f (z9<m0>) 9(m0) gy —

RN RN
_ /¢ (%) 9(@)- (9" +=00)) da-
RN
_132/ (Ap) (%) .ﬁgmo) CAY™O) gy
RN

N
=1 5N

_%g (Ag) (%) L 9mo) . Ag(mo) g
RN

N
3 [ ()t aitan
i=1py

(1) () o () (4 00

RN
Using the definitions of the numbers £, w and the functions ¢ (x) and allowing
for (3), (4), (10), (15) and (19) from the last equality we have

< (t) + = X
W3(RN\Bay,) — " k

<C (1Bl gl ellwa o) + L+ [ g(a)da,
RN\By,

e

oo

La(RN\Bay)

where B, = {z/z € RV, lo| <r}, m(t) — o.
— 400
The last estimate means that for Ve > 0 there exist n. and k., such that for
Vn > n. and Vk > k.

[veme) w6 (20)

€
WM\ B < La(RN\By) 3
On the other hand according to lemma 1 the restriction of {V(mo) (tn) Gn}zo:na
is precompact in W# (By,) x L (By.). So in {V (™) (¢,) Hn}:;ne there is a finite
number of elements being $-net in the space W3 (By,) x Lg (By,). And by virtue
of (20) these elements will be e-net in H? x H for the set {V(™m0) (t,) Gn}zo:ne. It
completes the proof of theorem 1.
Now we can formulate the basic result by using the results of [1] and [3].

Theorem 4. The problem (1)-(2) under the conditions (3)-(4) in the space H? x
H has global attractor which is invariant and compact.
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