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Mansur I. ISMAILOV

THE UNIQUENESS OF SOLUTION OF INVERSE
SCATTERING PROBLEM FOR THE SYSTEM OF
ORDINARY DIFFERENTIAL EQUATIONS ON THE
WHOLE AXIS

Abstract

Nonstationary approach to scattering problem for a system of ordinary dif-
ferential equations on the whole axis is considered. The theorem on unique
solution of the inverse scattering problem is proved.

Consider the system of equations
dy
—io+ Q(x)y= Aty (o0 < & < +00) (1)
with nondegenerate diagonal matrix

T = dlag (gllnp "'7§TITLT) € RTLXTL’

where £; > ... > £, and with summable n x n matrix ) which has block represen-
tation Q = (Qij);,jzl'

Matrix function @ () is assumed to be complexvalued, in this connection, an op-
erator defined in the Hilbert space L?(R;C™) by the differential expression
I(y) = —it~ 'y +771Q (x) y is generally nonself-adjoint.

Forr =2, ny =ng =n, {§ = =&, = 1 from system (1) system of Dirac equations
is obtained and in the case of self-adjoint canonic system of Dirac equations the
inverse scattering problem on the semi-axis (x > 0) was studied in papers [1,2,3,etc.],
and on the whole axis in [4,5, etc.].

Atny=..=n.=1and g;; =0, i = 1,...,r is the inverse scattering problem
for the system (1) on semi-axis was studied in [6,7,8, etc.], and on the whole axis in
9,10, etc.].

In the paper the inverse scattering problem on the whole axis is investigated for
the system of differential equations obtained from (1) at r = 2, q11 = g22 = 0, i.e.
for the system of differential equations of the form

dy 0 qu2(z) §1dn 0
_ =\ : = : 2
"do ( ga1(z) 0 Y 0 &l )" Y (P fen) (@)

where I,, (i = 1,2) — n; X n; are unit matrices, ny +ng =n, &§ > 0> &y; ¢ij (x)
(i,j = 1,2) —n; x nj are matrix functions with measurable complex-valued elements,
whose Euclidean norms satisfy the conditions

/|rqz-j<:c>uda:<+oo, =12 (i+)) 3)
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Let’s consider the problem generated by system (2) with one of the boundary
conditions on infinity:

lim_y; (z, ) e = Ay, lim_ys (z, A) e%2" = Ay (4)
T——00 T——00
and
lim_y; (z,\) e = By, lim_ys (z, ) e2% = By (5)
T—+00 Tr—-+00
Here

Y1 ($>)‘) = (901 (:Ea )‘) 3o Py (:Ea )‘)) y Y2 (l’, )‘) = (Qpn1+1 (:E7>‘) oo Pn (1’, )‘)) .

At first let’s prove the following theorem.

Theorem 1. Let )\ be real number and the coefficients of system (2) satisfy
condition (3). Then the following statements are valid:

1) there exists a unique solution in the class of bounded functions of problem
(2)-(4) and (2)-(5),

2) for any bounded solution y (x,\) of system of equation (2) there exist (4) and
(5).

Proof. The first statement of the theorem is equivalent to the unique solvability
in L (R,C™) of the system of integral equations

yr (2, 0) = A1 — i [ g1 (s) a2 () i1 (2—5) Jg
- (6)
Yo (z,N) = Aget o —j [ qo1 ()31 (s) i (1—5) ] g

—00

and

. +0o0o '
y1 (2,\) = B1e?a% 44 [ g1a(s) y2 (s) eX1@3)ds
. +:<c>o )
Y2 ($, )\) = 3261)\5293 ) f g1 (S) n (S) A2 (7—3) 1 g

which are equivalent to problems (2)-(4) and (2)-(3) respectively.

By virtue of (3), integral operators here are contractive in L* (R,C™) and
therefore system of integral equations (6) and (7) is uniquely solvable in the space
L™ (R,C™).

The second statement of the theorem is reduced to the direct checking of the
fact that if y (z,A) = (y1 (z,A),y2 (xz,A)) is bounded solution of system (2), then
vector-function

xT

2 (@A) = g (2, A) + / g12 () 1 () 26 9,

—0o0

T

z2 ($7 )‘) =12 (l’, )‘) +1 / 421 (8) 1 (8) ei)\§2(x_5)dsa

—0o0
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belongs to the space L (R, C™) and is the solution of nonperturbed system (system
(2) when g12 = g21 = 0). Therefore there exist vectors A; = A; (A) and Ag = Ag (N)
such that

21 (x,A) = A1e8” 2 (1, A) = Age'2"

l.e.
X

yl (l’, >\) - AleZ)\Elm - Z / (J12 (5) y2 (S) ei)‘gl(*r_’s)ds7

T

Yo (2, \) = Age1® — / g21 (8) y1 (s) eN(#=9) g

—00
From here taking into account (3), we obtain (4). The proof of the second
statement for (5) is analogous.
By virtue of theorem 1 Cauchy problem with the data on infinity is uniquely
solvable in the class of bounded functions. This allows to define scattering operator

A

for system of equations (2). According to theorem 1 to each vector < Al ) cor-
2

responds the unique solution of system (2) with boundary condition (4). For the

gl ) exists by formula (6). We shall define the
2

scattering operator S (according to the definition of the scattering operator for the
nonstationary case [4]) as operator

()~ (%) »

The operator S = S () is linear in the space R™ and is defined by matrix
S () = (S5 )y
Later on the following strict condition on coefficients of system (1) becomes
convenient. Let the elements of matrix function g2 () and go1 (z) be complex-

valued and measurable, besides, Euclidean norms satisfy the inequality
C
1+ ’x|1+s’
Let’s establish the following theorem.
Theorem 2. Let \ be a real number and the coefficients of system (2) satisfy
condition (9).
Then solution of problems (2)-(4) can be represented in the form

obtained solution y (z, A) vector <

llgij ()] < i,j=1,2 (i#j), &C>0. (9)

Y1 (:L', )\) = Alei)‘glx + f AH (x,t) Alei)‘éltdt + f A12 ((L‘, t) AQ@iAg?tdt

B E (10)
y2 (z,\) = Ageirea® [ Ao (x,t) Ajetetde + [ Az (x,t) AqePealqt

and solution of problems (2)-(5) can be represented in the form

. +oo . 00 )
y1 (z,A) = B1e1" + [ By (z,t) Bie®&tdt + [ Byg (z,t) Boe*e2tdt
X xX

. —+00 ) —+00 ) (11)
Yo (2, A) = Boe2® + [ Aoy (2,t) Bie1ldt + [ Bao (,t) Boee2tdt
xX xX
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Here for fized x matriz functions Aj; (z,t), Bij(x,t), 1,5 =1,2 are summable
by t and satisfy the conditions

A (z,X) = —i£2§2§1q12 (z) , Bia (z, ) = '5252516112 (x) ,

12
Ao (z,A) = —251752 21 (2) , B (z,A) = 151,52 Q12 (2) , ()

Proof. We shall lead proof for the first representation. For representation
(11) proof is led analogously. Let’s prove that solution of system of equations (2)
with boundary condition (4) is representable in form (10). In fact, proceeding from
(11) and (6), we obtain the systems of integral equations with respect to kernels
A,‘j (l’,t) 5 i,j = 1,2:

All(:ct ——qu12 YA (s,t+s—ux)ds,
—Oo0
_ ¢ £ 3
Az (2,1) = ~ig g an (sl—lszt - a—%ﬂ) - t<uz (13)
X
—4 f g1 (s) A1 (s,t - 52% + 52 ) ds,
S W S T
&1— 52 £1—82

g & . & )
Arz (,t) = —ig g a2 (sg—slt 52—51"3>

xT

=i ] ) A (se+ s ) ds
§2 t— £1
€2-€1  €&2-¢&1

Agg (x,t) = —zfqm A2 (s,t+s—x)ds, t<zx

(14)

T

Integral operators here are Volterra ones in the direction 8 = (1,0) with inte-
grable majorant « (7) = max {||qi2 (7) ||, ||lg21 (7)||}. Then by theorem 4.11 [11]
system of integral equations (13) and (14) there exists a unique solution in the
space of matrix-valued bounded functions of two variables. At that matrix func-
tions A;j (x,t), 14,j = 1,2 satisfy condition (12). The theorem is proved.

Now from (10) and (11) we have

Y1 (x7>\) = Inl + /All (:L‘,t) ei>\§1(t—ﬂ3)dt AleiA§1m+

/Alg (1’, t) eiAg?(tiw)dt AQ€M£2‘T =

+oo
= | I, + / By (@, 1) 292 gp | Ber4
z
+oo
+ /Bm (x,t) eA&2(=2) gt | By eirea®

x
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and
yo (x,\) = /Agl (z,t) N1 (t=2) gy | A, eiraw
R / A (2, 1) 620700t | Apeoo® =
+o00
= /B21 (x,t) N1 (t=2) g4 Bleikflz_‘_
+o00

+ | In, + /BQQ (x,t) eMEQ(t—l’)dt B2ei>\§2m '

Hence,
(I+A7 (f[f, )\))elATl‘ < Bl > = (I—|— B+ (x7)\)) e’l>\7'CC < Al ) (15)
2 2

Here

é | An <x, é + x) et é | Bi2 (a:,:c + é) et
—00 —0o0
- 0 0
—é f Aoy (:E,x + é) e dt —é f Bao (ﬂ:,x + é) e dt
— 0 -0

B+ (l’, )‘) =
T t int e t ) int
= L (2 1 Tt )
i {BH (x,x—&—gl)e dt & {Alg (:):,x+52)e dt

1 +eo t i\ 1 Ho t i\
—a ‘g B21 (:L‘,l‘ + a) e tdt —5 ‘(]; A22 (1‘,1’+ g) e’ tdt

IANT eikflxlnl 0
© - 0 eMerp,
are denoted.

Matrix functions A_ (z,A\) and By (z,\) admit analytical extension to lower
(Im¢& <0) and upper (Im A > 0)half plane respectively. We suppose that matrix
functions I+ A_ (x,\) and I+ By (x,\) in their domains of their analyticity nowhere
degenerate, i.e.

det (I + A_ (z,A)) #0, ImA <0 and det(I+ By (z,\)) #0, ImA>0. (16)
From (15) by definition (8) we obtain

S\ =e (I + By (2,0) P (I + A (z,0)) ™ (17)
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Thus, we obtain regular Riemann problems with normalization to unit matrix
in the point at infinity:

MG (N) €N = (I + By (x,0) " (I + A_ (2,))) (18)

For inverse problem the following uniqueness theorem is valid.

Theorem 3. Let S (\) be the scattering matriz for system of equations (2) with
the coefficients qio (z) and qo1 (x) satisfying condition (9).

Then at condition (16), the coefficients qi2 (x) and qo1 (z) are uniquely defined
by S (N).

Proof. Let S()A) be the scattering matrix for system of equations (2) with
two different coefficients ¢i, (z), ¢3; (z) and ¢35 (z), ¢3, (z) . For the coefficients
qis (2), g3 (z) and g3, (), g3, (z) by theorems 1 and 2 there exist matrix functions
Al (2,)), Bi (z,A) and A2 (z,)), B2 (x,)) respectively which satisfy the equality
according to (18)

(I+BL(z, )" (I+ AL (z,)) =

— ¢NTTg (\) eIATT (I + BJQr (I,)\))_l (I+ A (, )\))

Suppose
U(A) = (T+ A2 (2,)) (T+ AL (2, 1) ' =

— (I+ B%(2,)) (I+ BL(z,))"

Under condition (16) function ¥ () is analytical on the whole plane. It is
bounded by module in it, then by Liouville theorem, we have

U\ =1

Then

and

Hence g5 () = qf, (2) and g3 (2) = g3, (2).

The theorem is proved.

Remark 1. One can show that only for system (2) solutions satisfying condition
(4) have form (10). For general systems (1) for ¢;; = 0 (i =1,...,2) solution of
form (10) can be constructed by the method suggested in [11] for the nonstationary
analogue of system (1).

Remark 2. The uniqueness of the inverse scattering problem is proved by
satisfying condition (16). This condition can be replaced by the absence of discrete
spectrum of the operator defined in Ly (R, C™) generated by differential expression
L(y).

The author expresses his gratitude to candidate of physical and mathematical
sciences N.Sh.Iskenderov for the useful discussion of the paper.
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